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PREFACE

The interplay of probability theory and partial differential equations
forms a fascinating part of mathematics. Among the subjects it has in-
spired are the martingale problems of Stroock and Varadhan, the Harnack
inequality of Krylov and Safonov, the theory of symmetric diffusion pro-
cesses, and the Malliavin calculus. When I first made an outline for my
previous book Probabilistic Techniques in Analysis, I planned to devote a
chapter to these topics. I soon realized that a single chapter would not do
the subject justice, and the current book is the result.

The first chapter provides the probabilistic machine needed to drive
the subject, namely, stochastic differential equations. We consider existence,
uniqueness, and smoothness of solutions and stochastic differential equa-
tions with reflection.

The second chapter is the heart of the subject. We show how many
partial differential equations can be solved by simple probabilistic expres-
sions. The Dirichlet problem, the Cauchy problem, the Neumann problem,
the oblique derivative problem, Poisson’s equation, and Schrédinger’s equa-
tion all have solutions that are given by appropriate probabilistic expres-
sions. Green functions and fundamental solutions also have simple proba-
bilistic representations.

If an operator has smooth coefficients, then equations with these op-
erators will have smooth solutions. This theory is discussed in Chapter III.
The chapter is largely analytic, but probability allows some simplification
in the arguments.

Chapter IV considers one-dimensional diffusions and the correspond-
ing second-order ordinary differential equations. Every one-dimensional dif-



viii PREFACE

fusion can be derived from Brownian motion by changes of time and scale.

What is covered in the first four chapters is mostly classical and well
known. The next four chapters discuss material that has appeared only in
much more specialized places.

Chapter V concerns operators in nondivergence form. After some
preliminaries, the discussion turns to the Harnack inequality of Krylov and
Safonov and then to approximating operators with nonsmooth coefficients
by those with smooth coefficients. Even in the nonsmooth case, solutions
to these equations will have at least some regularity.

Chapter VI concerns the existence and uniqueness of the martingale
problem for operators in nondivergence form. If the coefficients are contin-
uous, there exists only one process corresponding to a given operator. A
similar assertion can be made in certain other cases.

In Chapter VII we turn to divergence form operators. Our main
goals are to derive Moser’s Harnack inequality, upper and lower bounds for
the heat kernel, and path properties of the associated processes.

Finally, in Chapter VIII we consider two different approaches to the
Malliavin calculus. We show how each one can be used to prove a version
of Hérmander’s theorem.

In this book we consider only linear second-order elliptic and parabol-
ic operators. This is not to imply that probability has nothing to say about
nonlinear or higher-order equations, but these topics are not discussed in
this book.

It is assumed that the reader knows some probability theory; the first
chapter of Bass [1] (referenced in this book by “PTA”) is more than suffi-
cient. References are given for the theorems from probability and analysis
that are required.

Each chapter ends with some notes that describe where I obtained
the material and suggestions for further reading. These are not meant to
be a history of the subject and are totally inadequate for that purpose.

Most of the material covered has previously been the subject of
courses | have given at the University of Washington, and I would like to
thank the students who attended and pointed out errors. In addition, I
would like to give special thanks to Heber Farnsworth and Davar Khosh-
nevisan, who read through the text and made valuable suggestions. Partial
support for this project has been provided by the National Science Foun-
dation.

Some notation

We will let B(z,r) denote the open ball in R? with center 2 and
radius 7. We use | - | for the Euclidean norm of points of R?, for the norm
of vectors, and for the norm of matrices. To be more precise, let e; denote
the unit vector in the x; direction. If v = Z?:l b;e; and A is a matrix, then



Some notation ix

d N\ 1/2
o] = (Zb) ;A= sup |Av].
i=1 v|=1

The inner product in R? of z and y will be written « - 3. If A is a matrix,
then AT denotes the transpose of a. Kronecker’s delta d;; is 1 if i = j and
0 otherwise. The complement of a set B is denoted B°.

Ot is an abbreviation for 0/0t and 0; an abbreviation for d/0x;.
The L? norm of a function f will be denoted || f]|,. We define the Fourier
transform of a function f by

for = [ et

A smooth function is one such that the function and its partial derivatives
of all orders are continuous and bounded. The notation 14 represents the
function or random variable that takes the value 1 on the set A and 0 on
the complement of A.

If X, is a stochastic process and A a Borel subset of R?, we write

Ty =T(A) =inf{t >0: X, € A}

and
Ta=T7(A)=inf{t >0: X, ¢ A}
for the first hitting time and first exit time of A, respectively.

The letter ¢ with a subscript indicates a constant whose exact value
is unimportant. We renumber in each theorem, lemma, proposition, and
corollary.

The reference PTA refers to Bass [1].

Seattle, Washington Richard F. Bass
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I

STOCHASTIC DIFFERENTIAL
EQUATIONS

The partial differential equations we will consider have solutions that
can be represented as functionals of certain stochastic processes. In this
chapter we will construct these processes and examine some of their prop-
erties.

The processes we study are the solutions to stochastic differential
equations (SDEs). After a section of notation and definitions, in Section 2
we discuss what a SDE is and what it means to be a pathwise solution to
a SDE. Proposition 2.1 provides the first link between SDEs and PDE.

In Section 3 we prove that pathwise solutions exist and are unique
if the coefficients of the SDE are Lipschitz. Under less regularity of the
coefficients there are other notions of existence and uniqueness that are
appropriate; see Section 4.

For each point z there will be a different solution to the SDE for
the process starting at z. Taken together these solutions will form a strong
Markov process; this is discussed in Section 5.

Stronger conclusions can be reached when the dimension is one.
These are demonstrated in Section 6, whereas in Section 7 a number of
examples are given.

The core material of this chapter is completed in Section 8, where
some basic estimates of solutions to SDEs are given, e.g., the support theo-
rem (Theorem 8.5). The reader who is eager to get to applications to partial
differential equations could read Sections 2 through 5 and Section 8 and
then proceed to Chapter II.

Section 9 is concerned with the Stratonovich integral and Section 10
with flows. Although flows make a brief reappearance in Chapter 111, these
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two sections are needed only for the Malliavin calculus in Chapter VIII.

Sections 11 and 12 are about SDEs where there is reflection on the
boundary of some domain. Section 11 describes the framework and Section
12 gives a proof of pathwise uniqueness. The reader who is not interested
in the Neumann problem or the oblique derivative problem may safely skip
Sections 11 and 12.

1. Preliminaries

We start by introducing some notation and recalling a few basic
definitions. A filtration is an increasing collection of o-fields F;, 0 < t < oo,
that are right continuous and complete: N.soFi+. = F; for all t and N € F,
for all ¢t whenever P(NV) = 0. A process X is a martingale if for each t and s < ¢
the random variable X; is integrable and adapted to 7 and E[X, | Fs] = X
a.s. The process X; is a local martingale if there exist stopping times T, 1 co
such that X, A: is a martingale for each n. A process is a semimartingale
if it is the sum of a local martingale and a process that is locally of finite
bounded variation (i.e., finite bounded variation on every interval [0,¢]).
We will be dealing almost exclusively with continuous processes, so unless
stated otherwise, all of our processes will have continuous paths. If X; is
a local martingale, the quadratic variation of X is the unique increasing
continuous process (X), such that X7 — (X), is a local martingale. If X, =
M; + A, where M, is a local martingale and A, has paths of locally finite
bounded variation, then (X), is defined to be (M),. If X and Y are two
semimartingales, we define

(X,Y), = s ((X+Y), — (X), — (V),).

N | =

A one-dimensional Brownian motion adapted to F; is a process W,
with continuous paths such that W; is adapted to {F:} and if s < ¢, then
Wi —Ws, is independent of F; and has the law of a mean zero normal random
variable with variance ¢ — s. Recall (W), = t. A d-dimensional Brownian
motion is a d-dimensional process whose components are independent one-
dimensional Brownian motions.

If Mt is a local martingale, H, is adapted to the filtration {F:}, and

ft H%*d . < oo for all ¢, we define the stochastic integral Ny = ft H,dM, to
be the local martingale such that (N, L), fo Hsd(M, L), for all martingales
L; adapted to {F}. If N; = f H, dMs, then (N), = f HZ?d(M),. Recall that

if Hi(w) = F(w)l}q,)(s) where F is F, measurable, then

/ Ho dM, = F()[Mino (@) — Mina(@)];

we extend this construction to more general H, by linearity and taking
limits in L?.
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For X; = M; + A; a semimartingale, fot H; dX; is defined by

¢ ¢ t
/ H,dX; :/ H dMS+/ H,dA,
0 0 0

where the first integral on the right is a stochastic integral and the second
integral on the right is a Lebesgue-Stieltjes integral.
If X, is a semimartingale and f € C*(R), It6’s formula is the equation

f(Xe) — f(Xo) /f $)dXs + = /f” (1.1)

If X, = (X{,...,X%) is a d-dimensional semimartingale, that is, a process in
R<, each of whose components is a semimartingale, the higher-dimensional
analogue of Itd’s formula says that if f € C*(R%),

f(Xe) = f(Xo) (1.2)

/Zaf )dX:+ /Za”f )d(X", X7 .

1,7=1

Throughout this book we write 9; for 8/0x; and 9;; for 8% /0x;0x;. If X and
Y are real-valued semimartingales, the product formula is

t t
XY, = XoYo+ | X.dY: +/ Y, dX, + (X,Y),. (1.3)
0 0

Doob’s inequality ([PTA, Theorem 1.4.7]) says that if M, is a right-
continuous martingale and p > 1, there exists a constant ¢1 = ¢1(p) such
that

E sup | M,|? < c1(p)E | M |P. (1.4)
s<t

We will use the Burkholder-Davis-Gundy inequalities ([PTA, Theorem
1.6.8]), which say that for p > 0 there exist constants c;(p) such that if M,
is a continuous martingale and T a stopping time, then

E sup | M, < e1(p)E (M)}, (1.5)
s<T

Lévy’s theorem ([PTA, Theorem 1.5.9]) is the following: suppose M, is
a continuous local martingale with (M), =t for all ¢; then M, is a Brownian
motion.

There is a higher-dimensional analogue of this ([PTA, Corollary
1.5.10)). If X, is a d-dimensional process, each of whose coordinates is a
continuous local martingale, and (X*, X7), = §;;¢, then X, is a d-dimensional
Brownian motion.

A consequence of Lévy’s theorem is the following. If M; is a con-
tinuous local martingale with (M)_ = oo, then M; is a time change of a
Brownian motion. See [PTA, Theorem 1.5.11] for a proof.
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The Girsanov theorem ([PTA, Theorem 1.6.4]) is the result that if X;
and M; are continuous martingales under P with My, = 0 P-a.s. and we
define a new probability measure Q by setting the restriction of dQ/dP to
F: to be exp(M; — (M),/2), then X; — (X, M), is a martingale under Q and
the quadratic variation of X; is the same under P and Q.

2. Pathwise solutions

Let W; be a one-dimensional Brownian motion. We will be concerned
with the stochastic differential equation (SDE)

dXt = O'(Xt) th + b(Xt) dt, Xo =X. (21)

This is a shorthand way of writing

X, =xz+ /Ot o(Xs) dW, + /Ot b(X.) ds. (2.2)

Here o and b are measurable real-valued functions. We will say (2.1) or
(2.2) has a solution if there exists a continuous adapted process X, satisfying
(2.2). X, is necessarily a semimartingale. Later on we will talk about various
types of solutions, so to be more precise, we say that X; is a pathwise solution.
We say that we have pathwise uniqueness for (2.1) or (2.2) if whenever X
and X; are two solutions, then there exists a set N such that P(N) = 0 and
for all w ¢ N, we have X; = X] for all t.

The definitions for the higher-dimensional analogues of (2.1) and
(2.2) are the same. Let o;; be measurable functions for i, = 1,...,d and b;
measurable functions for i = 1,...,d. Let W; be a d-dimensional Brownian
motion. We consider the equation

dXt = O'(Xt) th -+ b(Xt) dt, X() =, (23)
or equivalently, for i =1,...,d,
) t d ) t
X! = +/ > o (X,) AW + / bi(X.)ds. (2.4)
[ — 0
Here X, = (X{,...,X{) is a semimartingale on R<.

The connection between stochastic differential equations and partial
differential equations comes about through the following theorem, which is
simply an application of It6’s formula. Let ¢7 denote the transpose of the
matrix ¢ and let a be the matrix oo”. Let C*(R?) be the functions on R*
whose first and second partial derivatives are continuous and let £ be the
operator on C?(R?) defined by

Li@) =3 3 au@df@) + Y bi@)oif (@) (2.5)

4,j=1
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(2.1) Proposition. Suppose X is a solution to (2.8) with o and b bounded and
measurable and let f € C*(R%). Then

F(X0) = F(Xo) + M, + / CF(X.) ds, (2.6)

where

M, = /Zaf o (Xs) dW? (2.7)

1,7=1
is a martingale.
Proof. Since the components of the Brownian motion W; are independent,
we have d(W* W), =0 if k # ¢. Therefore
X' X7y, = ZZak X))o (Xe) dWr, W,

= Z o (Xe)ohs (Xe) dt = ai;(Xs) dt.
k

We now apply Ito’s formula:

f(Xt):f(X0)+Z/ 8if(X5)ng+%/ Zaijf(xs)axi,xms
=f(Xo)+Mt+Z/ 0i f(X5)bi(X,) ds
/ Zawf s)aij(Xs)ds

=f(Xo)+Mt+/ Lf(Xs)ds. ]
0

We will say that a process X; and an operator £ are associated if X;
satisfies (2.3) for £ given by (2.5) and a = oo”. We call the functions b the
drift coefficients of X, and of £, and we call o and a the diffusion coefficients
of X; and L, respectively.

3. Lipschitz coefficients

We now proceed to show existence and uniqueness for the SDE
(2.1) when the coefficients o and b are Lipschitz continuous. For nota-
tional simplicity, we first consider the case where the dimension is one.
Recall that a function f is Lipschitz if there exists a constant c; such that
F(@) — f@)| < erla —y| for all z,y.
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(3.1) Theorem. Suppose o and b are Lipschitz and bounded. Then there exists
a pathwise solution to the SDE (2.1).

Proof. We use Picard iteration. Define X°() = « and define inductively
X)) = 2+ /ot (X7 (s)) AW, + /Ot b(X'(s)) ds 3.1)
for i = 0,1,... Note
X0 = X (1) = / o (X (5)) — o (X (5] W, (32)
+ /Ot[b(xi(s)) —b(X"(s))] ds.
Let gi(t) = E [sup,<, |X*1(5) - X' ()],

If F; denotes the first term on the right-hand side of (3.2), then by
Doob’s inequality (1.4),

E sup F? < ¢, E / lo(X(s)) — (X (s))|> ds (3.3)

s<t

t
< cz/ E|X'(s)— X" (s)|*ds
0

t
Scz/ gi—1(s) ds.
0

If G: denotes the second term on the right-hand side of (3.2), then by the
Cauchy-Schwarz inequality,

EsupG?<E /|b ) — b(X (s ))|ds)2 (3.4)

s<t

<Et / DX (s)) — (X (s))|2ds
0

t
< 03t/ E|X'(s)— X" (s)]*ds
0

t
§03t/ gi—1(s) ds.
0

So (3.2), (3.3), (3.4), and the inequality (z + y)? < 222 + 2y° tell us that
there exists A such that

t
9i(t) < 2E sup F? 4+ 2E sup G? < A(1 + t)/ gi—1(s) ds. (3.5)
s<t s<t 0

Since o and b are bounded, arguments to those in the derivation of
(3.3) and (3.4) show that go(¢) is bounded by B(1+1t) for some constant B.
Iterating (3.5),
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t
qi(t) < A/ B(1+s)ds < AB(1+1)%/2
0
for all ¢, so
t
g2(t) < A/ (AB(1 +s)%)/2ds < A’B(1 +t)?/3!

0

for all t. By induction,
g:i(t) < A'B(1 4+ )" /(i 4+ 1)!
Hence >°7° gi(t)'/? < co. Fix t and define the norm

Y] =(E sgr;lYSIQ)”Q- (3.6)
We then have that
m—1
X" = X" <> ) =0

if m > n and m,n — oo. Therefore X™ is a Cauchy sequence with respect
to this norm. It is clear that there is a process X such that | X" — X|| — 0
as n — oo. For each ¢, we can look at a subsequence so that sup,., |X(s) —
X" (s)| = 0 a.s., which implies that X(s) has continuous paths. Letting
i— oo in (3.1), we see that X(s) satisfies (2.2). O

For use in Chapter VIII we need the following corollary.
(3.2) Corollary. If p > 2, then for allt > 0, E sup,, |X"(s) — Xs| — 0 as
n — oo.
Proof. Let
gi(t) = E sup | X (s) = X'(s)".
s<t

In place of (3.3) we use the Burkholder-Davis-Gundy inequalities (1.5). Let
F; and G; be as in the proof of Theorem 3.1. Suppose to > 0 and we consider
t < tq. We then write

t ) ) p/2
E sup| P’ < o,F {/ lo(X(s)) U(Xz_l(s))|2ds}

< cs(t0)E / (X (5)) — o(X*(s))[P ds

t
< uE | X (s) — X" (s)[ ds
0
t

§04/ gi—1(s) ds,
0
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and in place of (3.4)
E sup G." < B /|b b (5 s
< cs(t0)E / B(X(5)) — (X" () P ds

t
SCGE/ | X (s) — X" 1(s)|P ds
0

With these changes and the inequality (z + y)? < 2P~'zP + 2P~'y? when
z,y > 0, we have as before that g;(t) < A*B(1 + t)"™ /(i + 1)! We conclude
that E:Z;l gi()Y’? — 0 as m,n — co. This shows that X" converges to X
in LP. O

Uniqueness will be shown next. We first examine a portion of the
proof that is known as Gronwall’s lemma, since this elementary lemma will
be used repeatedly in what follows.

(3.3) Lemma. (Gronwall’s lemma) Suppose g : [0,00) = R is bounded on each
finite interval, is measurable, and there exist A and B such that for all t

g(t) < A+ B/ g(s)ds. (3.7)

Then g(t) < AeP' for all t.

Proof. Iterating the inequality for g,

g(t)gAJrB/Ot[AJrB/USg(r)dr}ds
<A+ABt+BQ// A+B/Tg()d}dsdt

—A+ABt+ABt/2+B3/// q) dqdrds

Since g is bounded on [0,¢], say by C, then

t t s t
/ g(s)ds < Ct, / / g(r)drds < / Csds < C'152/2!7
0 o Jo 0

and so on. Hence
g(t) < AP + B"Ct™ /n!

for each n. Letting n — oo completes the proof. O
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(3.4) Theorem. Suppose o and b are Lipschitz and bounded. Then the solution
to the SDE (2.1) is pathwise unique.

Proof. Suppose X; and X are two pathwise solutions to (2.1). Let

g(t) = E sup| X, — X.|°.
s<t

Since X, and X/ both satisfy (2.1), their difference satisfies
Xf—X,é :Ht+[t7

where
H, = / [0(Xs) — o(X2)] dWs, I, = / [b(Xs) — b(X1)] ds.

As in the proof of Theorem 3.1, there exist ¢; and ¢z such that

t t
EsupH? < ¢ / g(s)ds, E supI? < CQt/ g(s)ds.
s<t 0 s<t 0

Hence, if ¢ is a positive real and t < to, there exists a constant c; depending
on to such that

t

g(t) < 2 sup HZ + 2E sup I? < C3/ g(s) ds.
s<t s<t 0

By Lemma 3.3, g(t) = 0 for t < to. Since ¢y is arbitrary, uniqueness is proved.

O

It is often useful to be able to remove the boundedness assumption
on ¢ and b. We still want o and b to be Lipschitz, so this can be phrased
as follows.

(3.5) Theorem. Suppose o and b are Lipschitz and there ezists a constant ci
such that
o ()] + [b(x)] < er(1 + [a]).

Then there exists a pathwise solution to (2.1) and the solution is pathwise unique.

Proof. Let o, and b, be bounded Lipschitz functions that agree on [—n,n|
with o and b, respectively, and let X;* be the solution to (2.1) with ¢ and
b replaced by o, and b,, respectively. Let T,, = inf{t : | X{'| > n}.
Note
X =X" if t< T ATh. (3.8)

To see this, set g(t) = E sup,<; ar,, a7, X5 — XI'1? and proceed as in the
proof of Theorem 3.4.

Set X; = X7 for t < T,. We will show T,, — oo a.s. Once we have
this, the existence and uniqueness of the solution to (2.1) follow easily from
(3.8) and Theorems 3.1 and 3.4.
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Let gn(t) = E sup,c;ap, |X2[?. Fix to > 0. Then as in the proof of
Theorem 3.1, for t < tg

t
E sup (Xg)2§02|x|2+02E/ on (X2 ds
0

s<tATp

t
+03to]E/ b (X2 ds
0

t
< ealz|’ 4 ca + csE / | X2 ds,
0

or

t
gn(t) < 62|LE|2 +ca+ 65/ gn(s)ds,
0

where c2, ¢4, and c; do not depend on n. By Gronwall’s lemma, g,(t) <
(ca|x|® 4 cq)ecst for t < t. Using Chebyshev’s inequality,
P(T, < to) =P( sup |X|>n)

s<toATn
<E sup [X[*/n® <gn(to)/n® =0
s<toATh
as n tends to infinity. Since T;, 1 by (3.8) and ¢, is arbitrary, the result
follows. U

We remark that as a consequence of the above proof, X; = X' if
T, > t, so X; does not ezplode, that is, X; does not tend to infinity in finite
time.

We have considered the case of R-valued processes for simplicity, but
with only trivial changes the proofs work when the state space is R* (and
even infinite dimensions if properly formulated), so we can state

(3.6) Theorem. Suppose d > 1 and suppose o and b are Lipschitz. Then the
SDE (2.3) has a pathwise solution and this solution is pathwise unique.

In the above, we required o and b to be functions of X; only. Only
cosmetic changes are required if we allow ¢ and b to be functions of ¢ and
X and consider

dXt = O'(t,Xt)th +b(t,Xt) dt. (39)

4. Types of uniqueness

When the coefficients ¢ and b fail to be Lipschitz, it is sometimes
the case that (2.1) may not have a pathwise solution at all, or it may not
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be unique. We define some other notions of existence and uniqueness that
are useful. We now assume that the dimension of the state space may be
larger than one.

We say a strong solution exists to the SDE (2.3) if given the Brownian
motion W, there exists a process X, satisfying (2.3) such that X, is adapted
to the filtration generated by W;. A weak solution ezists if there exists a pair of
processes (X, W;) such that W; is a Brownian motion and the equation (2.3)
holds. There is weak uniqueness holding if whenever (X;, W;) and (X{, W)
are two weak solutions, then the joint laws of the processes (X, W) and
(X',W') are equal. When this happens, we also say that the solution to
(2.3) is unique in law.

Let us explore some of the relationships between the various defini-
tions just given. Pathwise existence and the existence of a strong solution
are very close, differing only in unimportant measurability concerns. If the
solution to (2.3) is pathwise unique, then weak uniqueness holds. For the
proof, see Yamada and Watanabe [1]. In the case that o and b are Lipschitz,
the proof is much simpler.

(4.1) Proposition. Suppose o and b are Lipschitz. Then the solution to (2.8) is
a strong solution. Weak uniqueness holds for (2.3).

Proof. For notational simplicity we consider the case of dimension one. The
Picard iteration in Theorem 3.1 and the definition via stopping times in
Theorem 3.4 preserve measurability, so the solution constructed in these
two theorems is adapted to the filtration generated by W;. Thus the solution
is a strong solution.

Suppose (X, W) and (X, W{) are two solutions to (2.1). Let X{ be
the process that is constructed from W analogously to how X; was con-
structed from W;, namely, by Picard iteration and stopping times. It follows
that (X, W) and (X", W’) have the same law. By the pathwise uniqueness,
X" = X', so the result follows. O

There is a generalization of the argument of Proposition 4.1 that is
not as well known as it deserves to be. Here we are not assuming that o
and b are Lipschitz.

(4.2) Theorem. Suppose the matriz o has an inverse that is bounded. Suppose o
and b are bounded and measurable. If (2.8) has a strong solution and the solution
to (2.3) is weakly unique, then pathwise uniqueness holds for (2.3).

Proof. Let a Brownian motion W; be given, and let X be a strong solution
0 (2.3). Suppose X' is another solution to (2.3). We must show X; = X;
for all ¢ a.s.

X is a strong solution, which implies that there exists a function
F on the space of continuous functions so that X = F(W) a.s. Let M, =
X — fot b(X,) ds, so that W, = fot o~ (X,)dM;. Hence W; is measurable with
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respect to the filtration generated by the semimartingale X. Similarly, W
is adapted to the filtration generated by X’. Since weak uniqueness holds,
X is equal to X’ in law. It follows that the pair (X, W) is equal in law to
the pair (X', W). Thus X’ = F(W) a.s. as well. The conclusion follows from
combining: X' = F(W) = X a.s. ]

We now give an example to show that weak uniqueness might hold
even if pathwise uniqueness does not. Let o(x) be equal to 1 if z > 0 and
—1 otherwise. We take b to be identically 0. We consider solutions to

X, = /t o(X.) dW.. (4.1)

Weak uniqueness holds since X; must be a martingale, and the quadratic
variation of X is d(X), = o(X:)?dt = dt; by Lévy’s theorem (Section 1),
X; is a Brownian motion. Given a Brownian motion X; and letting W, =
fot o1 (Xs)dXs where o' = 1/0, then again by Lévy’s theorem, W; is a
Brownian motion; thus weak solutions exist.

On the other hand, pathwise uniqueness does not hold (so no strong
solution exists). To see this, let ¥; = —X:. We have

t t
Yt:/ a(y;)dws—z/ 10y (X)) dW,. (4.2)
0 0

The second term on the right has quadratic variation 4 f(f 10} (Xs) ds, which
is equal to 0 almost surely because X is a Brownian motion. Therefore the
second term on the right of (4.2) equals 0 almost surely, or Y is another
pathwise solution to (4.1).

This example is not satisfying because one would like o to be positive
and even continuous if possible. Such examples exist, however; see Barlow
[1]. See also the earlier example of Tsirelson [1].

5. Markov properties

One of the more important applications of SDEs is to Markov pro-
cesses. A Markov process is one where the probability of future events
depends on the past history only through the present position. In order to
be more precise, we need to introduce some notation. Rather than having
one probability measure and a collection of processes, it is more convenient
to have one process and a collection of measures.

Define 2’ to be the set of all continuous functions from [0, co) to R<.
We define Z;(w) = w(t) for w € 2. We call Z; the canonical process. Suppose
that for each starting point = the SDE (2.3) has a solution that is unique in
law. Let us denote the solution by X (z,t,w). For each z define a probability
measure P* on 2’ so that
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IP’Z(Ztl EAl, RN Ztn, S An)
= P(X(:c,tl,w) S Al,...,X(ac,tn,w) S An)

whenever t1,...,t, € [0,00) and Ay, ..., A, are Borel sets in R?. The measure
P* is determined on the smallest o-field containing these cylindrical sets.
Let G° be the o-algebra generated by Z,, s < t. We complete these o-fields
by considering all sets that are in the P* completion of G{° for all z. (This is
not quite the same as the completion with respect to P, but it will be good
enough for our purposes.) Finally, we obtain a right continuous filtration
by letting F; = Ne>0Get.. We then extend P* to F.

One advantage of 2 is that it is equipped with shift operators 6, :
2 — ' defined by 6:(w)(s) = w(t + s). Another way of writing this is
Zi00s = Ziy. For stopping times T' we set 01 (w) = 07(.)(w).

The strong Markov property is the assertion that

E*[Y o 0r | Fy] = EZT[Y], a.s. (P*) (5.1)

whenever = € R?, Y is bounded and F., measurable, and T is a finite stop-
ping time. The Markov property holds if the above equality holds whenever
T is a fixed (i.e., nonrandom) time. If the strong Markov property holds,
we say (P?, Z;) is a strong Markov process.

As in the discussion in [PTA, Section 1.3], to prove the strong Markov
property it suffices to show

E°(f(Zry) | Frl=B?Tf(Z),  as. (PY) (5.2)

for all z € R?, f a bounded and continuous function on R?, and T a bounded
stopping time. See also [PTA, Section 1.3] for some examples of how to
interpret (5.1).

It turns out that if pathwise uniqueness holds for (2.3) for every z,
then (P?,Z;) form a strong Markov process. However, aside from techni-
calities involving regular conditional probabilities, it is no more difficult to
prove that weak uniqueness also implies the strong Markov property. We
will have need of this stronger result and we now proceed to its proof.

Let T be a bounded stopping time. A regular conditional probability
for E[- | Fr] is a kernel Qr(w,dw’) such that
(i) Qr(w,-) is a probability measure on £’ for each w;

(ii) for each F., measurable set A, Qr(-, A) is a F., measurable random
variable;
(iii) for each F,, measurable set A and each F}. measurable set B,

/ Qr(w,A)P(dw) = P(AN B).
B
Regular conditional probabilities need not always exist, but if the probabil-

ity space is regular enough, as 2’ is, then they do. We defer the proof until
Theorem 5.2.



14 I STOCHASTIC DIFFERENTIAL EQUATIONS

We have the equation

t t
ztzzo+/ a(z,.)dw,.+/ b(Z,)dr, (5.3)
0 0

where W, is a Brownian motion, not necessarily the same as the one in
(2.3). If we let Z, = Zr, and Wy = Wr.« — Wr, it is plausible that W is a
Brownian motion with respect to the measure Qr(w,-) for almost every w.
We show this below in Proposition 5.3. We write (5.3) with ¢ replaced by
T +t and then write (5.3) with ¢ replaced by T. Taking the difference and
using a change of variables, we obtain

ARy / () T+ / W) dr. (5.4)

(5.1) Theorem. Suppose the solution to (2.3) is weakly unique for each x. Then
(P*, Z;) is a strong Markov process.

Pmof. Fix 2z and let Qr denote the regular conditional probability for E “[- |

Fr]. Except for w in a null set, under Qr(w,-) we have from (5.4) and
Proposition 5.3 that Z is a solution to (2.3) with starting point Zy = Zr.
So if E g, denotes the expectation with respect to Qr, the uniqueness in
law tells us that

Eo,f(Z) =E?T f(2Z,), a.s. (P7).
On the other hand,

Eorf(Ze) = Eor f(Zr+) = E¥[f(Zr+) | Fr, a.s. (IP7),

which proves (5.2). O

It remains to prove that regular conditional probabilities exist and that
under Qr the process W is a Brownian motion.

(5.2) Theorem. Suppose (£2,F,IP) is a probability space, G C F, and §2 is a
complete and separable metric space. Then a regular conditional probability for

P(-| G) exists.

Proof. We can embed (2 in [0,1]°, a compact set (see, for example, [PTA,
the proof of Theorem 1.7.4]). Let {f;} be a countable collection of linearly
independent uniformly continuous functions on 2 whose closure is dense in
the class of uniformly continuous functions on §2; let us assume f; = 1.
Let g; =E[f; | G]- If r1,...,7r, are rationals with v fi + - r fn >0, let

N(ri,...,rn) ={w:rgi(w) + -+ rngn(w) < 0}.

Clearly, P(N(r1,...,7m,)) = 0. Let N7 be the union of all such N(r1,...,75)
with n > 1, the r; rational. Then N; € G and P(N;) = 0.
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Fix w € 22— N;. Define a functional L on the finite linear combinations
of the f; by L(f) = tigi (w)+- - -+ tngn(w) if f =t1f1+- - +tnfn. We claim L is
a positive linear functional. If f =t1f; +---+t,fn > 0 and € > 0 is rational,
then there exists rational r1,... 7, such that rifi +... + rnfn > —¢, or
(ri+e)fit+rafot- - -+rafn > 0.Since w ¢ Ny, then (ri+¢)gi1+rago+---+rngn >
0. Letting e — 0, it follows that t1g1 + - -+ + tngn > 0. Since L(f1) = 1, L can
be extended to a positive linear functional on the closure of the collection
of finite linear combinations of the f;. Any uniformly continuous function
on £2 can be extended uniquely to 2, so L can be considered as a positive
linear functional on C(£2). By the Riesz representation theorem, there exists
a probability measure Q(w, -) such that L(f) = [ f(w")Q(w,dw").

The mapping w — L(f) is measurable with respect to F for each finite
linear combination of the f;, hence for all uniformly continuous functions
on 2 by a limit argument. If B € G,

/B [/(tlfl —|—...—i—tnfn)(w/)Q(w,dw/)]]P’(dw)
:/B(tlgl+"'+tn9n)(UJ)P(dw)

- / (it o) (@)P()

or [ f(w)Q(w,dw’) is a version of E[f|G] if f is a finite linear combination
of the f;. By a limit argument, the same is true for all f that are of the
form f =14 with A€ F.

Let Gn: be a sequence of balls of radius 1/n (with respect to the metric
of ) contained in 2 and covering 2. Choose i, such that P(U;<;, Gni) >
1 —1/n2". The set H, = Np>1 Ui<i, Gri is totally bounded; let K, be the
closure of H,, in 2. Since 2 is complete, K, is complete and totally bounded,
and hence compact, and P(K,,) > 1—1/n. So

E[Q(,UnKn); 2 = Ni] 2 E[Q(, Kn); 2 — N1 = P(Kn) — 1,

or Q(w,U,K,) =1 a.s. Let Ny be the null set for which this fails. Thus for
w € 22— (N1 UN>), we see that Q(w,dw’) is a probability measure on (2. For
w € N1 U Ny, let Q(w, ) = P(-). This @ is the desired regular conditional
probability. O

Finally, we have

(5.3) Proposition. Let Z; be a weak solution to (5.8), T a bounded stopping
time. Let Qr be the regular conditional probability for E*[- | Fr]. Then, except
for a P-null set of w, under Qr(w,-), Zri+: is a weak solution to (5.3) starting
from Zr for almost every w.
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Proof. The principal step in the proof is to show that if W, = Wiy, — Wr,
then under Qr(w,-) the process W is a Brownian motion, except for a P-
null set of w. Q7 is a probability measure on ', so W is continuous. Let
t1 <+ <tp,and

N(’L@,...,un,tl,...,tn)

= {w :E g, exp (iZu]- c(Wrye, — WT-‘-tj,l))

£ exp (Z w5t — t5-1)/2) }.

Here - denotes the dot product in R?. By the strong Markov property for
Wy, this is a null set with respect to P. Let N be the union of all such
N(ut,...,Un,t1,...,ts) for n > 1, uy,...,u, rational, and t; < ... < ¢, ra-
tional. By continuity, if w ¢ N, then the finite dimensional distributions of
W under Qr(w,-) are those of a Brownian motion. By the continuity of W,
under Qr, W is a Brownian motion, except for a null set of ws.

That the process Zry. starts from Zr under Qr(w,-) for almost every
w is left to the reader. O

By a slight abuse of notation, we will say (P*, X}) is a strong Markov
family when (P*, Z,) is a strong Markov family.

6. One-dimensional case

Although we have often looked at the case where the state space is R
instead of R? for the sake of simplicity of notation, everything we have done
so far has been valid in R? for any d. We now look at some stronger results
that hold only in the one-dimensional case.

(6.1) Theorem. Suppose b is bounded and Lipschitz. Suppose there exists a
continuous function p : [0,00) — [0,00) such that p(0) = 0, f0+ p % (u) du = oo,
and o is bounded and satisfies

lo(z) = o(y)l < p(lz — yl)
for all © and y. Then the solution to (2.1) is pathwise unique.

Proof. Let a, | 0 be selected so that faan”‘l du/p*(u) = n. Let h, be contin-
uous, supported in (an,an—1), 0 < hy(u) < 2/np*(u), and f:n"‘l hn(u)du =1
for each n. Let g, be such that g¢,(0) = ¢,,(0) = 0 and g, = h,. Note
lgn(w)| <1 and gy (u) =1 if u > an—_1, hence g,(u) tu for u > 0.

Let X; and X{ be two solutions to (2.1). The function g, is in C? and is
0 in a neighborhood of 0. We apply Itd’s formula to g, ((e* + | X: — X7]?)/?)
and let £ — 0 to obtain
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t
gn (| Xt — X{|) = martingale +/ gn (| Xs — XID[B(Xs) — b(X1)] ds
0

w5 [ o = XD o)

We take the expectation of the right-hand side. The martingale term has 0
expectation. The next term has expectation bounded by

t
61/ E|Xs — X.|ds.
0
The final term on the right-hand side is bounded in expectation by

1 ¢ 2
,]E/ —f  _(p|X. - X!|)%ds <
2 J, nlplXs — X5))?

Letting n — oo,

Sl

t
E|X, — X{| < cl/ E|Xs — X.|ds.
0

By Gronwall’s lemma, E|X; — X{| = 0 for each ¢. By the continuity of X;
and X/, we deduce the uniqueness. O

We shall see in Chapter IV that the integral condition on p cannot
be weakened. There are, however, other related theorems. If & is bounded
below and is of finite quadratic variation, then pathwise uniqueness holds.
See Rogers and Williams [1] for a presentation of this result.

A proof similar to that of Theorem 6.1 gives a useful comparison theo-
rem. Suppose o satisfies the conditions in Theorem 6.1. Suppose X, satisfies
(2.1) with b Lipschitz. Suppose Y; is a continuous semimartingale satisfying
dY: > o(Yi) dW, + B(Y:) dt, Yo = y. This means

t t
Ytzyo—i—/ a(Ys)dWS+/ B(Y.) ds.
0 0

(6.2) Theorem. Suppose X and Y are as described. If b(z) < B(z) for all z and
x < vy, then X; <Y: almost surely for all t.

Proof. Let h, and g, be as in the proof of Theorem 6.1. Since = < y, then
gn(z —y) =0, and we have

t
gn (Xt — Y:) < martingale +/ Gn(Xs — Y5)[b(Xs) — B(Ys)] ds
0

41 / g (Xs — Yoo (X.) — o (Vo) ds.

2
As before, the expectation of the third term is less than ¢/n, which tends to

0 an n — oo. The expectation of the second term on the right is bounded
by
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t
E / g (Xs — Yo)B(X.) — b(Ya)] ds
0
t
+E / gL (X — YO b(Y) — B(Y)] ds
0
t
SCI]E/ 1[0,00)(X5_Y;)|X5_Y5|d5
0

t
<aE / (Xs —Yi) T ds.
0

Letting n — oo,
t
EX,-Y)t < cl/ E (X, —Y.)" ds.
0

Gronwall’s lemma implies E (X; — Y;)™ = 0 for all ¢. Using the continuity of
the paths of X; and Y; completes the proof. O

Regarding weak uniqueness of one-dimensional SDEs, we will see later
(Chapter IV) that weak uniqueness holds if o and b are bounded and mea-
surable and ¢ is bounded below.

7. Examples

Ornstein-Uhlenbeck process. The Ornstein-Uhlenbeck process is the solution
to the SDE

dXt = th — % dt, Xo =X. (71)

The existence and uniqueness follow from Theorem 3.5, so (P*, X;) is a
strong Markov process.

The equation (7.1) can be solved explicitly. Rewriting it and using the
product rule,

X
e?dw, = e'? dX, + et/27tdt = d[e'?X),

or
¢
X, =e Y2p 4 t? / e dW,. (7.2)
0

Since the integrand of the stochastic integral is deterministic, it follows

that X, is a Gaussian process and the distribution of X, is that of a normal

random variable with mean e~*2z and variance equal to e™* fot efds=1-—
—t
e .

If we let V2 = 565/2 dW, and Vi = Y(log(t + 1)), then Y; is a mean

0 continuous Gaussian process with independent increments, and hence so

is V;. Since the variance of V, — V; is ﬁl;g((ti)l) e®ds = u—t, then V; is a

Brownian motion. Hence X; = e~ %2z 4+ ¢~/2V (' — 1). This representation
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of an Ornstein-Uhlenbeck process in terms of a Brownian motion is useful
for, among other things, calculating the exit probabilities of a square root
boundary; see Bass and Burdzy [1].

Bessel processes. A Bessel process of order v > 0 will be defined to be a
nonnegative solution of the SDE

v—1

dX:=d —
t Wi + 29X,

dt,  Xo=u. (7.3)

Let us first prove the existence of a finite solution. Define

n —1 n
dX{ =dW: + |:(TL/\ v )1(X;‘>O) +n1<XZL§0> dt, Xy =x.

2X7

By Theorem 6.2, X{* > X" for all ¢ if n > m. Let X; = sup,, X}*. To see that
X, is finite, use It6’s formula for f(z) = 2? to obtain

E (Xinry)®
= $2 +E (t AN TN)

tATN L1
+ 2K / |:(TLX;L A T)I(X£L>O) + 'I’LX:]_(X;LSO) dt
0

tATN

1

§x2—|—t+2E/ Yoo
) 2

< x2—|—l/t,

where T = inf{t : |X;| > N}. Letting N — oo and then n — oo, Fatou’s
lemma tells us that E X? < co. In particular, fot(u —-1)/(2X;)ds < o0 a.s., or
X; is a semimartingale.

Next we show X; > 0 a.s. Suppose € > 0. If b, is a nonnegative contin-
uous function that is equal to n for z < 0, equal to 0 for z > 1/n, bounded
above by n, and b,(z) < (v — 1)/2z for all positive z, then

fla) = /Otexp(—2/:bn(y)dy) iz

1

@)+ b(@)f () = 0

(cf. the scale function of Chapter IV). If

solves

AV = dWi + bu(Yy)dt, Yo =,

Theorem 6.2 tells us that X, > X7 > Y;” for all ¢ a.s. By It6’s formula,
F(Y{") is a martingale. Hence

P(X; hits — ¢ before N)
< P(f(¥") hits — (¢*™* — 1)/2n before 2N),
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which tends to 0 as n — oo by [PTA, Corollary 1.4.10]. Since N is arbitrary,
then P(X; hits —¢) =0.

It is easy to see that the X, we constructed satisfies (7.3).

We now have existence; let us turn to uniqueness. If Y; = X7, then

dYt = 2Xt th + (l/ — 1)dt+ dt,

or
dy; = 20,2 dw, + v dt. (7.4)

p(|z — y|) with p(z) = 2'/2. Thus there is only one nonnegative solution to
(7.3). We also have the existence of a solution to (7.4) by using the existence
of a solution to (7.3). The process Y; that solves (7.4) is also of considerable
importance and is known as the square of a Bessel process.

The solution to (7.4) is unique by Theorem 6.1 because |z'/? — y'/?| <

The squares of Bessel processes possess a useful additive property.

(7.1) Proposition. Suppose X} is the square of a Bessel process of order v;
starting at x;, i = 1,2, and X} and X? are independent. Then X} + X? is the
square of a Bessel process of order v1 + va starting at 1 + x2.

Proof. If dX} = (X})Y2dW{ + v; dt, i = 1,2, let W; be defined by

th 1/2 1 Xt2 1/2 )
aw, = (—2t ) T aw (7) AW
! (X,}+X3) X7 x? ¢

By Lévy’s theorem (Section 1), W; is a Brownian motion. Noting
(X + XHY2aw, = (XHY2aw}t + (X232 aw /2,

the result follows by summing the SDEs for X} and X7. o

From (7.3), a Bessel process of order 1 is the same as the absolute value
of a Brownian motion. By the use of Proposition 7.1, then, the modulus of
a d-dimensional Brownian motion is the same as a Bessel process of order
d.

Bessel processes have the same scaling properties as Brownian motion.
That is, if X, is a Bessel process of order v started at x, then aX,-2, is a
Bessel process of order v started at az. In fact, from (7.3),

v—1

d(aXa—Qt) = adWa—Qt =+ GQQQTM

d(a_Qt),

and the assertion follows from the uniqueness and the fact that aW (a=?t)
is again a Brownian motion.

Bessel processes are useful for comparison purposes, and so the follow-
ing is worth recording.
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(7.2) Proposition. Suppose X; is a Bessel process of order v.

(i) Ifv>2, X; never hits 0 and | X¢| = 00 a.s.

(i) If v =2, X; hits every neighborhood of 0 infinitely often, but never hits 0.
(4i) If 0 < v < 2, X hits 0 infinitely often.

(w) If v =0, then X; hits 0 and then remains at 0 thereafter.

When we say that X; hits 0, we consider only times ¢ > 0.

Proof. When v = 2, X; has the same law as a 2-dimensional Brownian
motion, and (ii) follows from the corresponding facts about 2-dimensional
Brownian motion. Suppose v # 2; by Ito’s formula, (X;)?~" is a martingale.
Assertions (i) and (iii) now follow from the same proof as [PTA, Theorem
1.5.8]. Similarly, a Bessel process of order 0 hits 0. If X; is such a process
and Y; = X2, then dY; = Y,*/?dW,. Starting from 0, ¥; = 0 is evidently a
solution, so by the uniqueness any solution starting at 0 must remain at 0
forever; (iv) now follows by the strong Markov property. 0

Brownian bridge. Brownian motion conditioned to be at 0 at time 1 is called
Brownian bridge. Brownian bridge has the same law as W, — tW;. To see
this, the covariance of W, — tW; and Wi is 0; hence they are independent.
Therefore the law of W, conditional on Wi being 0 is the same as the law of
W—tW1+tW; conditional on Wi being 0, which is W; —tWW; by independence.

We will see shortly that Brownian bridge can be represented as the
solution of a SDE

dX, = dW,; — l)issdt, X, =0. (7.5)

Although Theorem 3.5 does not apply because the drift term depends on s
as well as the position X, the same proof as that of Theorem 3.5 guarantees
uniqueness and existence for the solution of (7.5) for s <t for any ¢ < 1 (cf.
remark following Theorem 3.6). As with the Ornstein-Uhlenbeck process,
(7.5) may be solved explicitly. We have

AW, = dX, + Xttdt — (1 —t)d[

1-—

t
dW,
0 — S8

Thus X; is a continuous Gaussian process with mean 0. The variance of X;
is

Xt}
1-t)

or

(1t)2/t(1s)_2ds =t— 1t

the same as the variance of Brownian bridge. A similar calculation shows
that the covariance of X; and X; is the same as the covariance of W; — tW;
and W, — sWi. Hence the law of X; and Brownian bridge are the same.
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Linear equations. The equation dX: = AX;dW: + BX:dt may be written
dX: = X:dY;, where Y; = AW, + Bt, and then it is well known that the
solution is X; = Xgexp(Y: — (Y),/2). Let us here consider the more general
equation

dX; = dH, + X, dYs, (7.6)

where Y; is a semimartingale M, + A, with d(M),/dt and dA,/dt bounded.
Again we can write an explicit solution, and existence and uniqueness are
easy under our assumptions on A; and M;. We have the following.

(7.3) Proposition. Suppose Y; is as above and X is the solution to (7.6) with
Xo = 1. Suppose H; is bounded, of bounded variation, and adapted. Then the

solution to
dZ; = dHy + Z, dY;

is given by .
7 :Xt/ X 'dHs,.
0

Proof. Since X; = exp(Y;: — (Y),/2), then X; > 0 for all ¢. By the product
formula and the fact that fot X1 dH, is of bounded variation,

t
dZ; = X (X, "dH;) + (/ X! dHS)(dXt).
0
Since dX; = X; dY;, the right-hand side is dH; + Z; dY;, as desired. O

The solutions to linear SDEs have moments of all orders. We prove a
slightly stronger statement. The proof is very similar to that of Theorem
3.5.

(7.4) Proposition. Suppose

dX; = Ay dW;: + By dt, Xo = Zo,

where |A¢l, |Bt| < c1(1+|X¢|). Then for all p > 2 and to > 0 there exists ca2(p, to)
such that

E sup | Xs]” < ca(p, to).
s<tg

Proof. Let T, = inf{t : |X;| > n} and let gn(t) = E sup,c;ag, |1Xs|P. By
the Burkholder-Davis-Gundy inequalities (1.5), Doob’s inequality, and the
triangle inequality,

tATy p/2 tATy, P
E sup |[Xs|P <cE (/ A2 ds) + caE (/ |Bs|ds)
0 0

s<tATp
tATy, tATh
< csE/ |[As|P ds + s & / | Bs|? ds
0 0

AT,
< ce+ csE / | Xs|P ds,
0



8. Some estimates 23

or

t
gn(t) < cs+ CG/ gn(s) ds.
0

By Gronwall’s lemma, g, (t) < cee“’ < cee™®, where cs is independent of n.
Letting n — oo and using Fatou’s lemma completes the proof. O

8. Some estimates

We collect a few facts and estimates about solutions to SDEs that we
will need later.

(8.1) Proposition. Suppose X; solves (2.3) with o and b bounded. There exist
c1 and c2 depending only on |o| such that

P(sup | Xs — Xo| > A+ ||b]|oot) < 1 exp(—cz)\Q/t).
s<t

Proof. Since | fo s)ds| < ||b]|sot, our result will follow if we show that for
each i,

(Sﬁi}? > AV ) < esexp(—caN?/dl).  (8.1)

/ Z i (X dWj

The martingale fot >, 0ij(Xr)dWi has quadratic variation bounded by
[ loo™ (X)| dr, and (8.1) follows by [PTA, Exercise 1.8.13]. 0

We will need to know that X; exits from bounded domains with prob-
ability one. Suppose X solves (2.3).

(8.2) Proposition. Suppose X; solves (2.8) and o,b, and o~ are bounded. If
N > 0, then P(|X:| exits B(0,N)) = 1.

Proof. Without loss of generality, we may assume the process starts at 0.
Let a(z) = (06T)11(x). We look at the first component of X;:

d
AX} =Y o1y (X0) dWY + bi (X) dt.

Jj=1

Let M: be the martingale term; M; has quadratic variation

ZUU (Xe)owe(Xe) d <W] wk >

— Z(gljajl)(xt) dt = a(X)dt

J
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since d(W7,W*), = 6,5, dt, where §;;, is 1 if j = k and 0 otherwise. Since o~!
is bounded, a > ¢; for some constant ci. If we let B, = inf{u : (M), > ¢},
then W, = M B, 1S a continuous martingale with quadratic variation equal
to t; hence by Lévy’s theorem (Section 1), W, is a Brownian motion. So
Xp, is a semimartingale of the form W + fot es ds, where e, is bounded (cf.
[PTA, Theorem 1.5.11)]. Let us define a new probability measure Q by

t t
dQ/dP = exp ( f/ es AWy — 1/ e? ds)
0 2 Jo

on F;. By the Girsanov transformation (see Section 1),

t
Xllgt :Wt—i—/ esds
0

— . / ()L, T,

is a martingale under Q. Moreover, its quadratic variation under Q is the
same as its quadratic variation under P, namely, ¢t. By Lévy’s theorem (Sec-
tion 1), X, is a Brownian motion under Q. Therefore Xj, exits [-N, N,
Q-a.s. Since P and Q are equivalent measures, under P the process Xp, also
exits [N, N] a.s. Since d(M),/dt is bounded above and below, it follows
that X} exits [-N, N] a.s. o

An important property of X, is that it satisfies a support theorem.
Suppose X, satisfies (2.3). We suppose that o,07*, and b are bounded, but

we impose no other smoothness conditions. Let a = oo .

(8.3) Lemma. Suppose Yy = M+ A; is a continuous semimartingale with dA/dt
and d{M),/dt bounded above by c¢1 and d(M), /dt bounded below by c2 > 0. Ife > 0
and tog > 0, then
P(sup |Ys| <€) > cs,
s<tg

where cg > 0 depends only on c1, c2, €, and to.

Proof. Let By = inf{u : (M), > t}. Then W, = Mp, is a continuous martingale
with quadratic variation equal to t; hence by Lévy’s theorem (Section 1),
W, is a Brownian motion. If Z; = Y5, = W; + E;, then E; = fot es ds for some
es bounded by c4, where cs depends only on ¢; and ce. Our assertion will
follow if we can show

P( sup |Zs| <e) > cs.

s<citg

We now use Girsanov’s theorem. Define a probability measure Q by

to 1 to
d@/dP:eXp(—/ es AW, — 7/ e? ds)
0 2 Jo

on Fi,. Under P, W, is a martingale, so under Q we have that
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. t
Wt—</ (—eS)dVV,W> :Wt—i—/ esds
0 t 0

is a martingale with the same quadratic variation as W has under P, namely,
t. Then under Q, Z; is a Brownian motion. By a well known property of
Brownian motion (see [PTA, Proposition 1.6.5]),

Q( sup |Z| <&) = s,

s<citog
for ¢5 depending only on ¢ and cito. So if C' is the event {sup ., |Zs| < ¢},
1/2 1/2

¢ < Q(C) = /C (a0/ap) b < (E@/ay) " (B(c))

by the Cauchy-Schwarz inequality. The proof is concluded by noting that
dQ/dP has a second moment depending only on ¢4 and t. O

We use this lemma to obtain an analogous result for X;.

(8.4) Theorem. Let € € (0,1), to > 0. There exists c1 depending only on the
upper bounds of o, b, and o' such that

P(sup |Xs — Xo| <€) > 1.

s<tg

Proof. For notational simplicity assume X, = 0. Let y = (¢/4,0,...,0). Ap-
plying Itd’s formula with f(z) = |z — y|* and setting V; = |X; — y|?, then
Vo = (¢/4)? and

AV, =2 (X{ —y)dXi + ) d(X"),.

If we set Y; equal to V; for t < inf{u : |Vi| > (¢/2)?} and equal to some
Brownian motion for ¢ larger than this stopping time, then Lemma 8.3
applies and

P(sup [V — Vol < (¢/8)%) = P(sup |Y; — Yol < (¢/8)%) > ca.
s<tg s<tg
By the definition of y and V4, this implies with probability at least c; that
X; stays inside B(0,¢). O

We can now prove the support theorem for X;.

(8.5) Theorem. Suppose o and b are bounded, o~ is bounded, x € R, and X,
satisfies (2.3) with Xo = z. Suppose 1 : [0,t] — R? is continuous with ¥(0) = x
and € > 0. There exists c1, depending only on €,t, the modulus of continuity of
1, and the bounds on b and o such that
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P(sup | Xs — ¢(s)] <€) > 1.

s<t

This can be phrased as saying the graph of X, stays inside an e-tube
about 1. By this we mean, if Gf, = {(s,y) : |y — ¥(s)| < e, < t}, then
{(s, Xs) : s < t} is contained in G, with positive probability.

Proof. We can find a differentiable function 1Z such that 12(0) =z and the
g/2 tube about ¢ (which is G%ﬂ in the above notation) is contained in

%, the e-tube about ¢. So without loss of generality, we may assume ¢ is
differentiable with a derivative bounded by a constant, say cs.
Define a new probability measure Q by

/e = (~ [ oy -1 [ 0ee o a)

on F;. We see that

_/OAwl(s)a_l(Xs)dWS,X>
/¢ o !( dWS,/
/ ¥/ (5) ds = — () + $(0).

So by the Girsanov theorem (Section 1), under Q each component of X
is a semimartingale and X; — f bi(Xs)ds — 1 (t) is a martingale for each i.
Furthermore, if

W, = /t o N (Xe) [dXe — b(Xy) dt — ' (t) dt],

each component of W is a continuous martingale, and a calculation shows
that d(W*, W), = &;; dt under Q. Therefore W is a d-dimensional Brownian
motion under Q. Since

d(Xe — (1)) = 0(Xy) AW, + b(Xy) dt,
then by Theorem 8.4,

Q(sup [Xs —¢p(s)| <) > cs.

s<t
Very similarly to the last paragraph of the proof of Lemma 8.3, we conclude

P(sup | Xs — ¢¥(s)| <€) > ca. O

s<t
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We show how X; scales. By the scaling property of Brownian motion, if
W, is a Brownian motion and a > 0, then W; = aW, .2 is again a Brownian

motion.

(8.6) Proposition. Suppose X; solves (2.3). If a > 0, W, = aWy /2, 0a(x) =
o(a™'z), and ba(z) = a”'b(a”'z), then Y; = aX,,,2 solves

dYs = 0a(Ys) dWi + ba(Ya) dt, Yo = aXo.
Proof. We write
t/a? t/a?
Y =aX; .2 = aXo +/ ao(Xs) dWs —l—/ ab(Xs) ds

0 0

t t
=aXo +/ aO'(XT/az) AW, o2 +/ ailb(XT/az) dr
0 0

t t
=aXo + / oa(Yr)dW, + / ba (Yy) dr. O
0 0

9. Stratonovich integrals

For stochastic differential geometry and for the Malliavin calculus, the
Stratonovich integral is more convenient than the It6 integral. If X and YV
are continuous semimartingales, the Stratonovich integral, denoted | Ot Xs0dYs,
is defined by

t t
/XsodYs:/ X.dY + S(X,Y),.
0 0 2

Both the beauty and the difficulty of Itd’s formula are due to the
quadratic term. The change of variables for the Stratonovich integral avoids
this.

(9.1) Theorem. Suppose f € C* and X is a continuous semimartingale. Then
t
P60 = 1%0) + [ ()0 d..
0

Proof. By Ito’s formula applied to the function f and the definition of the
Stratonovich integral, it suffices to show that

(' (X), X), = / F(X)d(X) (0.1)



28 I STOCHASTIC DIFFERENTIAL EQUATIONS

Applying Itd’s formula to the function f/, which is in C?,

! ! ¢ " 1 K "
ree) = re+ [ reaxg [ a,
0 0
from which (9.1) follows immediately. O

If X and Y are continuous semimartingales and we apply the change
of variables formula with f(z) = 2? to X +Y and X — Y, we obtain

d(Xe +Y:)? = 2(X; + V) 0 d(Xy + V3)

and
d(X; —Y))? =2(X; — Vi) o d(X: — Y2).

Summing and then dividing by 4, we have the product formula for Stratono-
vich integrals

t t
Xth:Xoyo-i-/ XsodeL/ Ys 0 dX.. (9.2)
0 0

The Stratonovich integral [ H, o dX, can be represented as a limit of
Riemann sums.

(9.2) Proposition. Suppose {so,...,sn} are partitions of [0,t] whose mesh size
tends to 0 and Hs is a continuous semimartingale. Then fot HsodXs is the limit
in probability of

n—1

H,, + Hs,
Z %(XSH»I - X'Si)'
=0

Proof. We write the sum as

1
ZHSi (st'+1 - Xsi) + 5(H~9i+1 - HSi)(XSiJrl - Xsi)‘

The first sum tends to |, (f H, dX, while by [PTA, Theorem 1.4.2] the second
sum tends to (1/2)(H, X),. O

10. Flows

Let X(z,t,w) denote the solution to
dXt = O'(Xt) th -+ b(Xt) dt, Xo =x.

If o and b are Lipschitz, then X (x,t) will be continuous in z.

(10.1) Theorem. If o and b are Lipschitz, then there exist versions of X (x,t)
that are jointly continuous in x and t a.s.
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Two processes X (z,t) and X'(z,t) are versions of each other if for each z
and ¢t we have P(X (z,t) # X'(z,t)) = 0. The null set may depend on z and
t.

Proof. We have
X(z,t) = X(y,t) =2 -y + / [o(X(x,5)) —o(X(y,s))]dWs  (10.1)

+ / [b(X (z,5)) — b(X (y, 5))] ds.

Let to > 0. Suppose M is the Lipschitz constant of o, that is, |o(z) — o(y)| <
M|z —y| for all z and y. If F; denotes the stochastic integral, p is a positive
integer, and t < to, by the Burkholder-Davis-Gundy inequalities,

p

E sup |F,|*? < &1 E [/Ot (U(X(m,s)) —o(X(y, s)))2 ds}

s<t

t p
<anE ([ 1X@9) - X(o.9)P ds)
, 0
SCQE/ X (2, 8) — X (y, 5)|*" ds.
0

The expression involving the b terms is handled similarly (cf. proof of The-
orem 3.1). So we have, with g(t) = E sup,, |X(z,s) — X (y, s)[*”, that

t
g(t) < esle —y*? + 04/ g(s)ds, t < to.
0

By Gronwall’s lemma,

E sup | X (z,s) — X (y,s)|*" < eslz —y|*". (10.2)
s<to

Recall Kolmogorov’s theorem: if E|Y; — Yi|P < cg|t — s|**° for some

e > 0 and all s,¢ > 0, then {Y;,t € D} is uniformly continuous a.s. Here D
is the dyadic rationals; see, e.g., [PTA, Theorem 1.3.11]. The same proof
shows that one is not required to have the index set be [0,00). If E|Y, —
Y,|? < er|lz — y|¢T for x,y € RY, then {Y,,z € D} is uniformly continuous,
where here D is the collection of points in R? all of whose coordinates are
dyadic rationals. The proof also shows that we may replace |- | by any
metric or norm. If we use the norm [|Y|| = sup,,, |Ys|, then (10.2) says that
E|X(z,-) — X(y, )||* < cs|lz —y|*. So taking p large enough, the extension
to R* of Kolmogorov’s theorem implies that {X(z,:),z € D} is uniformly
continuous a.s. Define X (z,t) = lim._,; X (2, s). Then X is jointly continuous
in z and ¢ a.s. In view of (10.2), X(z,-) = X(z,-) a.s., and in particular X
is a solution to the same SDE that X is. X is the desired version. O

The collection of processes X (z,t) is called a flow.
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If o and b are smoother functions, then X(z,t) will be smoother in z.
Let us suppose for now that we are in dimension one. If in (10.1) we divide
both sides by z — y, let y — x, and use the chain rule, formally we obtain

dX (z,t)/dx

= l—l—/ o' (X(x,8))(dX (x,s)/dx) dWs
+/ b (X(z,s))(dX (z,s)/dz) ds.

To make this more precise, suppose o and b are in C? and are bounded with
bounded first and second derivatives and consider the SDE

dY, = o' (X (2,£))Ys dW, + V' (X (z,8))Ye dt,  Yo=1. (10.3)

(10.2) Theorem. A pathwise solution to (10.3) exists and is unique. The so-
lution has moments of all orders. If (DX)(x,t) denotes the solution, versions of
(DX)(z,t) exist that are jointly continuous in x and t.

Proof. Let us prove uniqueness of (10.3). Let o > 0 and N > 0. If v}
and Y/ are two solutions and Tx = inf{t : |Y;| or |Y{| > N}, let g(¢¥) =
E sup,<inry |Ys — YJ|?. Observe

dY; = Y/)) =o' (X(z,t)(Y: = Y))dW, + b' (X (z,t))(Y: — Y/) dt,

so as in Section 3, g(t) < 1 fot g(s)ds, if t < to, hence g(t) = 0. Since to and
N are arbitrary, this proves uniqueness.

Existence can also be proved by similar modifications to the proofs in
Section 3.

Let t < to. If p is a positive integer and Tn = inf{t : |[Y;| > N}, by the
inequalities of Burkholder-Davis-Gundy,

tATN p/2
E swp [V <ot o / (0! (X, 5)))?¥2 ds)
0

s<tATn

) (/OMTN V(X (2, 5))| Y] ds)p

ATy
< cz +csE / |Y5|P ds.
0

By Gronwall’s lemma, E sup,,7, |Ys|" < c6, where ¢ depends on ¢, but
not N. Letting N — oo proves the moment assertion.

We now turn to the proof of the existence of jointly continuous versions.
We obtain an estimate on E |(DX)(z,t)— (DX)(y,t)|?. Writing the SDE that
(DX)(z,t) — (DX)(y,t) satisfies, the stochastic integral term can be written
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/ (0! (X (2, 5)—0' (X (3, 5)|(DX) (w, 5) AWV,

n / (DX) (2, 5) = DX (y, 8)]o" (X(y, )) dW..

The pth moment of the second integral can be bounded by

t
erllo’ 2. / (DX)(z.5) — DX (g, 5)|" ds
(0]

if ¢ < to. The pth moment of the first integral can be bounded by
t
08/ Elo'(X(z,s)) — o' (X (y, )" |(DX)(, 5)|” ds
0
t
< 08/ (E o' (X (x,5)) — o' (X (y,9)[*") /2 (B|(DX) (2, 5)[**)"/? ds

o 0
t

< oo / o/|1% (B |X (2. 5) — X (5, 5) ")/ ds
0

< ciolz —yl”

if t < to, using (10.2). The terms involving b’ can be handled similarly. Using

Gronwall’s lemma,
E|(DX)(z,t) = (DX)(y, )" < culz —yl?, ¢t <to.

We then follow the proof of Theorem 10.1 to obtain the joint continuity.

We now prove the differentiability of X (z,t).

31

O

(10.3) Theorem. Suppose the dimension of the state space is one and o and b

are in C? and are bounded with bounded first and second derivatives. For each t,

X(z,t) — X(y,t) = /x (DX)(z,t) dz, a.s.

Proof. For simplicity we take b = 0. Let
Z(x,t) = X(z,t) — / (DX)(z,t) dz.
0

Our goal is to show that Z is constant in z.
Write Z(z,t) — Z(y,t) = F; + G¢ + H, where

B [ [X(09) = o(X(09) = o' (X ) (X(029) = X ()] s,
G = / o' (X(a,9)) (Z(2,5) — Z(y, 5)) Vs,

H, = /Ot [/;(DX)(,Z,S)(U’(X(Z,S)) - a'(X(x,s)))dz} dW..
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Let to > 0. The integrand in F; is bounded by
llo”lloo (X (, 5) = X (y, 5))?,

so by Doob’s inequality and Holder’s inequality, for ¢ < to,

EsuprSclE/ | X (z, s) ,8)|*ds,

s<t

which is less than co|z — y|* by (10.2). We have

t
E sup G2 < csl|o’ % / E|Z(x.s) - Z(y, ) ds.
0]

s<t

The integrand in H; is bounded by
||0'”Hoo/ [(DX)(z, 9)[ | X (2,5) — X(z,5)| dz,
Yy
so for t < to,

E sup HS2
s<t

t
§C4/
0

<C4/ |x—y\]E/ (DX)(z,5)]?|X(2,8) — X(z,5)|* dzds

x

(DX)(z,8)(X(z,8) — X(z,5))dz ’ ds

§04\w—y|/ / [(E(DX)(z )" *(E|X (2, 8) = X(x,9)|")"/*] d=ds

x
< 05\:1c—y|/ |z —z|* dz
y

< CG“T" - y|47
using (10.2) and Hélder’s inequality. Therefore by Gronwall’s lemma,

E sup|Z(z,t) — Z(y,t)|> < crlz — y[*.
s<t

We now show that Z is constant in z. Let A > 0. For n > 0, let z; =
z+i(y —x)/n.
<PEi<n:|Z(xit1,t) — Z(xs,t)] > A/n)

< nsupP(|Z(zi1,t) — Z(2i,t)| > A/n)
i<n

E|Z(wis1,t) — Z(@i, )
S S VOO
(y —al/m)*
(/n)

< cgn
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Since n is arbitrary, the left-hand side must be 0. Since X is arbitrary,
Z(z,t) = Z(y,t) a.s. Thus Z is constant in z € D, the dyadic rationals. By
the continuity of Z in z, Z is constant. This implies the result. O

As has often before been the case, we have taken the case of dimension
one for simplicity of notation only. The above proofs were constructed so
that they work for any dimension; the principal difference in higher dimen-
sions is describing the derivative. If X; is d-dimensional, we must consider
the d partial derivatives of each of the d components. Thus (DX) becomes
a d x d matrix, and it is the solution to

t d
(DX)(z,t) =1 + / > (DX) (@, 5)0%(X (w,5)) dWE (10.4)

0 k=1
+/0 (DX)(z,s)b' (X (z,s)) ds,

where [ is the identity matrix, &’ is the matrix whose m, j entry is 9,,b;, and
o}, is the matrix whose m,j entry is dmojk. (DX)i; represents the partial
derivative in the ith direction of X7(x,t).

As in the case of dimension one, the same proof for higher dimensions
shows

(10.4) Proposition. Suppose o and b are in C? and are bounded with bounded
first and second derivatives. For all to > 0 and p > 2, there exists ci(p,to)
independent of x such that

E sup |DX(z, s)|” < c1(p, to).

s<tgo

Not surprisingly, if o and b have further smoothness, then X (x,t) will
have higher derivatives. If ¢ and b are C*°, then X (z,t) will be C* in z also.

One can also show (see Ikeda and Watanabe [1]) that the map z —
X (z,t) is one-to-one and onto RY.

11. SDEs with reflection

If Y, is a Brownian motion on the line, then a consequence of Ito’s
formula ([PTA, (1.6.30)]) says that

Yi| = Wi + Lu, (11.1)

where W, is another Brownian motion and L, is a continuous nondecreasing
process that increases only when |Y;| is at 0; this is known as Tanaka’s
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formula. Equation (11.1) can be viewed as an SDE for which existence and
uniqueness can be proved.

(11.1) Theorem. Let W; be a Brownian motion. There exists a mnonnegative
continuous process X; and a continuous nondecreasing process L that increases
only when X equals 0 such that

X, =W, + L. (11.2)

If X{ is another nonnegative continuous process satisfying X; = Wy + Ly, where
L} increases only when X =0, then X; = X, and Ly = L} a.s.

Proof. We first prove existence. Let L; = sup,,(—-W,) and X; = W; + L.
Clearly X; > 0. When L, increases, then —W; = L;, or X, = 0.

To prove uniqueness, since X; > 0, then L > Ly > —W, if s < ¢,
so Ly > sup,.,(—Ws). L, increases only when X; = 0; when this happens,
Li = —W,. Hence we must have L; = sup,.,(—W:). The same argument
applies to L}. Therefore L, = L}, which implies the theorem. O

We call X; reflecting Brownian motion and Ly the Iocal time (at 0) of X,.

The simplest case of a diffusion in R? with reflection, d > 2, is the
following. Let D be the upper-half space, let Y; = (Y{},...,Y) be standard
d-dimensional Brownian motion, and let L, be the local time of |Y;%|. Then
X, = (Y, ..., Y271 V) is reflecting Brownian motion with normal reflection
in D. If || = W, + Lt, then X, solves the stochastic differential equation

dXi =dW; + I/(Xt) st7 X € ﬁ, (113)
where Wy = (Y3,...,Y,>"',W,) is a d-dimensional Brownian motion, v(z) =
(0,...,0,1) is the inward pointing unit normal vector, and L, is a continuous

nondecreasing process that increases only when X; is on the boundary of
D. The equation (11.3) is an example of what is known as the Skorokhod
equation.

The process that solves (11.3) is reflecting Brownian motion with nor-
mal reflection in D. To consider oblique reflection, we replace v, the inward
pointing normal, by a different vector. Let v be a vector such that v-v > 0.
Thus the vector v started at a point on dD points into D. Consider the
SDE

dX; = dW; +v(Xy) dLy, X, €D, (11.4)

where W; is a d-dimensional Brownian motion and L; is a continuous non-
decreasing process that grows only when X; is on dD. We call X; reflecting
Brownian motion with constant oblique reflection.

It is easy to give an explicit solution to (11.4). Let

1
Ly = —sup(—-W2), and X{ =W+ vqLs.

Vd s<t
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As we saw in the proof of Theorem 11.1, L; increases only when X is at
0, which is when X, is in 8D. Also, X > 0 for all ¢, so X; € D. We then set

X! =W/} + viLs, i=1,...,d—1.

It is clear that X, solves (11.4).

We now describe the general Skorokhod equation in C? domains. A
C? domain D C R? is one where for each z € D there exists r, > 0, a C?
function ¢, : R~" — R, and an orthonormal coordinate system CS, such
that

DNB(z,ry)
={y=(,...,ya) in CSz 1 ya > pa(y1,...,ya-1)} N B(z,72).

In other words, locally the domain D looks like the region above a C?
function.

Let D be a C? domain, ¢ be matrix-valued, b vector-valued, W; a
standard d-dimensional Brownian motion, and v(z) defined on 9D such
that v(z) - v(z) > 0 for all z € dD. Here v(z) is the inward pointing unit
normal vector at z. Then the Skorokhod equation is the SDE

dXt :O'(Xt) th+b(Xt) dt—|—’l)(Xt)st7 Xo = Zo, (115)

where X; € D for all t, zo € D, and L; is a continuous nondecreasing process
that increases only when X; € dD.

In many cases one can say more about L;. For example, one can de-
scribe it as the local time on the boundary corresponding to a measure on
dD that is mutually absolutely continuous with respect to surface measure
on dD. See Bass and Hsu [1] for more details in the case of Brownian mo-
tion in Lipschitz domains and Stroock and Varadhan [1] for more general
diffusions in C? domains. See also Sections II.6 and III.7.

We now make some assumptions on D,o,b, and v that guarantee a
good tightness estimate. Let us assume that b,o, o', and v are bounded,
D is a C? domain, and

z1€%fD v(z) - v(z) > 0.

Let us start with the case where D is the upper-half space H.

(11.2) Proposition. With D = H, the upper-half space, o,b, and v satisfying
the above, and Xt a solution to (11.5), if ,to > 0, there exists A such that

P(sup | Xs — Xo| > A) <e.

s<tg

Proof. Let X" and ¢; be positive reals to be chosen in a moment and let
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By = {sup | Xs — Xo| > N},

s<tg

By = {supr >N},
s<T

Bs = {sup | Xs — Xo| > 2)},
s<tg

where 7 is the time to exit B(zo, \). B is the event that X will be larger
than 1\ before X, exits B(xzo,\'). We will first show there exists ¢; < 1/2
such that if \’ is large enough,

P(B; N BS) < 3/4. (11.6)

Let V; = fot o (Xs) dW, + fot b(Xs) ds. By Proposition 8.1, there exists \’
such that the probability that |Y;| exceeds X' /2 before time to is less than
1/2. Suppose the event B; holds and also sup,,, [Ys| < X'/2. Then we must
have |foT v(X,)dLs| greater than or equal to A\'/2. Since |v| is bounded by a
constant ca, Ly > X\ /2ca. Since vg is bounded below by a constant cs,

/ va(X.)dLs > <2\
; 2

C2

Provided )\ is large enough, the probability that the dth coordinate of Y;
exceeds cs)' /4cy before time to is less than 1/4. If sup,,, V&' < c3\'/4cz and
T < to, the dth coordinate of X, —zo must be greater than c3\'/4co. Hence,
letting c¢1 = (c3/4c2) A (1/2),

P(B1 N BS) < P(sup |Ys| > X/2) + P(sup Y > 3\ /dca, 7 < to)

s<tg s<tg

< 3/4.

If P(Bf) > 1/8, then clearly P(BS) > 1/8. Suppose P(Bf) < 1/8. Then by
(11.6), P(B2) > 1/8. In this case we use Theorem 8.4 with ¢ = ¢1\'/2 and the
strong Markov property at time 7 to see that there is positive probability
that sup,., |Xs — Xo| < 2\, and hence there exists ¢4 such that

P(Bs) > P(Bs N B2) > calP(B2) > ca/8. (11.7)
Letting ¢s = (ca A 1)/8, we deduce
P(Bg) > Cs.

We now iterate. Choose n such that (1—cs5)" < e and set A =2n)’. Let
Up =0 and let U;y1 = inf{t > U, : | Xs — Xy, | > 2X'}. What we have shown is
that P(U1 < to) < 1 —cs5. Note that Xy, ++ — Xy, is again a solution to (11.5)
starting at Xy, , and recall that Wiy, — Wy, is independent of Fy,. So the
same argument with the same constants shows that

P(UQ—Ul <t0|.7:U1) §1—65.

Then
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P(U1 €Uz <to) = E[P(Uz2 — Uy < to | Fuy); Us < to)
< (1 — C5)P(U1 < to) < (1 — 05)2.

Repeating,
PU,<Uz < <Up<ty) <(1—05)" <6,

which proves the proposition. O

A similar argument allows us also to conclude under the above hy-
potheses that, given €, A > 0, there exists to such that

P(sup | Xs — zo| > A\) <e. (11.8)

s<tg

We now obtain the tightness estimate we want.

(11.3) Proposition. Suppose A\,e > 0, D is a C* domain, X; solves (11.5), and
o,b,and v satisfy the hypotheses above. Then there exists to such that

P(sup | Xs —xo| > A) <e.

s<tg

Proof. Without loss of generality we may take A smaller so that A\ < 7z,
where 7, is the radius that arises in the definition of a C? domain. We may
therefore assume that D is the region above a C? function y.,. Suppose
zo = (3,...,xd). Since X < ry, if we modify ., outside of the ball in R4~!
of radius rs, with center at (z{,...,24 ') so that it has compact support,
there again is no loss of generality.

We now map D onto the upper-half space H by the map

Y= (Y1, Yd—1,Yd — Pao (Y1, - - -1 Yd—1))-

It is easy to see that X; is transformed into another process X, that satisfies
the Skorokhod equation with parameters &, b, 7, and Ly, and that, moreover,
these parameters satisfy bounds of the same type as o,b,v and L;. Here it
is important that D be a C? domain, so that ., is a C? function.

By Proposition 11.2, we have an estimate of the type we want for X;.
Since the map taking D onto H has a bounded Jacobian matrix with a
bounded inverse, we obtain the estimate we want for X, also. O

12. SDEs with reflection: pathwise results

In this section we present some results on pathwise existence and
uniqueness of the Skorokhod equation due to Lions and Sznitman [1].

Suppose D is a bounded C? domain. Suppose ¢ and b are Lipschitz, v
is C? on 0D, and v(z) - v(z) > 0 for all z € 9D.
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(12.1) Theorem. There ezists a solution to (11.5). If X; and X{ are two solu-
tions to (11.5), then Xy = X{ a.s. for all t.

To give an idea of how the proof goes, we will prove uniqueness in the

special case that b =0 and v(z) = v(z) for all z € 9D. We will also suppose
¢ :R¥! 5 R is a bounded C? function with compact support, and that

D={(y1,---,ya) :ya > oY1, --,Ya—1)}- (12.1)

We refer the reader to Lions and Sznitman [1] for the general case and the
proof of existence.

Let ¢ be a C? function on R taking values in [-2,2], ¢(z) = = if || < 1,
and (z) # 0 if 2 # 0. Let & : RY — R be defined by

D(y1,- -5 ya) = Y(Ya — o(y1, - - Ya—1))-

(12.2) Proposition. (a) VP - v is bounded below by a constant c¢1 > 0 on 0D.
(b) There exists c2 such that if x € 0D and y € D, then

(y —z) - v(z) + calz — y|* > 0. (12.2)

Proof. Both (a) and (b) follow from our assumptions on v and the fact that
D is the region above a bounded C? function. O

Let us suppose we have two continuous semimartingales X;, X; and
t t o
Y: = xo +/ o(Xs)dWs +/ v(Ys)dLs, Y: €D (12.3)
0 0
t t o
Y! = zo +/ o(X;)dWs +/ v(Y))dL,, Y/ eD,
0 0
where Ls and L are continuous nondecreasing processes that increase only
when Y; € D and Y{ € 0D, respectively.

The key to uniqueness and also an important step in existence is the
following.

(12.3) Proposition. Let to > 0. There exists c1 such that if t < to,

¢
E sup |V — YI|* < 01/ E sup | X, — X.|* dr.
0 s<r

s<t

Proof. Let V; = exp(—c2®(Yi) — c2®(YY)), where cz will be chosen later. By
the product formula and It6’s formula,
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Vily: - v/|?
t ¢
= 2/ Vs(Ys = YJ) - d(Ys = YY) +/ Ved(Y =Y'),

0 0

t
~a [ VY- VI de) + 2,

0

t
+56 [ vIv - YR ae) + o),
0

=NL(t) + I2(t) + I3(t) + L4(2).
Since ¢ is bounded, then V; is bounded above and below. We have

Lty =2 / Va(¥ — Yo (X.) — o(X0)] dW,

t t
+2/ m(YS—Y;’)-u(YS)dLs—z/ Ve(Ys = YJ) - v(Y.)dL,
0 0

= 2111 () + 2L12(t) + 2115 (1),

and by Doob’s inequality,

t
E sup 111(8)2 < 03E111(t)2 < c4E / Y — YS/|2|X5 — X;|2 ds
0

s<t

39

t t
§05/ E|YS—Y;‘4ds+C5/ E|X, — X.|*ds. (12.4)
0 0

Next,
Iz(t)=/ Vilo(Xs) = o(XO)] [o(Xs) = o (X)) ds,
0

SO

t 2
E sup Is(s)? < oo (/ X, — X2 d5>
0

s<t

t
< ertolE / |Xs — X1|*ds. (12.5)
0

Looking at the third term, let D?® be the matrix whose 4, entry is 9;;.

Then
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t
I(t) = —cQ/ VilYs = Y PVO(Ys)o(Xs) dWs
0
t
- cQ/ VilYs = Y|PV O(Ys) - v(Ys) dLs
0
t
- cQ/ Vi|Ys — Y/ |? trace (o(Xs) " D*®(Y:)o (X)) ds
0
t
- cQ/ VilYs = YPVO(Y)o (X)) dWs
0
t
o / V.IY: — YIPVS(Y!) (Y] dL,
0

¢
—c2 / Vi|Vs — Y/ |? trace (o(X1) " D*®(Y])o (X)) ds
0

= —cals1(t) — calsa(t) — calss(t) — calsa(t) — calss(t) — calss(t),
and similarly to (12.4) and (12.5),
E sup|[ls1(s)*+133(s)° + I34(s)* + I36(5)°]

s<t
t
< c8/ E|Y, — Y!|*ds. (12.6)

0
For the last term,
t

10 = [ Vv - VIFITR() + V()
0

x [o(Xs) + o(X][o(Xs) + (X [VO(Ys) + VO(YS)]" ds,

SO
t
E sup IL(s)*> < / Y, — Y!|* ds. (12.7)
s<t 0
The key observation is the following. L, increases only when Y, € 0D.
So

2]12(t) — szgg(t)
B / VLRV VD) () — ealYs - VIPVB(Y.) - (V)] dLe

This is less than or equal to 0 by Proposition 12.2 provided ¢ is taken large
enough. Similarly,

2[13(t) — CzI35(t) <0.
Hence by (12.4)—(12.7),

E sup |Ys — YI|* < e10E [sup(Va]Ya — YI[%)]”
s<t s<t

t
<cnE / sup |Ys — YS'|4dr
0

s<r

t
—|—c11E/ sup\Xs—X§|4d7”~
0

s<r
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The proposition now follows by Gronwall’s lemma. O
Uniqueness follows easily from Proposition 12.3.

(12.4) Theorem. If X; and X| are two solutions to (11.5), then X, = X| a.s.

Proof. We have (12.3) holding with Y; = X; and Y/ = X;. So from Proposi-
tion 12.3,
t
E sup |X, — XJ|* < cl/ E sup |X. — X}|* dr,
0

s<t s<r

and the conclusion follows by Gronwall’s lemma. O

We remark that if we let P* denote the law of X; when X, = z, then
just as in Section 5, (P*, X;) forms a strong Markov process.

13. Notes

The preliminary material (Section 1) can be found in a large number
of places. See, for example, [PTA, Chapter 1], Ikeda and Watanabe [1],
or Revuz and Yor [1]. The majority of the rest of the chapter is covered
in Tkeda and Watanabe [1] or Protter [1]. Section 5 is from Stroock and
Varadhan [2]. Sections 11 and 12 follow Lions and Sznitman [1]. Theorem
4.2 is due to Girsanov; our account is taken from Knight [1]. An argument
similar to that of Proposition 11.2 appeared in Kwon [1].
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I1

REPRESENTATIONS OF
SOLUTIONS

This chapter is concerned with giving probabilistic representations of
the solutions to PDEs. Throughout we will be assuming that the given
PDE has a solution, the solution is unique, and the solution is sufficiently
regular. In the next chapter we will use a mixture of PDE and probabilistic
techniques — primarily the former — to show that such solutions exist.

Suppose a process X; is associated to an operator £ as in Section 1.2.
The solution to many PDEs involving £ can be written very simply in
terms of the expected values of certain functionals of X;. In Section 1 we
discuss Poisson’s equation, in Section 2 the Dirichlet problem, in Section 3
the Cauchy problem, and in Section 4 the (real) Schrédinger equation.

For an operator £ given by (1.1), the second-order terms are the key
ones. We show in Section 5 how the Girsanov transformation can be used
to dispense with first-order terms.

In Section 6 we look at reflecting boundary conditions. Both the Neu-
mann problem and many cases of the oblique derivative problem have so-
lutions that can be represented probabilistically in terms of SDEs with
reflections.

Many useful quantities from PDE have probabilistic interpretations.
Examples include fundamental solutions and the Green function; see Sec-
tion 7.

In Section 8 we examine the relationships between fundamental solu-
tions and adjoint operators and between invariant measures and adjoint
operators.
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1. Poisson’s equation

Let
Li@) =3 3 au@df@) + Y bi@)osf (@) (L1)

i,j=1

Throughout this chapter, unless stated otherwise, we assume the a;; and
b; are bounded and at least C'. We also assume that the operator £ is
uniformly strictly elliptic. An operator L is strictly elliptic if for each x there
exists A(z) such that

d

d
> au@yiys > A@)Y _y; y=(,. .,y €R. (12)
i,j=1

i=1

The operator L is uniformly strictly elliptic or uniformly elliptic if A can be
chosen to be independent of . We also call the matrix a strictly elliptic if
(1.2) holds and uniformly elliptic if (1.2) holds with A(z) not depending on
x. We also assume throughout that the dimension d is greater than or equal
to 3.

We emphasize that the uniform ellipticity of £ is used in Sections 1-
4 only to show that the exit times of the domains we consider are finite
a.s. For many nonuniformly elliptic operators, it is often the case that the
finiteness of the exit times is known for other reasons, and the results of
Sections 1-4 then apply to equations involving these operators.

Suppose o is a matrix such that ¢« = co” and each component of o is
bounded and in C*. Let X; be the solution to

Xi=x+ /t o(Xs)dWs + /t b(Xs) ds. (1.3)

We will write (P”, X;) for the strong Markov process corresponding to o
and b.

We consider first Poisson’s equation in R¢. Suppose A > 0 and f is a
C! function with compact support. Poisson’s equation is

Lu(z) — du(z) = —f(z), z e R (1.4)

(1.1) Theorem. Suppose u is a C* solution to (1.4) such that u and its first and
second partial derivatives are bounded. Then

u(z) = Ez/ e ME(Xy)dt.
0
Proof. Let u be the solution to (1.4). By It6’s formula,

u(Xy) —u(Xo) = My + / Lu(X) ds,
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where M, is a martingale. By the product formula,
t t
e Mu(Xy) — u(Xo) = / e M dM, +/ e M Lu(X,)ds
0 0

t
— )\/ e M u(X,) ds.
0
Taking E* expectation and letting ¢t — oo,
—u(z) =E~ / e (Lu — Mu)(X,) ds.
0

Since Lu — Au = —f, the result follows. O
Let us now let D be a nice bounded domain, e.g., a ball. Poisson’s
equation in D requires one to find a function u such that Lu — Au = —f in
D and u = 0 on 8D, where f € C?*(D) and A > 0. Here we can allow \ to
be equal to 0. Recall that by Proposition 1.8.2, the time to exit D, namely,

7p = inf{t : X; ¢ D}, is finite almost surely.

(1.2) Theorem. Suppose u is a solution to Poisson’s equation in a bounded
domain D that is C? in D and continuous on D. Then

u(x) :Ew/ ” e M F(X,) ds.

Proof. The proof is nearly identical to that of Theorem 1.1. By Proposition
1.8.2, 7p < o0 a.s. Let S, = inf{t : dist (X¢,0D) < 1/n}. By Itd’s formula,

tASy,
w(Xins, ) — u(Xo) = martingale +/ Lu(X,)ds.
0
By the product formula,
E*e 2 y(X0s,) — u(x)
tAS), tASn
= Ex/ e M Lu(X,)ds —E” / e Mu(X,) ds
0 0
tASy,
= —]E“”/ e M f(Xs)ds.
0

Now let n — oo and then ¢t — oo and use the fact that « is 0 on 6D. O



46 II REPRESENTATIONS OF SOLUTIONS

2. Dirichlet problem

Let D be a ball (or other nice bounded domain) and let us consider
the solution to the Dirichlet problem: given f a continuous function on 4D,
find u € C(D) such that « is C? in D and

Lu=01in D, u= fon dD. (2.1)
(2.1) Theorem. The solution to (2.1) satisfies
w(@) =B f(Xny).

Proof. By Proposition 1.8.2, 7p < oo a.s. Let S,, = inf{¢ : dist (X¢,0D) < 1/n}.
By Itd’s formula,

tAS,
u(Xins,) = u(Xo) + martingale +/ Lu(Xs)ds.
0

Since Lu = 0 inside D, taking expectations shows
U(l’) = IEZ’LL(Xt/\Sn).

We let t — oo and then n — oo. By dominated convergence, we obtain
u(z) = E*u(X,,). This is what we want since v = f on dD. O

There are some further facts that can be deduced from Theorem 2.1.
One is the mazimum principle: if € D,

sup u < sup u. (2.2)
D aD

This follows from
u(z) =E°f(X7p) < sup f.

There is a sort of converse of Theorem 2.1.

(2.2) Proposition. Let f be continuous on 0D and suppose v(z) = E” f(X;,)
is continuous on D and C* on D. Suppose the coefficients of L are continuous.
Then Lv =0 on D.

Proof. By the strong Markov property at time 75, the time to exit B(z,r),
we have v(z) = E*v(X;(p(,)) if r is small enough that B(z,r) C D. By
Ito’s formula,

tAT(B(z,r))
V(Xinr(B(z,r))) = v(Xo0) + martingale +/ Lou(Xs)ds.
0

Taking expectations and letting ¢ — oo,
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. 7(B(z,r))
B0 (Xoiao) =) +E7 [ Lalx)as
0

so E” [T £y(X,) ds = 0. Dividing by E"7(B(z,)), letting r — 0, and
using the continuity of Lv implies that Lv(z) = 0. O

We have already supposed that « is a solution to the Dirichlet prob-
lem and hence continuous up to the boundary. We will see later on that
for domains satisfying an exterior cone condition, we automatically have
E®f(X,,) continuous up to the boundary.

If Lv=0in D, we say v is L-harmonic in D.

3. Cauchy problem

We are primarily interested in elliptic PDEs, but the related parabolic
partial differential equation d;u = Lu is often of interest. Here d;u denotes
Ou/0ot.

Suppose for simplicity that the function f is a continuous function with
compact support. The Cauchy problem is to find « such that v is bounded,
u is C? with bounded first and second partial derivatives in z, v is C* in ¢
for t > 0, and

Ou(z,t) = Lu(z,t), t>0,z R,
u(z,0) = f(z), z e R (3.1)
(3.1) Theorem. The solution to (3.1) satisfies

u(z,t) = E* f(Xy).

Proof. Fix to and let My = u(X¢,to —t). The solution u to (3.1) is known to
be C? in z and C' in t for ¢ > 0 (see Friedman [1]). Note o;[u(z,to — t)] =
—(8su)(z, to — t). By Ito’s formula on R x [0, to),

t
u(X¢,to — t) = martingale +/ Lu(Xs,to — s)ds
0

t
+ / (—0wu)(Xs,to — s) ds.
0
Since dyu = Lu, M, is a martingale, and E* My, = E“M,,. On the one hand,
E*M;, = Eu(Xe,,0) = E°f(Xy,),
while on the other,

EIMO = Ezu(Xo,to) = ’LL(.’IZ7 to).
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Since to is arbitrary, the result follows. O

For bounded domains D, the Cauchy problem is to find u such that
0 = Lu on D, u(z,0) = f(z) for z € D, and u(z,t) = 0 for z € dD. The
solution is given by
u(z,t) = E*[f(X¢);t < 7p],

where 7p is the exit time of D. The proof is very similar to the case of R

4. Schrodinger operators

We next look at what happens when one adds a potential term, that
is, when one considers the operator

Lu(z) + q(x)u(x). (4.1)

This is known as the Schradinger operator, and ¢(z) is known as the potential.
Equations involving the operator in (4.1) are considerably simpler than the
quantum mechanics Schrodinger equation because here all terms are real-
valued.

If X, is the diffusion corresponding to £ in the sense of Section 1.2,
then solutions to PDEs involving the operator in (4.1) can be expressed in
terms of X; by means of the Feynman-Kac formula. To illustrate, let D be a
nice bounded domain, e.g., a ball, g a C? function on D, and f a continuous
function on dD; ¢ denotes the positive part of q.

(4.1) Theorem. Let D, q, f be as above. Let u be a C? function on D that agrees
with f on 0D and satisfies Lu+ qu =0 in D. If

TD
E*exp (/ q+(XS)ds) < 00,
0

then o
u(z) =E® [ F(Xop)edo 9 ds} : (4.2)

We remark that the case when ¢ is a negative constant has been dealt with
in Section 1.

Proof. Let B, = fOMTD q(Xs) ds. By 1t0’s formula and the product formula,

tATD
eB(“\Tmu(XMTD) =u(Xo) + martingale +/ w(X,)e"" dB,
0

+ /OWD ePr dju(X)),.

Taking E* expectation,
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tATD
E*eBND)y(Xiprp ) = u(z) + E* / ePru(X,)q(X,) dr
0
tATD
+E* / B Lu(X,) dr.
0
Since Lu + qu =0,

E*eP¢™0) 0 (Xiprp ) = u(w).

If we let t — oo and use the exponential integrability of ¢*, the result
follows. =

The existence of a solution to Lu+qu = 0 in D depends on the finiteness

I
of E”efo " (Xe) ds, an expression that is sometimes known as the gauge; see
Chung and Zhao [1].

Even in one dimension with D = (0,1) and ¢ a constant function, the
gauge need not be finite. By [PTA, (I1.4.30)] with z = 1/2, P*(rp > t) >

=7*t/2 for ¢ sufficiently large. Hence

™D
E®exp (/ qu) =[E%e?™P
0

= / qe?"P* (1p > t) dt;
0

ce

this is infinite if ¢ > 72/2.

A very similar proof to that of Theorem 4.1 shows that under suitable
assumptions on ¢, g, and D, the solution to Lu+qu = —g in D with boundary
condition u = 0 on 9D is given by

u(z) =E7 {/OTD g(Xs)efos a(Xr)dr ds} . (4.3)

There is also a parabolic version of Theorem 4.1. The equation d;u =
Lu + qu with initial condition u(z,0) = f(z) is solved by

u(w,t) =E° [f(xt)efot a(Xe) d} (4.4)

When ¢ <0, there is a way of interpreting the right hand sides of (4.2)
through (4.4). We consider (4.4). Let A; = f 0 ) ds; this is an additive
functional (cf. [PTA, (II.3.38)]). Let Y be a random variable that has a
distribution which is exponential with parameter 1 and that is independent
of X;, and let S = inf{t: A; > Y}. Let us change the state space from R¢ to
R?U{A}, where A is an isolated point; we extend any function on R to be
0at A. Let X, = X, if t < S and set X; = A for ¢ > S. We then can write
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EZ[f(Xt)e*At] :IE””/ F(X)e *1ia,cas)
0

EI/ / eV dy f(Xe)l(a,eds)
0 s
ooy
Ew/ / F(Xt)l(a,easre” ¥ dy
0 0
0 ry
:Ez/ / F(Xe)la,eas) Liveay)
o Jo

Y
= Em/ F(Xe)1(a,eds)
0
=E°[f(X:); A < Y] = E” f(X)). (4.5)

This is usually phrased by saying the process X; proceeds until the random
clock A; exceeds Y, at which time X; is killed and is immediately transported
to the cemetery A.

5. Girsanov transformation

Let £ be as in (1.1) and define

d
= Z auf

that is, the operator £ with the first-order terms omitted. Solutions to
PDEs involving £ can be written in terms of the diffusion corresponding to
£’ (and vice versa). As an example to illustrate this, we consider Poisson’s
equation in R?. One can obtain analogous results for the Dirichlet problem
and the Cauchy problem.

5.1) Theorem. Suppose each coordinate of o is bounded and in C?, o' is
(5.1) pp f ,

bounded, and a = oo . Suppose X; is the solution to
dX: = o(Xe) dWy,

and u is a solution to Lu — du = —f in R? such that u and its first and second
partial derivatives are bounded. Then

u(m) :]Ez/oo _Atf(Xt)Mt dt
0

t
Mt:exp(/p /| \ds
0

and p =b(cT)™!

where
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Proof. Let N, = f p(Xs) dWs so that M, = exp(N, — (N),/2) is a martingale
with My = 1. Define a new probability measure Q by setting dQ/dP* = M,
on F;. By Girsanov’s theorem (see Section 1.1), if ¥; is a martingale under
P?, then Y; — (N,Y), is a martingale under Q, and (Y’), is the same under
both probability measures.

We apply this to X{. This process is a martingale under P, so X} —
(N, X", is a martingale under Q. A calculation shows

d
= ij<xs>d<wﬂxi>t

t

= ij )05 (Xs) ds = bi(Xs) ds.

The quadratic variation of X? is the same under both P* and Q, and by a
polarization argument (cf. [PTA, (I.4.14)]), the mixed quadratic variations
(X*, X7) are as well. If W, is defined by

AW, = o1 (X1) (X, — b(X,) dt),

we conclude that W is a continuous martingale under Q with (Wi,ﬁ/\j) .=
d;j dt, hence a Brownian motion under Q (see Section I.1).
We then can write

d
dX; =" o(Xe) dW] + bi(X.) dt,

j=1

and so X; under Q is associated to the operator £. Hence by Theorem 1.1,
u(z) = IEQ/ e ME(Xy)dt = / e MEf(Xe)dt
0 0
By the definition of Q, this is

/OO e ME[f(X:)M,)] dt. O

6. The Neumann and oblique derivative problems

Suppose D is a bounded smooth domain. The Neumann problem for
D is the following: given f a smooth function on 8D, find u € C(D) such
that « is C? on D and

Lu=01in D, Ou/ov = f on 8D, (6.1)
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where v(z) denotes the inward pointing unit normal vector at = € dD. For
the Neumann problem to have a solution, side conditions need to be im-
posed. For example, if £ = A, the Laplacian, we must have fE)D fy)o(dy) =
0, where o (dy) is surface measure on dD. To see this, by Green’s first identity
([PTA, Theorem I1.3.10]) with v =1,

0:/1Au+/V1~Vu:/l(au/au)da:/ fdo.
D D D oD

To avoid dealing with side conditions, let us introduce a smooth compact
subset K of D and require instead of (6.1) that

Lu=01in D — K, Ou/dv = f on 8D, u=0on K. (6.2)
Suppose X, satisfies
dXt = O'(Xt)th +b(Xt) dt+V(Xt) st, X GE, Xo = Zo, (63)

where W; is d-dimensional Brownian motion, L; is a nondecreasing contin-
uous process that increases only when X; € D, o and b are smooth, D is a
bounded C? domain, a = oo’ is uniformly elliptic, and

Lu(z) = % Z aij(x)0su(x) + Z bi(x)Oiu(x), z € D.

By Section 1.12, we have existence and uniqueness of X;, and we can con-
struct a strong Markov family (P, X;), z € D.
We will see in Chapter III that the solution to (6.2) is smooth.

(6.1) Theorem. Suppose Tk, the hitting time to K, is finite a.s. and E” L1, <
oo for all x. The solution to (6.2) satisfies

Tk

u(z) = -E* f(Xs)dLs.
0

Proof. By It0’s formula,
tATy
w(Xiarg ) = u(Xo) + martingale +/ Lu(Xs)ds
0
AT
+/ (Vu - v)(Xs)dLs.
0

Note Vu-v = du/ov = f. We take expectations with respect to P* and then
let t — oo. Since v =0 on K and Lu =0 in D, we obtain
Tk

O=u(z)+E” f(Xs)dLs. O
0
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The assumptions that Tk < oo a.s. and E” Ly, < oo actually turn out
to be superfluous, but we do not prove that here.

We remark that if f satisfies the appropriate side conditions, we can
avoid the introduction of K and write the solution to (6.1) as u(z) =
—lim e E” f(f f(Xs)dLs. See Bass and Hsu [1] for a proof in the case that
L is the Laplacian.

The oblique derivative problem is similar. We consider only a special
case: we let v be a smooth vector field on 9D with v(y) - v(y) > 0 for all
y € 0D and we consider the problem

Lu=01in D, Ou/Ov = f on 9D, u=0on K, (6.4)

where du/0v denotes Vu - v. (More general boundary conditions can be
handled.) We will see in Chapter III that the solution to (6.4) is smooth.
We now let X: be the solution to (6.3) where v is replaced by v. The same
proof as that in Theorem 6.1 proves

(6.2) Theorem. The solution to (6.4) satisfies

u(ac)z—Ez/ Kf(XS)dLS,

7. Fundamental solutions and Green functions

The function p(t, z,y) is the fundamental solution for L if the solution to
Oru = Lu, u(z,0) = f(x) (7.1)
is given by
e.t) = [ olto) 1) dy

for all continuous f with compact support. We have seen that the solution
is also given by E” f(X;). So

[rttanian=B=10e) = [ r0Pox e an).
Thus the fundamental solution is the same as the transition density for the
associated process.

An operator £ in a nice domain D has a Green function Gp(x,y) if
Gp(z,y) =0 if either x or y is in D and the solution to
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Lu= fin D, u=0on 9D
is given by

u(z) = —/GD(m,y)f(y) dy

when f is continuous. We have also seen that the solution is given by

u(z) = —]Ex/om F(Xs) ds.

Thus Gp(z,y) is the same as the occupation time density for X;. That
is, Gp(z,y) is the Radon-Nikodym derivative of the measure p(A) =

E” [P 14(X,)ds with respect to Lebesgue measure. See [PTA, Section I1.3]

for a discussion of the Laplacian case.

8. Adjoints

The adjoint operator to L is the operator

L) =Y 0y(au@)f@) = 0i(bi(2)f(@)). (8.1)

4,j=1

The reason for the name is that

J(@)Lg(e) do = / o(@) L () da,

Rd Rd

as integrations by parts show, provided f and g satisfy suitable regularity
conditions. The adjoint operator corresponds to the process that is the dual
of X;. Roughly speaking, the dual of X; is the process run backwards: X¢,_¢;
see Haussmann and Pardoux [1].

Suppose p(t, x,y) is the fundamental solution for £ and let

Pf(x) = / plt,2,9) 1 (y) dy.

Let q(t,z,y) = p(t,y, x). Let us suppose that the coefficients of £ are smooth
and that p(¢, z,y) has bounded derivatives in z,y, and ¢ for each ¢ > 0.

(8.1) Proposition. The fundamental solution for L* is q(t,x,y).

Proof. Let g be continuous and nonnegative and let

v(z,t) :/q(w,y)g(y) dy.

So if f is continuous and nonnegative,
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/f wtdw—//f (too )dydw—/Ptf(y)g(y)dy.

When t =0, P.f(y) = f(y), or

/ (o0 ds = [ faato)ds

This implies g = v(-,0) a.e.
By It6’s formula,

Pf(@) - f(z) —=E* / LX) ds = / P.Lf(z)ds

So 8, P.f = P.Lf, and hence we have

/f(x)@tv(x,t) dz = (%(/f(x)v(x, t) dx)

= 0.( P (w)oly) dy)
- [ Pestiawan
Now
/ dy_// tyo (y) dz dy
— / h(z)v(z,t) d.
So

/f(x)aw(m,t)dm:/Lf(m)v(x,t) d

- /f(x)c*v(m) da

Hence d:v(z,t) = L*v(x,t) for almost every z. We will see later on that the
fundamental solution to £* is continuous, so we have equality everywhere.
O

By integrating over ¢ from 0 to co, provided the Green function exists,
then the Green function for £* is Gp(y, z).

Examining the proof of [PTA, Proposition II.4.1] lends credence to the
assertion that q(¢,z,y) = p(¢,y, ) is the transition density of X;,_:, and so
the adjoint operator £* corresponds to the process X; run backwards in
time. This is not quite true, but something close to it is; see Haussmann
and Pardoux [1] for details.

A measure p is invariant for a strong Markov family if E*f(X,) =
J f(z) p(dx) for all ¢ and all bounded and continuous f, where E* f(X;) =
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JEYf(X:) p(dy). We continue to assume the same regularity as in the pre-

ceding proposition.

(8.2) Proposition. Suppose there exists a nonnegative solution v to L*v = 0.

Let p(dx) = v(x) dz. Then p is invariant for the process associated to L.
Proof. Let f be continuous and let u(z,t) = E” f(X;). Then

0= /u(x,t)ﬁ*v(x) dx = /Eu z,t)v /&u z, t)v(z) dz.

This implies that

E"f(X,) = / E* £(X,) u(d) = / u(e, () da

is a constant function of ¢. Letting ¢ — 0,

E*f(X,) = / E* f(X,) pu(dz) - / § (@) p(de

so B f(Xy) = [ f(x) ) for all ¢.

9. Notes

For further information see Durrett [1], Dynkin [1], Pinsky [1], and

Stroock and Varadhan [2].

There are certain quasilinear elliptic operators that can be interpreted
probabilistically. See Dynkin [2], Chen, Williams, and Zhao [1], LeGall [1],

and Funaki [1].



I11
REGULARITY OF SOLUTIONS

In order to apply the results of Chapter II we need to know that solu-
tions to Poisson’s equation, the Dirichlet problem, etc. exist with sufficient
smoothness provided we make suitable assumptions on the coefficients of
the operator £ and on the domain D. That is the purpose of this chapter.

In addition, in much of this book we will be interested in elliptic oper-
ators whose coefficients are not overly regular. We will often obtain them as
limits of operators with more regular coefficients. We therefore will need to
show that equations whose operators have smooth coefficients have smooth
solutions.

Section 1 is an introduction to the method of variation of parameters.
Section 2 contains a discussion of the Holder and weighted Holder norms
and a derivation of some bounds on the second derivatives of potentials.
In Section 3 we show that the diffusions we are interested in have a nice
regularity property near the boundary of smooth domains.

Sections 4 and 5 establish the regularity of solutions of Poisson’s equa-
tion and the Dirichlet problem. In Section 4 we use variation of parameters
and the estimates of Sections 2 and 3 to study Poisson’s equation. Section 5
combines the results of Sections 3 and 4 to obtain the existence of a solution
to the Dirichlet problem.

Section 6 points out how the methods of the previous sections extend
to cover the cases of higher order derivatives, of two dimensions, and of first
and zero order terms.

Section 7 details the modifications necessary to deal with the Neumann
problem and the oblique derivative problem.

Section 8 is another application of variation of parameters to Poisson’s
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equation, whereas Section 9 shows how flows can be used to study the
Cauchy problem.

1. Variation of parameters

One of the most common means of proving regularity of solutions of
PDEs is that of variation of parameters. This is also known as the parametriz
method or the perturbation method. The basic idea is simple. If a and b are
real numbers, ry = (A —a)™!, sx = (A — (a + b)), and |bra| < 1, then

SA:A_i_b:(ALz)(l—b/z)\—a))

p— 1 — 2 e
—T)\l_br)\ —7”>\(1+b7">\+(b7">\) + )
Now let A and B be linear operators, Ry = (A — A)~'. If ||BRy| < 1
with respect to some norm || - ||, then the sum
Sy = Ry + R\BR) + RA\BR\BR) +--- (1.1)

converges with respect to this norm, and formally, if we apply X — (A + B)
to Sx, we obtain the identity operator, or Sy = (A — (A + B))~'. The series
n (1.1) is known as a Neumann series, after Carl Neumann.

Suppose A is the infinitesimal generator of a semigroup P, that is,

d(P:f)
dt t=0

Af =

for a suitable class of fs. There is an analogous formula to (1.1) for the
semigroup corresponding to A + B; see Leviatan [1].

Rather than worrying about domains of the operators A and A+ B, we
will instead show in a concrete situation how variation of parameters may
be used to obtain regularity results.

In our first and principal application of variation of parameters, we will
take A = 0 and A = (1/2)A on a ball B. R\ becomes the Green operator Gg
defined by

Gpfl(z /f y)gB(z,y) dy, (1.3)

where gg is the Green function for Brownian motion on B. We will consider

L defined by
d
=3 2 @l

where the a;; are Holder continuous and strictly elliptic, and we will set

l\D\»—\

1
=L—--A
B=L°L 3
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We thus need estimates on BGsf in a suitable norm, and these will arise
from estimates on 9;;Gpf.
Let d > 3 and let Uf be the Newtonian potential of f, that is

Uf(x) = /U(w»y)f(y) dy, u(z,y) = colz —y|*~%, (1.4)

where ¢o = I'((d/2) —1)/(27)%? is chosen so that (1/2) AU f = —f for smooth
f (see [PTA, Section II1.3] for a discussion of potentials). We know

—Ez/wﬂxt)dt, G / F(X0)d
0

where 75 is the first exit time from B. Let us write
Pof(a / WP (Xo € dy) (15)

this is the harmonic extension of f to B. By the strong Markov property,
Usw) = Gof(a) + B [ sxar
B

= Gpf(z) + E*EX8) /oo F(X)dt
0
=Gpf(x) +EUf(Xrp).

We then have
Gpf(z) =Uf(x) - Pp(Uf)(x), (1.6)
and we thus need bounds on 9;;U f and 9;; P(Uf).

2. Weighted Holder norms

In order to apply variations of parameters, we first need to find a
suitable norm || - || to work with. The main one we use is the weighted
Holder norm || - ||wa.

Our strategy is first to consider the C* norm and to obtain estimates on
9;;U f. Then we introduce what we call the scaled Holder norm and again
examine 9;;Uf. We next estimate Ppf under the C* and scaled Holder
norms. From these and (1.6), we deduce bounds on 8;;G g f with respect to
the scaled Holder norm. In (2.6) we define the weighted Hélder norm. The-
orem 2.4 contains the main result of this section, a bound on the weighted
Holder norm of 9;;G s f. The remainder of the section discusses some related
results that will be needed later in this chapter.

We start with the C* norm. If f is a real-valued function on a Borel
set B, define
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|fllce s = sup |£(@)] + sup LD =IWI (2.1)
zeB z,yeB |$ - y|a

We make the convention that 0/0 = 0 in a ratio such as the last term of
(2.1). When B = R?, we write || f||ce.

Recall (see [PTA, Theorem 11.3.14]) that if d > 3, f € C*, the support
of f is contained in B(0,2), and U f is the Newtonian potential of f, then for
all i, we have that 9,;Uf € C* and there exists a constant ¢; independent
of f such that

105U fllea(s0,1)) < callfllee- (2.2)

Let us introduce another norm that we will use only temporarily, the
scaled Holder norm. Fix o and define

Ifllst@o.ry = sup  [f(z)|+R*  sup If @) = Fl

— yle
z€B(z0,R) z,y€B(zo,R) |"r y|

(2.1) Proposition. Suppose R < 1, the support of f is contained in B(xo,2R),
and f is C* on B(zo,2R). There exists ¢1 independent of f and R such that

105U fll s wo.r) < erllfllsm(wo.2m)-
Proof. This follows from (2.2) by a scaling argument. Suppose without loss of
generality that o = 0. Let g(z) = f(zR). Then the support of g is contained
in B(0,2), llgllec = [Iflleo, and

l9(z) —g9W)| = [f(@R) = f(yR)| < || fllo=le —y|* R™.

/\mfm“ Yy = R /mzmw()

_ /|xR—z|2 f(2)dz = RUf(aR).

Note that

Then Uf(z) = R*Ug(z/R) and hence 9;;U f(x) = d;;Ug(x/R). If u = x/R,
0:;U f ()| = 105U g(u)| < callgllee s,y < c2ll fllsao,r)-
Ifv=y/R,

R*(0;;U f(z) — 035U f(y)| = R¥|0:;Ug(u) — 0;;Ug(v)]
< c2R%u — U‘aHgHC’D‘(B(O,l))
< ealw —y[*|| fllsH(zo,2R) - O

If B = B(0,1) is the unit ball, let Pgf denote the harmonic extension
of f (with respect to the Laplacian) on B. That is, if f is a continuous
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function on B, then Pgpf is the function in B such that APgf = 0 in B
and Ppf agrees with f on the boundary. See [PTA, Section II.1].

(2.2) Proposition. Suppose f € C* on B(0,2). Then Pgf € C* on B and there
ezists c1 independent of f such that

|1Ps fllcas) < cillfllce.

Proof. Clearly |Psf(z)| < ||f|ls- Prf is actually C* in B ([PTA, Proposition
I1.1.3]), so the difficulty is obtaining an estimate on the C* norm. Let € > 0
and let f. be a C* function such that

If = felloo < c2e®||fllce, IV felloo < c2e® "I fllce. (23)

We will construct such an f. in a moment.
Then

|Pef(z) — Pef(y)l < |Psf(x) — Ppfe(z)| + |Psf(y) — P f(y)]
+ |PBf6($) - Pst(y)"

Observe that

|Pef(x) = Ppfe(x)] = [Pa(f = f) (@) < |If = felloo < 2| fllce,

and similarly with x replaced by y. Also,

ly—z|
y—x
|Ps f-(x) — Psf-(y )‘_/D 8tPst(x+t|y7x|)dt

<y —zlIVPsf:lloo = ly — 2| [|PB(V f2) ]l
<y — 2| |V felloo < caly — 27 fll e,

since Pp(8;9) = 8;(Pgpg) inside B for all 4. If we take € = |y — z|, combining
gives the required estimate.

It remains to construct f.. Let o(z) be C* with compact support,
nonnegative, and with integral 1. Let o.(z) = e %p(z/e) and f. = f * ..

Then
@)~ £ = | [ V@) = 1 = lenti) o
‘/ J(x—ey)lely dy‘
< || flon / 1" e(y) dy < ese| .

By integration by parts and the fact that ¢ has compact support, [ d:¢(y) dy
=0. So
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@ =| [ 1= noewa

= ‘/[f(x —vy) — f(2)]0ipe(y) dy‘
— 6_1

i@ =en - s@oct o
<<l [ 0 0ip(s) dy < cse Sl
which is the other half of (2.3). O

Let Pg(.,,r)f denote the harmonic extension to the interior of B(zo, R)
of a function f on the boundary. As in Proposition 2.2, if f is C* on B(xo, R),
then Pp(s,r)f is C* on B(xo, R), and

| PB(zo,r) fllsH(zo,R) < 1l fllsH(zo,R)- (2.4)

Let Ggf be the Green potential of f with respect to the domain B. By
(1.6)
Gef=Uf— Ps(UY). (2.5)

(2.3) Proposition. If f is C* on B(zo, R), then Gpy,r)f is in C*T* on
B(zo, R) and there ezxists ¢1 independent of f such that

105G B(z0,r) [l sH (w0, r) < 1|l fllsH (0,R)-

Proof. Observe that Gp(yr f(z) = E* [[PC0™ f(W,)ds, where W; is a
Brownian motion and 754, r) is the exit time from B(zo, R); see [PTA, Sec-
tion II.3]. Therefore Gg(sy,r)f depends only on the values of f in B(zo, R);
hence without loss of generality we may assume the support of f is con-
tained in B(zo,2R) and || f|lsa(ze,2r) < C2||fllsE (w0,r)- Since

0ijG B (2o, r) ] = 0ijUf — Pp(ay,r) (0i;U f),

the result follows from (2.4) and Proposition 2.1. o

We now introduce the weighted Holder norm we are interested in. Let
us write d, for dist (z,dB). Define

| fllwsr = sup B|f(@)] + sup [d A dy? e L@ =T W
z€EB z,yeB |$ - y|a

(2.6)

If || fllwe < oo, we will say f e WH.

(2.4) Theorem. There exists ¢1 such that

10i;Gefllwa < allfllwa.
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Proof. Let o € B and let R = d,,/6. For € B(xzo, R/2), analogously to
(16),
GBf(%) = GB(ao.r) [ (%) + Pp(ag,r) (GB[) ().

Then
10i;GB f(2)] < 0i;GB(xo,r) f(@)] + 1055 PB(20,r) (GB f)(2)]
< |l fllsH(o,R)
=co sup |f(a))]
z'€B(zg,R)
pert wp M@ 1O
z/,y’€B(xzo,R) |l'/ - y’|“
So
d2105Gpf(x)| < call fllwa.
Similarly,

2+a [0:GB f (%) — 0:;GB f(y)]

dez Nd
[ y] |:E—y‘o‘

<aclflwe. O

We will also need the following proposition.

(2.5) Proposition. If f € C* and g € WH, then

1fgllwe < [Ifllcllgllw.

Proof. This follows easily from the inequality

lf(@)g(z) = fF(W)gW) < 1f (@) |g(x) =g+ 9@ f (@) = f(y)l- 0

Besides the inequality in Theorem 2.4 for the weighted Holder norm,
we also have an analogous inequality for the C* norm.

(2.6) Proposition. If f € C*(B), then 0;;Grf € C*(B) and there exists c1
independent of f such that

||aijGBf||ca(§) < Cl”f“oa(ﬁ)-

Proof. We can extend f to have support in B(0,2) such that |f|lce <
2|l fllga () By (2.2) and Proposition 2.2, 9;;Uf € C*, hence 8;;(Ps(Uf))
€ C*(B), and

10U flloe < sl fllee, 105 Pe (U f)ll ca gy < callfllce

Taking the difference and using (2.5) proves our result. o

Finally, we will need an estimate on harmonic extensions.
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(2.7) Proposition. If ¢ is bounded on OB, then 0;jPeyp € WH and there exists
a constant c1 independent of ¢ such that

10i; Peollwa < erllellL=(am)-

Proof. Let x € B, R = d,/6. It suffices to consider the case where d, > d,
and y € B(z, R). It is well known ([PTA, Corollary I1.1.4]) that in B(z, R),

C2 C2
1Rl oo (B(2,R)) < ﬁHWHLm(B(x,R)), (VAo < ﬁHWHoo,

where h = 8;; Ppp. Then

h) — ()| < ( sup Y[}y — 2]
B(z,R)
C2 —a «@
< 2Ry =2l el
=Ry — 2] ||| oo-
The proposition follows easily from this. O

3. Regularity of hitting distributions

Our main goal in this section is Theorem 3.4, which says that under
suitable regularity conditions on X; and D, the function H(z) = E®¢(X-,)
is continuous on D if ¢ is continuous on dD. Here 7p is the time to exit D.

We begin by studying regularity of the boundary. Our first two results
lead to a condition in terms of cones for a point x of 4D to be such that
starting at z the process leaves D immediately. A cone will be a translate
and rotation of the open set {(x1,...,24) : 2 + -+ 22_; < az?} for some
.

(3.1) Proposition. Suppose X, satisfies (1.2.3), o,b, and o' are bounded, D
is a domain, * € 9D, and there exists a cone V contained in D° with verter x.
Then P*(rp = 0) > 0.

Proof. Without loss of generality, take z = 0. Let ¢ be a curve starting at 0
and entering the interior of V' by time 1, and take £ small enough so that
B(¥(1),e) C V. By the support theorem, P(X; € V) > ¢;.

We now use scaling. Let X{" = aX,,,2. By Proposition 1.8.6, X}" sat-
isfies an SDE of the same form as (I.2.3), and if o, and b, are the cor-
responding coefficients, then o, and b, satisfy the same bounds as o and
b provided a > 1. So by the support theorem (with the same ¢ and e),
P(X§ enters V before time 1) > ¢;. This implies, since a cone is invariant
under scaling, that

P(rp < a~?) > P(X; enters V before time a™?) > ¢;.
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Finally, we let a — oco. O

Let us now suppose in addition that o and b are smooth enough so that
the solutions to (I.2.3) form a strong Markov process and P*" converges
weakly to P* whenever z, — x. A sufficient condition is that o(x) and b(z)
be Lipschitz in z: by Theorem 1.10.1, X (z,,t) converges to X (z,t) almost
surely, and weak convergence follows. Later, in Chapter VI, we will see that
in fact it is sufficient that b be bounded and o be bounded, strictly elliptic,
and continuous.

A domain D satisfies the external cone condition if for all x € 0D, there
exists a cone V whose vertex is at  and which lies in D°.

(3.2) Corollary. Suppose (P?, X,) is a strong Markov process, where o and b
are as above. For all x, P*(tp = 0) = 1.

Proof. Since P converges weakly to P* whenever z,, — x, then
Pif(zn) =B f(Xi) = B (X)) = P f(x)

if f is bounded and continuous. So if f is bounded and continuous, then P, f
is also. This and the proofs in [PTA, Section 1.3] (see in particular Theorem
1.3.4, Proposition 1.3.5, and Corollary 1.3.6 of that book) show that the
Blumenthal 0-1 law ([PTA, Corollary 1.3.6)] holds for (P*, X;), that is, sets
in Foy+ must have probability 0 or 1. By Proposition 3.1, P*(rp = 0) > 0,
and hence the probability must be 1. O

The map X:(w) = ¢(X-, (w)) is not necessarily continuous on C[0, c0),
even when ¢ is continuous. To handle such functionals, we need the following
theorem from Billingsley [1].

(3.3) Theorem. Suppose P,, converges weakly to P, where P, and P are proba-
bility measures on a metric space S. Suppose h maps S to another metric space S’
and E = {x € S : h is not continuous at x}. If P(E) = 0, then P,h™" converges
weakly to Ph™1.

Proof. Let F be closed in §’. It suffices to show ([PTA, Theorem 1.7.2]) that

limsupP,h~ " (F) < Ph™(F). (3.1)

n

Suppose z ¢ E. If 2 is a limit point of A~ (F), then since h is continuous
at z, we see that h(z) is a limit point of F. Because F is closed, h(z) € F,
or x € h~'(F). This shows that

h=Y(F) C EURL™'(F).

Since P, converges weakly to P and P(E) =0,
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limsup P, (R~ (F)) < limsup P, (h—1(F)) < P(h—1(F))
<P(h(F)) + P(B) = P(h™(F)),
which is (3.1). o

The application we have in mind is the following.

(3.4) Theorem. Let X, D be as above. Suppose ¢ is a continuous function on
dD and H(x) = E*p(X,,). Then H is continuous on D and agrees with ¢ on
oD.

Proof. That H agrees with ¢ on 9D follows from Corollary 3.2. Suppose
Tn,x € D with z, — z. Let £2 be the space of continuous paths, let X;(w) =
w(t), and define a mapping h : 2 — R by h(w) = ¢(X-, (w)). Observe that h
is not continuous at w only if X; hits 8D but does not immediately thereafter
enter (D), that is, if T\5yc © 0ryp > 0, where 0, denotes the shift operators
defined in Section 1.5. By the strong Markov property,

P*(T 5 © 01,y > 0) = E“PXToP)(T5 > 0).
By Corollary 3.2, PY(T5,. > 0) = 0 for y € 9D. Hence h is continuous on 2

except for a set of probablhty 0. By Theorem 3.3, P*»h~* converges weakly
to P*h~!, that is, if f is a continuous bounded function on R, then

/ F) PP (dy) — / () PR (dy). (3.2)

Note
P*h~(A) = P*(h~1(A)) = /1h71<A)(y) P*(dy)

- / La (h(y)) P* (dy).

By a limit argument,

/f ) P*h (dy) = /f ) P*(dy),

and similarly with P? replaced by P*». Let f be a continuous bounded func-
tion that is equal to the identity on the range of . Then by the definition
of h,

H(zn) = B o(Xoy) = E*h(X /f ) P (dy).

This converges by (3.2) to [ f(h(y)) P*(dy), which as in the above, is equal
to H(x). O
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4. Schauder estimates

We consider elliptic operators in nondivergence form

QZa” )0, f (x +Zb (4.1)

i,7=1

We assume that £ is uniformly strictly elliptic.

Recall §;; =1 if i = j and 0 otherwise. Let K be the larger of the ¢; in
Theorem 2.4 and the ¢; in Proposition 2.6. Let o = 1/(Kd?). In this section
let us assume the following.

Assumption 4.1. (1) The b; are identically zero;
(11) a;j € C® with Ha”(m) — (SinCW < &p.

In the next sections we will weaken these assumptions.

Let B be the unit ball. We use variation of parameters as discussed at
the end of Section 1 and Theorem 2.4 to obtain the following key result.

(4.2) Theorem. Suppose Assumption 4.1 holds. Suppose that f € WH, [ €
C*(B), and f =0 on OB. Then there exists v € WH such that v is continuous
on B, Lv = f, andv = 0 on OB. Moreover, there exists a constant c1 independent
of f such that for each i and j

l0ivllwa < allfllwa.

Proof. Define an operator B by

d

1

=3 Z aij(x) — 0i;)0i; f (z). (4.2)
Then using Proposition 2.5,

d
1
1BGshlwn < 5 Y (@ (@) = 6,)0Ghllwn

i,j=1

1
< §d2 sup [lai; — dij|lce[|0i;Ghllwa
2,3

IN

1
550d2K||h\|WH

—||h .
2” lwu

Hence BGp maps WH into WH with a norm bounded by 1/2. Similarly,
BGp maps C%(B) into C*(B) with norm bounded by 1/2.

Let g = >~ (BGg)™f. Then g € WH. Let v = —Ggg, so for each i
and j we have 9;;u € WH, and
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lOivllwa < callgllwa < esllfllwa.

Also, g € C*(B), so in particular g is bounded. Hence v is continuous on B
and equals 0 on 9B.

Since 9;;v € C for each i and j, Lv makes sense. v = —Ggg with
g€ C”, so Av/2 = g. Then

Lv=Av/2+ Bv=g—BGgpg

oo

(BGp)"f =Y (BGs)"f = . O

m=0

In preparation for discussing the Dirichlet problem we need to obtain
some additional estimates of weighted Holder norms.

(4.3) Theorem. Suppose Assumption 4.1 holds. There exists c1 with the follow-
ing property: if ¢ is in C*(R?), there exists w € WH such that Lw = 0 in B,
w = ¢ on 0B, and for each i and j

lOiwllwa < cllellLe@am)-

Proof. Let h = Pg(p) and let f = —Lh. By Proposition 2.7, 8;;h € WH for
all i and j and sup, ; [|0;hllwr < c2ll@|lL=@om), so f € WH and |[|fllwu <
esll¢|lLeom). Construct v as in Theorem 4.2 so that Lv = f. Then w =v+h
is continuous on B, agrees with ¢ on 9B, and

Lw=Lv+Lh=f—-f=0
inside of B. Finally, for each i and j,

0i;wllwa < [|0yvlwa + [|0ihllwa < callellL=@B)- O

Let us continue to assume Assumption 4.1. Now we in addition assume
that a = ooT, where ¢ is symmetric and uniformly elliptic, and that ¢ is
continuous in z if a is continuous in z. If a is Lipschitz in z, we require o to
be also. Given a(x), one can construct o(x) using Taylor series as follows.
Let >°°° bi(1—z)" be the Taylor series for z'/?. This expansion will be valid
prov1ded |1 — x| < 1. Let A = sup,, ;|a;;(z)|. Since a is uniformly elliptic,
then

a(r)

A

sup ‘ <1,

and we set - _
_4l/2 (1 _ a(z)\*
=0

It follows that o will be continuous (respectively, Lipschitz) when a is con-
tinuous (respectively, Lipschitz).
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We now assume that (P*, X;) is a strong Markov family of solutions to
(I.2.3) and that the hypotheses of Theorem 3.4 are satisfied.

(4.4) Theorem. Suppose Assumption 4.1 holds. Let ¢ be a continuous function
on OB. If we set u(z) = E*p(X,,), then 0i;u € WH for each i and j, u is
continuous on B, u agrees with @ on the boundary of B, and Lu =0 in B.

Proof. That u is continuous on B and agrees with ¢ on 0B follows from
Theorem 3.4. Suppose first that ¢ is the restriction to 9B of a smooth
function. Let w be defined as in Theorem 4.3. By Theorem 11.2.1, u(z) =
w(z), so Lu = Lw; by Theorem 4.3, for each i and j

lOijullwe = ||0iwllwa < c1lle]loo- (4.3)

Now let ¢, be a collection of C* functions on R?* whose restriction to
0B converges uniformly to ¢. Let u,(z) = E“¢,(X-5). Then u,(z) converges
to u(z) = E®p(X,,) for each z. By Theorem 3.4, u is continuous on B and
agrees with ¢ on dB. By (4.3), for each i and j

sup [|9ijunllwa < c2sup|ln|lLe(am) < oco.
n n

So the 8;ju, are equicontinuous on compact subsets of B. It follows easily
that

0i;ullwa <limsup [|0ijunllwrm < c3limsup |[¢n|lL=<on)
n n

= csllell L= (om)- O

(4.5) Corollary. There is at most one function w that is continuous on B,
Oijw € WH for each i and j, w agrees with ¢ on 0B, and Lw =0 in B.

Proof. By Theorem I1.2.1, any solution agrees with u(z) = E“p(X,,). O

5. Dirichlet problem

We are now ready to solve the Dirichlet problem in a ball. The main
work yet to be done is to eliminate the use of Assumption 4.1.

Suppose that the a;; are bounded, strictly elliptic, and in C*. Let o
be a positive definite square root of a, so that a = co”, and let X; be the
solution to (I.2.3). We suppose that (P*, X;) forms a strong Markov family
and P*» converges weakly to P* whenever z, — z. (Supposing that a(z)
is Lipschitz is sufficient to guarantee the strong Markov property and this
weak convergence condition. In Chapter VI we will find that we have these
two properties if the a(z) are continuous in z.)
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(5.1) Theorem. Let ¢ be continuous on OB. Let u(z) = E“p(X,,). Then u is
C?*® in B, continuous on B, agrees with ¢ on OB, and Lu =0 in B.

Proof. We will show that u is C** in B and that Lu = 0 there; the remainder
of the assertions follows by Theorem 3.4.

Let =9 € B. Let A be the symmetric positive definite square root of
a(xo) and let V; = AX;. Each component of Y; is a linear combination of
the components of X; and so is a continuous martingale. We have

AV YY), =" A Az d(XF, X0, = A Ajeand(X:) dt,
k.l k.l

so if £’ is the operator associated to Y;, then £ = (1/2) Z i1 a;;0i;, where
ai;(y) = Aa(A™'y)A". In particular, o’(Azo) equals the identity. Note that

the a’ are still bounded, strictly elliptic, and in C*.
Let B' ={Az :z € B}, ¢'(y) = p(A™'y), and v(y) = EY¢'(Y-(p/)). Then

u(@) =E"p(Xrp) =E"p(A™ AX+p)
=E*Y (Yo(pry) = v(Az).

Clearly v € C**® and Lu = 0 in B if and only if v € C*** and £'v =0 in B'.
Setting yo = Axo, we may thus consider Y;, £', and v with a'(yo) being the
identity.

Choose r small enough so that B(yo,r) C B, |ai;(y) — dij| < eo for
y € B(yo,2r), and r%||d’||ce < €0, where go is the g9 of Assumption 4.1.
Let Z; = v~ 'Y,2,. By Propositions 1.8.6 and 1.2.1, Z; is associated to the
operator £” whose coefficients are a”’(z) = a/(rz). The a” are bounded and
strictly elliptic and satisfy the same bounds as the o’ do. If zy = 740, then
a”(z0) is the identity. For z € B(zo,2),

|Ll;/J (Z) — 5”| < €o
for each i and j. For w, 2z € B(20, 1) and for each i and j,
lai(2) — aij(w)| = |ai; (rz) — aj;(rw)| < %z — w|*[|a||ce.

Hence ||CL;/J(Z) — 6ij||ca(3(20,1) < €p.

Let w(z) = E*¢"(Z:(B(20,1))), Where ¢ (z) = ¢'(rz). Since Y,2, is a time
change of Y, the exit distributions from B(yo,r) for Y,2, and Y; will be the
same. Using this, we see similarly to the above that to show v € C*T* and
L'v = 0 at yo, it suffices to show w € C*™ and £"w = 0 at z. The proof
is now complete, since Theorem 4.4 and a translation of the coordinate
systems imply w € C*T* and £"w = 0 in B(z,1). o
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6. Extensions

Smooth solutions. Suppose f is in C*** with compact support, that is, the
kth partial derivatives are all in C“. Then

0i(0s,.-.i, U f) = 055U (04; -4y, f)

by translation invariance. It follows by (2.2) that Uf € C*T2T~ With this
fact and corresponding facts for Ps(f), we can deduce much as in Sections
4 and 5 that if the a;; are in C*™ and strictly elliptic, then the solution
to Lv=0in B, v = ¢ on 8B, is in C**?*= in the interior of B. Similarly, if
f € C**2, the solution to Lv = f in B, v = 0 on 8B, is in CF+*+e,

Two dimensions. Our analysis has not included the case of two dimensions
because U f does not exist in this case. An easy way to deal with the two-
dimensional case is by using projection. Define X; = (X¢, Wy), where W, is
a one-dimensional Brownian motion independent of the two-dimensional
diffusion X,. It is not hard to see that X, corresponds to a(z), where
a;j(z1,T2,23) equals a;j(z1,x2) if 4,5 < 2 and equals §;; if at least one
of 4,5 equals 3. Given ¢ continuous on 9B (in R?), define ¢ on 8C by
o(z1,T2,23) = o(x1,72), Wwhere C = {(z1,22,73) : (z1,22) € B}. If we let
u(z) = E*3(X..), then & does not depend on z3. By the techniques of
Section 5 (with minor modifications because C is an unbounded set), u is
smooth inside C.

First order terms. Suppose we no longer assume that the b; are identically
0. Let us look at solutions in the neighborhood of x¢, which, without loss
of generality, we take to be 0. As in Section 5, let us assume a;; = §;;, and
by a rotation, we may assume that b1(0) # 0, but all the other b;(0) = 0. If
we perform the transformation (z1,...,z4) = (e722121 — 1 25 ... z4), the
operator £ transforms to a new operator £’, where b'(0) = 0 and the new
are strictly elliptic.

Since 9;;Uf € C* if f € C* with compact support, it is easy to see
that the same will be true for 9;U f. We can then obtain suitable estimates
on the WH norm of 9;U f. Since we have reduced the problem to the case
where b(0) = 0, we may imitate the theory of Sections 4 and 5, with

!
aij

d

d
By(z) = 5 Y (as(2) — aiy(20))disg(x) + Y _ bi(2)ig(x)

1
2..
7

i=1

to obtain smoothness of the solution to the Dirichlet problem in a neigh-
borhood of .

Zero order terms. Suppose we want to consider regularity of solutions to
equations involving Lf(z) — q(z)f(x), where ¢ > 0. By a localization argu-
ment as in Section 5, we may suppose ||q(z) — g(xo)||ce is small. We proceed
as in Sections 4 and 5, except that we write
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Lf(x) = 5AF() — aw0) f(2) + B (2).

We now need estimates on (g(xo) — A/2) %, but these may be obtained in a
straightforward way.

Poisson’s equation. The solution to (£ — A)u = f on R? is given by
u(z) = E“”/ e MF(X,) dt.
0

To derive properties of u, we use an argument similar to that used in Section
5, the principal difficulty being in showing « € C?*T*. Let us consider for
simplicity the case where |X;| — co almost surely, A = 0, and f has compact
support. Then for r > 0

) TB(x,r) x o
u(z) :E“/ f(Xs)ds + EE " "B@mn) / f(Xs)ds.
0 0

The latter term is of the form E“u(X,,, ), and hence is in C*** by
Theorem 4.4. Let v be the solution to Lv = —f in B(zo,r) with v =
0 on the boundary; then v € C?*™, and by Theorem II.1.2, v(z) =
E” [P0 f(X)ds.

The case A # 0 can be handled by similar ideas. See Gilbarg and
Trudinger [1] for the analytic estimates needed.

Elliptic and harmonic measure. The solution to the Dirichlet problem Lu =0
in D, u= f on 8D is, for nice f, given by

u(x) =E*f(X,).

Let w(z,dy) = P*(X,, € dy). w is called elliptic measure or L-harmonic mea-
sure relative to z. When X, is Brownian motion and so £ = (1/2)A, then
we know from [PTA, Proposition 11.3.11] that

w(z,dy) =1 (99%7(5,)@) o(dy),

where gp is the Green function for D for Brownian motion, v is the inward
pointing unit normal vector, and o is surface measure on dD. If D is a C?
domain, then v(y) is a C? function of y, while gp(z,-) solves the Dirichlet
problem in D — B(z,r) for r small with boundary values 0 on 9D, and
gp(x,y) on 8B(z,r). By Theorem 5.1, gp(z,-) is C? in a neighborhood of
D, and so (8gp(z,-)/0v)(y) = Vygp(z,y) - v(y) is C* on dD. This provides
another proof of [PTA, Theorem II1.5.2].
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7. Neumann and oblique derivative problem

Let D be a bounded C? domain and let v(z) be the inward pointing
unit normal vector at x € 9D. Suppose v(zx) is a C? vector field on 8D (i.e.,
each component of v is a C? function on dD) such that infapv-v > 0. Let
K be a compact subset of D with smooth boundary. Let us suppose that
the a;; are strictly elliptic and C? and the b; are C?. Let f be a C? function
on dD. In this section we want to show that the solutions to the Neumann
problem

Lu=01in D, Ou/Ov = f on 9D, u=0on K (7.1)
and to the oblique derivative problem
Lu=01in D, Vu-v=fondD, u=0on K (7.2)

have C? solutions in D. The procedure is very similar to what we did for
the Dirichlet problem, so we only sketch the argument, referring the reader
to Gilbarg and Trudinger [1] for further details.

Suppose d > 3. We first consider the half space H and assume that v
is constant on &D with |v| = 1. Let u(z) be the Newtonian potential for R¢
([PTA, (I1.3.1)]) and define

Gz,y) =ulx —y) —ulzx —y) — 21}d/ Oau(x — Yy + vs) ds, (7.3)

where z,y € H and § = (y1,...,Ya—1,—va) if y = (y1,...,ya). Observe that G
is harmonic in z and y for = # y, and a calculation shows that (VG(-,y) -
v)(z) = 0if z4 = 0. G(z,y) is thus the Green function for reflecting Brownian
motion with constant oblique reflection.

Substituting for » in the integral in (7.3),

G(z,y) = u(z,y) —u(z -7) (7.4)

_clvd\x—§|27d - Wd + vas ds
o (I+2(w-v)s+s2)4/2

where w = (z — 7)/|z — 3|. Let V(z,y) denote the last term in (7.4). Since
v-v>co >0, then 14 2(w - v)s + s® is bounded away from 0. A calculation

shows that
02,V (z,y) = =0y, V(z,y), i=1,...,d—1, (7.5)
axdv(m7y) = 61/{1‘/(3:73/),
100,V (@,y)| < esle =g, i=1,....4d,
‘817$7V("c3y)| §C4‘xiy|7da ’L,]:l,,d

If |v] # 1, we replace vq by vq/|v| in the preceding estimates.
We look at
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/ G(z,y)h(y) dy (7.6)
HNB(0,2)
:/ (e — ) — ulz — 7)]h(y) dy
HAB(0,2)
+/ V(z,y)h(y) dy
HNB(0,2)

Let us extend h to the lower half space by reflection over the hyperplane

{zq =0}. If w(x) = fHﬁB(O 2 V(z,y)h(y) dy, we can write

%M@:/ 0,3V (2, 9)[A() — h(z)] dy
HNB(0,2)

— h(z) iV (z,y)v;(y) o(dy)
HNJB(0,2)

by Green’s identity, where v is the outward pointing unit normal vector
on 9B(0,2) and o is surface measure on 9B(0,2) (cf. [PTA, Proposition
I1.3.13]). As in [PTA, Theorem II1.3.14], we derive the estimates

10s5wllce(nB(0,1)) < csllhllca(mnB(0,2))- (7.7)

Since we have the analogous estimate for the first term on the right of (7.6),
we have

10:5GhllcomnB0,1)) < collhlloaznBpo,2)s (7.8)

where Gh(z) = fHﬂB(O,Q) G(z,y)h(y) dy.

With only minor changes, we can use the proofs in Sections 4 and 5 to
obtain the existence of u € C*(H) with Lu=01in H — K and Vu-v = f on
0D, uw =0 on K, where now v is a function of x and no longer constant.

Our results are of a local nature. So if we consider z € D, we can
map D N B(z,r) smoothly onto H N B(y, s) if r is sufficiently small, where
y € OH. The operator £ and reflection vector v are mapped into £ and 7,
respectively, but both £ and 7 satisfy bounds analogous to those of £ and
v. The solution to the oblique derivative problem for L and 7 is smooth in
HnN B(y,s), and taking the inverse image shows that there exists a solution
v that is smooth in D N B(z,r).

The Neumann problem in this formulation is the special case where
v = v. The case d = 2 can be handled by a projection argument similar to
that in Section 6. We can also handle the analogue of Poisson’s equation,
etc. See Gilbarg and Trudinger [1] for further details.

8. Calderén-Zygmund estimates

For 1 < p < oo define
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d
1 lwee = £l + > 10 f1

%,7=1

for f € C?. Let W27 be the closure of C>NL*> with respect to this norm. By
some well-known estimates of Calderén-Zygmund type, we have U* : L —
W?2?P and

10 fllwz < eall fllos (8.1)

where ¢ is independent of f.

This is easily checked when p = 2. The function 9;;f has Fourier
transform —&@f(g), so Af has Fourier transform —|§|2f(.£). Since U* =
(A — A/2)"', then U*f has Fourier transform f(¢)/(A + |¢|?/2). Finally,
9;;U f has Fourier transform —51-53-]?(5)/()\ + |€?/2). By Plancherel’s theo-
rem, there exists ¢, independent of £ such that ||0;;U> f|l2 = c2||(0:;U> )|l
and [|f|l2 = cz||j?||2. Since |(0;,;Uf)7| < 2|f(§)|, the assertion follows when
p = 2. For p # 2, this estimate is considerably harder; see [PTA, Corollary
IV.3.9] for a probabilistic proof.

If f € W*P, we can make sense of 0;;f and hence of Lf, at least up
to almost everywhere equivalence. Let us suppose that the a;; are strictly
elliptic, the b; are identically 0, and |a;;(x) — §;;| < €0, where o = 1/(c1d?).
We use variation of parameters with respect to the norm of L”.

(8.1) Theorem. Suppose f € LP. Then there exists v € WP such that Lv—Iv =
f-

Proof. Recall the definition of B in (4.2). Let v = U* Y (BU*)™ f. Note

d2
1BUg]l, < E(Sup laij(x) — 6i;)[10:;U gl

0,7

C1Sod
< lglly = llgll»/2,

where B is defined by (4.2). So the L” norm of BU* is bounded by 1/2, and
h=3 (BUY'f € L?. Hence U h € WP, As in Theorem 4.2, Lv— v = f.
O

9. Flows

Another approach to the Cauchy problem is via flows. Here the as-
sumption of strict ellipticity is not absolutely essential (although we will
include it), but additional smoothness is.

(9.1) Proposition. Suppose the coefficients of L are in C* and are bounded and
that L is strictly elliptic. Let X; be the associated diffusion. If f € C? with bounded
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first and second partial derivatives, then u(z,t) = E” f(X;) solves Oyu = Lu in
(0,00) x R? with u(z,0) = f(x).

Proof. We first show that u satisfies the appropriate smoothness conditions.
By the remarks following Proposition 1.10.4, X (z,t) is C? in the variable z
almost surely, so u(z,t) = E f(X(=,t)) is also C? in z. By Itd’s formula,

f(X1) = f(Xs) = martingale +/ Lf(Xy)dr,

which implies
t

u(z,t) — u(z, s) :]EI/ Lf(X,)dr.

Since Lf is bounded and continuous, this means that u is differentiable in
t.

We now show d,u = Lu. Let to > 0. Applying It6’s formula to u(X;,to —
t), we obtain

t
u(X¢,to —t) = u(Xo, to) + martingale — / Ou(Xs,to — s)ds
0

t
+/ Lu(Xs,to — s)ds.
0

As in Theorem I1.3.1,
w(Xi,to —t) = B f(Xig—1) = E*[f(Xs,) | i

is a martingale. Therefore fOt(Eu — Ow)(Xs,to — s)ds is a martingale. A
continuous martingale of bounded variation that is 0 at 0 must be identically
0 ([PTA, Proposition 1.4.19)]; hence fot (Lu — Opu)(Xs, to — s) ds is identically
0. Thus (Lu — dwu)(Xs,7) = 0 a.s. If (Lu — dyu)(y,r) > 0 for some y € R?
and some r > 0, then by continuity it will be positive in a neighborhood
of y. By the support theorem, there is positive probability that X, is in
this neighborhood, a contradiction. The case where Lu — d;u takes negative
values is the same. Therefore d,u = Lu. O

10. Notes

The bulk of the material in this chapter is based on material in Gilbarg
and Trudinger [1]. Section 3 imitates the Brownian motion case in [PTA,
Section II.1]. More information along the lines of Section 8 can be found in
Stroock and Varadhan [2]. For more on flows see Ikeda and Watanabe [1].



IV

ONE-DIMENSIONAL
DIFFUSIONS

The one-dimensional diffusions provide good examples for understand-
ing some of the phenomena that can occur for higher-dimensional diffusions.

Under very mild regularity conditions, every one-dimensional diffusion
arises from first time changing a one-dimensional Brownian motion and
then making a transformation of the state space.

In Section 1 we study the transformation of the state space by means
of scale functions, whereas in Section 2 we investigate the time changes of
Brownian motion using speed measures. Section 3 considers the solutions
to the SDEs of Chapter I in terms of scale functions and speed measures. In
Section 4 we consider diffusions that have boundaries, and Section 5 derives
an eigenvalue expansion for the transition densities.

1. Natural scale

Throughout this chapter we suppose that we have a continuous process
(P*, X;) defined on an interval I which may be finite or infinite and open
or closed (or a combination of the two) and that (P*, X;) is strong Markov
with respect to a right continuous filtration F;. We call such a process a
diffusion on I. Writing T, for inf{t : X; = y}, we also assume that every
point can be hit from every other point:

For all z,y in the interior of I, P*(T, < o) = 1. (1.1)

If (1.1) holds, we say the diffusion is regular.
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When X, is a Brownian motion, it is well known ([PTA, Proposition
1.4.9]) that the distribution of X, upon exiting [a, b] is

b—=x > r—a
:bfa’ P(X(T[a’b]):b):bfa‘

Pw(X(T[a,b]) = (1)

(1.2)

We say that a regular diffusion X, is on natural scale if (1.2) holds for every
interval [a,b] contained in the interior of I. In this section we will show
that given a regular diffusion, there exists a scale function s on I that is
continuous, strictly increasing, and such that s(X;) is on natural scale.

If X; is regular and =z is in the interior of I, then the process started at
z must leave z immediately. To see this, let € > 0 be such that [zt —e,z+¢] is
contained in the interior of I, S = inf{t: X; # z}, and U = inf{¢ : | X; — x| >
¢}. By the regularity of X,, E®e~Y > 0. By the strong Markov property at
time S,

Ee ™V =E“(e "EXse V) =E%e "E" Y,

since Xs = z. The only way this can happen is if E*e™¥ = 1, which implies
S =0 a.s.

Let J be a subinterval [a, b] of the interior of I. We define
p(z) =ps(z) =P*(X-, =0). (1.3)

(1.1) Proposition. Let J = [a,b] be a finite interval contained in the interior of
I. Then p(Xinr,) is a regular diffusion on [0,1] on natural scale.

Proof. First we show that p is increasing. To get to the point b starting from
x, the process must first hit every point between z and b. If x < y < b, by the
strong Markov property at time 7, p(z) < p(y). There must be a positive
probability that the process starting from z hits a before y; otherwise by
the strong Markov property, P*(T, < oo) = 0. So by the strong Markov
property at T,

p(z) = P*(T, < T)p(y).

Since we argued that P*(T, < T,) = 1 — P*(T, < Ty) is strictly less than 1,
then p is strictly increasing.

Next we show that p is continuous. We show continuity from the right;
the proof of continuity from the left is similar. Suppose z,, | z. The process
X: has continuous paths, so given ¢ we can find ¢ small enough so that
P*(T, < t) < e. By the Blumenthal zero-one law, P*(T, = 0) is zero or
one (see [PTA, Corollary 1.3.6] for a proof in the Brownian motion case;
the same proof works for (P*, X;) since X; was assumed to be Markov with
respect to F, and F; is right continuous, and hence Foy = F). If it is zero,
the process immediately moves to the left from z a.s., and by the strong
Markov property at T, it never hits b, a contradiction. The probability
must therefore be one. Thus for n large enough, P*(T,, <t) > 1—¢. Hence
with probability at least 1 — 2¢, X; hits x,, before a. Since
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p(x) = P*(Ts,, < Ta)p(xn) > (1 —2e)p(zn),

we see that p(z) > liminf,_ . p(z,). Since p is nondecreasing, p(z,) de-
creases, and therefore p(z) = lim p(z,,).
Finally, we show p(X) is on natural scale. Let [e, f] C (0,1) and let

r(y) = PY(X; hits p~'(f) before hitting p~'(e)).
Note that

P* (p(X:) hits f before e) = PP (X, hits p~"(f) before p~'(e))

=r(p~" (2)). (1.4)
For y € [p~*(a),p ()], the strong Markov property tells us that
p(y) =PY (Xt hits p~!(f) before p_l(e))p(p_l(f)) (1.5)

+PY (X, hits p~ () before p~(f))p(p " (e))
=71y S+ 1 =r)e.

Solving for r(y), we obtain r(y) = (p(y) — e)/(f — e). Substituting in (1.4),

P*(p(X:) hits f before e) = (p(p™ ' (x)) — €)/(f —e)
=(@—e)/(f—e),

as desired. 0

Note that if X; is on natural scale, then so is ¢; X +c2 for any constants
c1>0,c2 € R

(1.2) Theorem. There exists a strictly continuous increasing function s such
that s(X¢) is on natural scale on s(I).

Proof. Let J,, be closed subintervals of the interior of I increasing up to the
interior of I. Pick two points in Ji; for concreteness let us suppose without
loss of generality that they are the points 0 and 1. Choose A, and B, so
that if s, (z) = A.ps, (z) + By, then s,(0) =0 and s,(1) = 1.

We will show that if n > m, then s,, = s,, on J,,. Once we have that, we
can set s(z) = s, (x) on J,, set s(sup I) = sup{s(z) : z is in the interior of I},
similarly define s(inf I'), and the theorem will be proved.

Suppose J., = [e, f]. By Proposition 1.1, both s,,(X:) and s,(X:) are
on natural scale. For all x € J,,,

m(@) = $m(€) _ pam(a) (sm(X¢) hits s, (f) before s, (e))

Sm(f) - SM(Q)

= P*(X; hits f before e).

We have a similar equation with s,, replaced everywhere by s,. It follows
that
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S$m () — sm(e)  sn(x) — sn(e)

sm(f) = sm(e)  sn(f) = sn(e)
for all =, which implies that s, (z) = Csm(x) + D for some constants C and
D. Since s, and s, are equal at both z = 0 and = = 1, then C must be 1
and D must be 0. O

2. Speed measures

Suppose that (P, X;) is a regular diffusion on an open interval I on
natural scale. (We will consider boundaries in Section 4.) If (a,b) C I, define

_J2x—-a)b—y))/(b—a), a<x<y<d
Goten) = {G 0B (SUEESE e
and set Gop(z,y) =0 if 2 or y is not in (a,b). A measure m(dz) is the speed
measure for the diffusion if

E* T :/Ga,b(x7y)m(dy) (2.2)

whenever (a,b) C I and = € I. As (2.2) indicates, the speed measure governs
how quickly the diffusion moves through intervals.

As an example, let us argue that the speed measure for Brownian
motion is Lebesgue measure. To see this, recall that X? —t is a martingale,
S0

Ex(’r(a,w A t) = Ex(X(T(a,b) A t) - .Z')Q.

Letting ¢t — co and using monotone convergence on the left and dominated
convergence on the right,
E o = E*(Xr,, —2)° (2.3)
= (b= 2)"P* (X (T(ap) = b) + (2 — 0)"P* (X (7(a)) = ).

Since Brownian motion is on natural scale, substituting (1.2) in (2.3) gives

E*rap = (z—a)b—2) = /Ga,b(% y) dy.

Corollary 2.4 below will imply that G, is in fact the Green function
for Brownian motion killed on exiting (a,b).

We will show in this section that a regular diffusion on natural scale has
one and only one speed measure, that the law of the diffusion is determined
by the speed measure, and that there exists a diffusion with a given speed
measure.

We first want to show that any speed measure must satisfy 0 < m(a,b) <
oo if [a,b] C I. To start we have the following lemma.
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(2.1) Lemma. If [a,b] C I, then sup, Emr(ka’b) < oo for each positive integer k.

Proof. Pick y € (a,b). Since X; is a regular diffusion, PY(7, < c0) = 1, and
hence there exists to such that PY(T, > to) < 1/2. Similarly, taking ¢, larger
if necessary, PY(T, > to) < 1/2. If a < z <y, then

PZ(T(GJJ) > to) < Pz(Ta > to) < Py(Ta > to) < 1/2,
and similarly, P (7,5 > to) < 1/2 if y < 2 < b. By the Markov property,
P* (T(a) > (n 4 to) = E7[PX0) (7, 4) > t0); 7(a ) > nito]
< (I/Q)Px(T(mb) > nto),
and by induction, P* (7, > nto) < 27". The lemma is now immediate. O
(2.2) Proposition. If (P, X;) has a speed measure m and [a,b] C I, then
0 < m(a,b) < co.

Proof. If m(a,b) = 0, then for = € (a,b), we have

EIT(a,b) = /Gayb(;uy) m(dy) =0,

which implies 7,5 = 0, P*-a.s., a contradiction to the continuity of the
paths of X;. Pick (e, f) such that [a,b] C (e, f) C [e, f] C I. There exists a
constant ¢; such that for x,y € (a,b), Ge ¢(z,y) is bounded below by c1, so

f
m(a,b) < cfl/ Ge,s(x,y) m(dy) = ¢; 'E e 5y < o0
by Lemma 2.1. O

(2.3) Theorem. A regular diffusion on natural scale in an open interval I has
one and only one speed measure.

Proof. Suppose first that I = (e, f) is a finite interval. For n > 1 let x; =
e+i(f—e)/2",i=0,1,2,---,2". Let

2" —1

ma(de) =2" Y " B(zi)da,, (2.4)

i=1

where B(z;) = E" 74, , x,,,). We first want to show that if [a, ] is a subin-
terval of I with a,b each equal to some z; and z is also equal to some z;,
then

Erap = / Gy, ) ma(dy). (2.5)

To see this, let So =0 and Sj41 = inf{t > S; : [X; — Xs;| = 27"} A T(ap); DOt
that Xs; is a simple symmetric random walk up until exiting (a, b) because
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X is on natural scale. Let J(z) = (x — 27",z +27"). By repeated use of the
strong Markov property,

E*Tap) = ZE Sjy1—Sj)

E”ZEX( )7y x sy = E° ZB (Xs,)

=0
So
2n 1
E*Tan =E* ) Bl@i)Ni, (2.6)
i=1
where N; is the number of times the random walk Xs; hits z; before exiting
(a,b). E*N; must equal 0 when z = a or z = b and satisfies the equation

]EEJNZ :5Z]+(EIJ+1N1+E1]71NZ)/2 (27)

This implies that
]EINZ = 2nGa’b(£B,.’L‘¢). (28)

This, (2.6), and (2.4) prove (2.5).

By the proof of Proposition 2.2 and (2.5), my(a,b) is bounded above
by a constant independent of n whenever [a,b] C I. By a diagonalization
procedure, there exists a subsequence n; such that m,, converges weakly
to m, where m is a measure that is finite on every subinterval (a,b) such
that [a,b] C I. By the continuity of G,

Eras = / Gos(,y) m(dy) (2.9)

whenever a,b, and z are of the form e + i(f — e)/2" for some ¢ and n.

We now remove this last restriction. If a,b are not of this form, take
ar, by of this form such that (a,,b,) 1 (a,b). Then 7, 4,) T 7(a,p), and by the
continuity of Gup in a,b,z, and y, we have (2.9) for all a and b. Take =, 1 =,

x| x such that z]. and z;’ are of the form e +i(f —€)/2" for some i and n.
By the strong Markov property,

E by = B T(ar 2y + B 70 P* (X (T(ar 2r)) = 27)
—+ ]E Er T(a’b)Pz (X(T(:c;‘,xi")) = (I,‘{,{)

By the continuity of G4 in #, and the fact that E*r,, .y — 0 as r — oo,
we obtain (2.9) for all z.

Next we show uniqueness for the case of finite intervals. If m; and mao
are two speed measures, then

/ G (s ) i (dy) = / G () ma(dy) (2.10)
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for all z,a, and b. If f € C?*(a,b), it is not hard to see that f(z) =
— [ Gap(z,2) f" () dz. So multiplying (2.10) by —f”(z) and integrating over
z, we see that [ fdm, = [ fdm, for f € C?(a,b), which implies m; = mo.
Finally, if I is infinite, let I,, be finite subintervals increasing up to I.
Let m, be the speed measure for X; on the interval I,,. By the uniqueness
argument, m, agrees with my on I if I, C I,,. Setting m to be the measure
whose restriction to I, is m,, gives us the speed measure. O

The speed measure completely characterizes occupations times.

(2.4) Corollary. Suppose X; is a diffusion on natural scale on a finite interval
I = (a,b). If f is bounded and measurable,

E® / Y (x)ds = / Gl 9) ) m(dy). (2.11)

Proof. Suppose that f is continuous and bounded on I. Let z;, S;, B(x;), N;,
and m, be as in the proof of Theorem 2.3. Let &, = sup{|f(z) — f(y)] :
|z —y| <27"}. Note that

T(a,b) 0 Sjt1
E” X )ds = E® Xs)d 2.12
/Of()s;/sjf()s (2.12)
and

E* S f(Xs)(Se1 - 8) =E* 3 f(Xs)EX5 5, (2.13)

j=0 Jj=0

2
= Y f(2:)B(z)E"N;.

Moreover, the right-hand side of (2.12) differs from the left-hand side of
(2.13) by at most en,E “7(4 ). By (2.8) the right-hand side of (2.13) is equal

to
2" 1

Z 2" f(x:) B(2:)Gap(z, 3:) = /Ga,b(m,mi)f(xi)mn(dx).

So by weak convergence along an appropriate subsequence, the left-hand
side and the right-hand side of (2.11) differ by limsup, e,E “7(,), which is
zero. A limit argument then shows that (2.11) holds for all bounded f. O

We next turn to showing that the speed measure characterizes the law
of a diffusion.

(2.5) Theorem. If (P7,X,), i = 1,2, are two diffusions on natural scale on an
open interval I with the same speed measure m, then P{ = P§ on F-,.
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Proof. Let I, be open finite intervals increasing up to I. Clearly it is enough
to show uniqueness on each I,,. Hence we may assume that I is finite and
m(I) < co. Suppose I = (a,b).

Define the operator G} by

T(a,b)
G} f(x) = E;‘”/ e MF(Xy)dt, A>0. (2.14)
0
We show first that G = GY. Let [c,d] C (a,b), and choose § positive but
small so that (¢ —4§,d + §) C (a,b). Let
Uo((s) =0, Sj+1(5) = inf{t > UJ(5) Xt € [C, d]} A T(a,b)s

Uj(0) = inf{t > S;(6) : X¢ & (c—6,d+ )} A T(ap)-

Because X; is on natural scale under both P} and P, the law of X, ;) is the
same under both. The speed measure is the same under both probabilities,
and hence

E7(U;(0) - 85(6) = EFES S us(9)
:E?/Gc7§,d+6(XSj(6)7y)m(dy)
does not depend on i. The quantities E;‘;O(Uj(é) — S;(6)) are bounded by
Tap) and decrease to [ 1j.q(Xs)ds as § — 0. By dominated conver-
gence Gll[gd = G91 [c,q- By linearity and a limit argument, this implies

GVf = GYf for all bounded and measurable f.
Since Xiar, ,, is a Markov process,

G G!f(x) =E z/m e ME X /oo e M f(Xs)dsdt (2.15)

/ / 7“ f S+z)d8dt
:Ei/ e~ W/ e M f(X,)dsdt
0 t

:Ef/ e’”sf(Xs)/ e” Mt dtds
0 0

1 m A
= H[Gz f(x) -G f(w)]

Then
G} f(z) = G f(z) — (A — p)GGY f(a). (2.16)

Iterating, if A > p and |A — u| < 1/(2]|GY||), then
GY =G = (A= (G + (A= (G = - (217)

This also holds for x = 0 by taking a limit. Observe that Gf(z) <
| fllooE 7 (a5, OF G? is bounded by a quantity independent of .
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Since GY = G9, for all A near 0 we have G? = G3. Suppose f is a
continuous function. By the uniqueness of the Laplace transform and the
fact that G7 f(z) = G5 f(x), we see that E§ (f(X:);t < T(a,)) does not depend
on i for almost every t. By the continuity of f and X;, this is in fact true
for every t. By the Markov property, the finite dimensional distributions of
Xr(, are the same under Py and P;. By the continuity of the paths of X,
that is enough to show that P and P5 agree on F-, . ]

We repeat (2.15) and (2.17) for future reference. Note that their proof
uses only the Markov property.

(2.6) Corollary. Suppose X is any Markov process and

G f(z) =E* /OO e MF(Xy) dt.
0

Then
@) - G )

LYall
G G"f(x) -

I

and if A — p| < 1/(2]|G*||0),

G =G" — (A= p)(G")’ + (A= p)*(G") — -

We now want to show that if m is a measure such that 0 < m(a,b) < oo
for all intervals [a,b] C I, then there exists a regular diffusion on natural
scale on I having m as a speed measure. If m(dz) had a density, say m(dz) =
b(z) dz, we would proceed as follows. Let W; be one-dimensional Brownian
motion and let

¢
Ay = / b(Ws) ds, B, = inf{u: A; > u}, Xt = Wa,.
0

In other words, we let X; be a certain time change of Brownian motion. In
general, where m(dz) does not have a density, we make use of the local times
of Brownian motion. The relevant properties are given by the following
theorem.

(2.7) Theorem. There exist a family of nondecreasing processes LY = L(t,x)

that are jointly continuous in x and t a.s. such that
(a) if f is a nonnegative Borel function, then

/ f(WS)ds:/f(:c)Lfdx, a.s.,
0

where the null set can be taken independent of f;
(b) LY = o0 a.s., ast — oo;
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(¢) The set of t on which L{ increases is precisely the set {t : W, = x};
(d) Lf may be defined by the formula

¢
W, — x| — |Wo — x| :/ sgn (Ws — ) dW, + L.
0

A proof of these facts may be found in [PTA, Section I.6].
Let

Ay = /Lf m(dx), B, = inf{u: A, > t}, X = Ws,. (2.18)

(2.8) Theorem. Let (P*,W;) be a Brownian motion and m a measure on an
open interval I such that 0 < m(a,b) < co for every interval (a,b) whose closure
is contained in I. Then, under P, X, as defined by (2.18) is a regular diffusion
on natural scale with speed measure m.

Proof. First we show that X; is a continuous process. By the continuity of
L7, we observe that A, is a continuous process. Fix w. If s < u, pick t € (s, u);
if x = W, then LY increases at ¢ by Theorem 2.7(c), or L{ — L? > 0. By the
continuity of local times, LY — LY > 0 for all y in a neighborhood of z, say
(z — 0,z +9). Since m(z — §,z+6) > 0, then A, — As > 0. Hence A; is strictly
increasing. This and the continuity of A, imply that B; is continuous, and
therefore X; is continuous.

Next we show that X; is a regular diffusion on natural scale. By mono-
tone convergence and Theorem 2.7(b), A: 1 oo, hence B; 1 oo, S0 Té;b) < o0
a.s., where ¢ ) denotes the exit time of (a,b) by X; and 7}, denotes the
corresponding exit time of W,. Moreover,

T—a
b—a’

]P)I(X(T();b)) = b) = PZ(W(T(‘?{,{,)) = b) =

since X; is a time change of W;.
We verify the strong Markov property. Let F; = Fg,. Then if T is a
stopping time for F/, we have

E*(f(X74t) | Fr) =E"(f(W(Br+i)) | Far).

Br is easily seen to be a stopping time for F; and Bri: = Bio6p, where 6,
are the shift operators, so this is

E*E" 0 f(Wp,) = E*E~7 £(X,).

This suffices to show that X; is a strong Markov process by the proof in
[PTA, Section I1.3].
It remains to determine the speed measure of X;. We have
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/ 1(a’b)(X(S/\T()§7b)))dS
0
— EI/ Liapy (W(B(s A T3 0)))) ds
0

l(a b) (W(t A T(‘;Vb))) dA;

//wl‘”’) (t A Tlap))) ALY m(dy)
Ez//<ab> dL{ m(dy) = /]E L7 ), y) m(dy).

By Theorem 2.7(d),
E*L(t(as),y) = E*|W (i) =yl — |z — yl-

This is equal to

b—z T
la—yly—, +1b—yl = |z =yl = Gap(z,y).

b _
‘We thus have
E Tap = /Ga,b(w, y) m(dy),

as required. O

As a corollary of the proof, we see that a regular diffusion on natural
scale is a local martingale, since it is a time change of Brownian motion.
We also see, in retrospect, why (1.3) is the proper choice for ps; if f(a) =0
and f(b) =1, then

pi(z) =P"(X;, =b) =E*f(X;,).

So ps is harmonic for the process X, hence p;(X:) is a martingale, and
hence p;s(X:) is a time change of Brownian motion.

3. Diffusions as solutions of SDEs

Suppose X; is given as the solution to
dX, = o(X,) dW; + b(X,) dt, (3.1)

where we assume o and b are continuous and bounded above and o is
bounded below by a positive constant. The process X; corresponds to the
operator

£f(x) = ya(e)[" (@) + b() [ (x),

where a(z) = o?(z).
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(3.1) Theorem. The scale function s(x) is the solution to Ls(x) = 0, and for
some constants ci1,cz, and o is given by

T [Y a2 d
w):c1+c2/ ¢ g P20 Y dy. (3.2)
z0

Proof. To solve Ls(x) = 0, we write

5// (.’Z’)

s'(z) — Ta(z)’

or (logs'(z)) = —2b(x)/a(z), from which (3.2) follows. Since we assumed that
o and b are continuous, s(x) given by (3.2) is C2. Applying It6’s formula,
s(Xy) — s(Xo) f Ls(Xr)dr is a martingale. This means that s(X:) is a
martingale, hence a tlme change of Brownian motion. Therefore the exit
probabilities of s(X;) are the same as those of a Brownian motion. O

By It6’s formula,

s(Xt) —s(Xo) = | §'(X»)o(X,)dW,,
(X0) — s(Xo) / (X0 (X)
and if Y; = s(X:), then
dY; = (s'0) (s ' (V2)) dWr. (3.3)

Now suppose that b in (3.1) is 0, or dX; = o(X;) dW,.
(3.2) Theorem. The speed measure of Xy is given by

o w
m(dz) = @) dz.

Proof. Note ( fo s)ds. To obtain a Brownian motion W; by time
changing the martlngale Xt, we must time change by (X),. On the other
hand, from Theorem 2.8, X; is the time change of a Brownian motion by
B:, where B, is given by (2.18). Hence

The inverse of B, namely, A:, must then satisfy

ho_ 1 _ 1
dt — a(Xa,) a(Wy)’

o , 1
w= | e [

for all ¢. However, A; = [ LY m(dy) by (2.18). So

or
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/L%‘ﬁdy=/ﬁ’m(dy)-

By Theorem 2.7(d), E”L(7(c,q),y) = Ge,a(z,y). Therefore
[ Gesteymian) = [ B Lt mmian =24,

. 1
:/IE L(T(c,d),y)@ dy

- / Gealis) i dy

for all ¢, d, and =z, which implies m(dy) = (1/a(y)) dy. ]

By using the operator £, we can also find transition densities and
first passage times. For simplicity, we suppose that the ¢ and b are Holder
continuous so that we can use the regularity results of Chapter I1I; actually
the result is true under weaker hypotheses.

(3.3) Theorem. Suppose f is a C* function with compact support. Then the
Laplace transform of E” f(X:), namely,

@ = [ ME ) a
0
18 the solution to

Lu—du=—Ff, u(—o0) = u(oo) = 0.

Proof. By Section III.6, the solution u is C*T*. The result now follows by
the Feynman-Kac formula (I1.4.3) with D = (—o0, 00). O

(3.4) Theorem. The first passage time to a point xo has a Laplace transform
u(z) = E7e o
that is the solution to

Lu(z) = Au(z), u(zo) =1, wu(—00) =wu(oco) =0.

Proof. This also follows from the Feynman-Kac formula. Let D = (—oc0, z¢)
or (zg,00), and let f =1 at zp and 0 at infinity in Theorem I1.4.1. O

Let us calculate the scale function and the speed measure for some
examples of diffusions.

Brownian motion with constant drift. The solution to dX; = dW;+bdt cor-
responds to the operator (1/2) f” +bf’. From Theorem 3.1, s(z) = exp(—2bz)
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is the scale function. If ¥; = s(X;), then (s'¢)(s™*(y)) = —2by, or Y; corre-
sponds to the operator 2b%y? f”, so the speed measure is (4b%y*) ™' dz.

Bessel processes. We ignore the boundary conditions here and consider
a Bessel process of order v up until the first hit of 0. Then

v—1

dX;=d
t Wi + 29X,

dt

corresponds to the operator (1/2)f" + (v —1)/(2z)f'. If v # 2, a calculation
shows that s(z) = 2>7". Then Y; = s(X;) satisfies

aY; = (2 - )Y aw,
and the speed measure is
m(dz) = (2 —v) 22 =2/C) 4y, z > 0.

If v = 2, then s(z) = logz, Y; = s(X,) satisfies dY; = e~* dW;, and the speed
measure is m(dz) = ** dz.

4. Boundaries

Let X; be a diffusion on natural scale on an interval I. We want to
consider what happens if I is not the entire real line and is closed on one
or both of its endpoints. To be specific, let us suppose I = [0,00). We want
to see how to assign a value to m({0}) so that Theorems 2.3, 2.5, and 2.8
still hold.

Let us describe what happens in a special case first; the proofs of these
assertions will be a consequence of the results later in this section. Suppose
m(dz) = dz for z > 0, so that X, behaves like Brownian motion on (0, co).
If we set m({0}) = oo, then X, will hit 0 and stay there; we call 0 an
absorbing state. If we set m({0}) = 0, we have, as we shall see, reflecting
Brownian motion. If m({0}) = a € (0,00), we have what is known as a
sticky boundary. Upon hitting 0, Brownian motion leaves immediately just
as ordinary Brownian motion does, but {¢ : X; = 0} has positive Lebesgue
measure. The set {¢: X; =0} is somewhat analogous to Cantor-like sets of
positive Lebesgue measure.

We now turn to general diffusions on natural scale on [0, c0). The first
case to consider is when m(0,a) = oo for every a > 0. An example of this
would be if m(dz) = 27! dx.

(4.1) Lemma. If X; is a regular diffusion on natural scale on [0,00) and
m(0,a) = oo for all a > 0, then P°(T(p,00) < 00) = 0.

Proof. A Brownian motion W, started at 0 leaves 0 immediately and enters
(0,00). Since the support of L? is {t : W; = 0}, then L? is positive with
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probability one for all ¢ > 0. By continuity, LY will be bounded below by a
positive number (depending on w) if y is sufficiently close to 0 (how close also
depends on the path w). It follows that A4; defined in (2.18) will be infinite
for all ¢ > 0. This implies that B; = 0 for all ¢, and then X; = Wg, = Wy = 0.

O

In this first case we set m({0}) = oo. Since the law of X; up to Tp is
determined by m and Lemma 4.1 says that X; started at 0 remains at 0, we
see that the law of X, is determined by the speed measure. Also, Theorem
2.8 is easily seen to hold.

The second case we look at is when m(0,a) < co when « is finite but
X; is absorbing at 0, i.e., upon arriving at 0, the process X; stays there
forever. Again we set m({0}) = co. Starting at 0, L? is positive for all ¢ > 0,
hence A: = oo, and hence B; = 0. So Theorem 2.8 holds, and the law of X,
is determined by m.

The third and last case is when m(0, a) < oo for all finite a and 0 is not
an absorbing state. Let

Crly) = { 3(7" )

Define m({0}) so that

<y<r
>r.

/ér(y) m(dy) = E°T, (4.1)

for all . We shall see in a moment that this definition is independent of r.
We say that X; has speed measure m if (4.1) and (2.2) hold. Note that this
definition is consistent with the first two cases in which m({0}) = oo.

We need to verify that this definition of the value of the speed measure
at 0 is independent of r. If r < s, by the strong Markov property,

E°T, =E°T +E'T, =E T + E"70,5) + P"(To < T%)E °Ts.

Solving for E°T,,
EOT —|—ETT0
EOTS _ T (0,s)
PT(TS < To)

Since the denominator is r/s, the definition in (4.1) will be consistent if
(s/T)(Gr(y) + Go,s(r,y)) = Gs(y)

for all y. Substituting in the definitions of G, G5, and Gy s shows that this
indeed is the case.

(4.2) Theorem. Suppose m({0}) < co.
(a) If X; is defined by (2.18), then X: has speed measure m.
(b) The law of (P*, X:) is determined by the speed measure.
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Proof. (a) is proved in much the same way as Theorem 2.8, except that we
need to verify that X; has continuous paths. The difficulty is that A; may
have flat intervals, in which case B; has jumps. Suppose B; has a jump at
time v: suppose u = B, > limyy, By = s. This means that A, is constant in
the interval (s, ) and takes the value v. By the definition of A;, the only way
this can happen is if W, < 0 for ¢t € (s,u), and for any larger interval we have
W, > 0 for some ¢ in the larger interval. Since the paths of Brownian motion
are continuous, this means W; = W, = 0, and therefore limsy, X; = 0 = X,
or X is continuous at time v.
To prove (b), let M > 0 and define

Ty
Glf(x):Elz f(XS)ds, 1= 1727
0
where P{ and P% are two families of probabilities under which X; is a
diffusion with speed measure m. As in the proof of Theorem 2.5, it suffices
to show that G;f does not depend on i when f is a continuous function.
Since
T T(0,M) Tnm
Br [ j(X)ds =E: / Fxds+ES [ F(x)ds,
0 0 0
and the first term on the right is determined by m by Theorem 2.5, it
suffices to show that E? fOTM f(Xs)ds does not depend on i. If € € (0, M),
then
Tm Te Tm
E; f(Xo)ds=E7 [ f(Xs)ds +E] F(Xs)ds
0 0 0

o [T (0, M)
=E¢ f(Xs)ds—i—Ef/ f(Xs)ds
0 0
Tm
+ P (T < T]M)]E? f(Xs)ds.
0

Since 1 — P*(Ty < Tm) = P*(To > Tm) = /M, solving gives

Tar E? [T f(X,)ds +ES [T f(X,)d
gt [ joas = B b0 B j e

0

(4.2)
We write

Te
e 'EY f(Xs)ds =e ' fO)RIT. (4.3)
0

+eEY / A - FO)]ds.

The first term on the right of (4.3) is equal to e~ f(0) [ G-(y) m(dy), which
converges to f(0)m({0}) as ¢ — 0, and the second term on the right is
bounded by
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( sup |f(x) — f(0)))e 'EJT..
0<y<e
Since e 'E{T. = e [ G.(y) m(dy) remains bounded for small ¢, the second
term on the right of (4.3) converges to 0.
By Corollary 2.4,

T0,M M
<E: / M Xy ds = e / Glo.nt (=) () m(dy)
0 (0]

M —
= [ 2=y mldy).
(0,M)

Substituting in (4.2) and letting ¢ — 0,
T
E? / F(X.) ds = MF©O)m({0}) + / Gar ()£ (y) midy)
0 (0,M)

=[Gt sy mian). (4.4
This shows that G;f does not depend on i. O

Let us now return to our examples involving Brownian motion. If
m({0}) = oo, we have Brownian motion absorbed at 0 by our second case.
If m({0}) < oo, we have E°T. = [ Ge(y) m(dy) — 0 as € — 0, or, starting at
0, X; must enter (0,00) immediately. By (4.4), however,

E° / o (Xa) ds = / G (9)1 0.0 () ml(dy) — 2m({0})

as € — 0, which means that the amount of time X; spends at 0 has positive
Lebesgue measure if m({0}) > 0.

We want to provide justification for calling a diffusion reflecting if
m({0}) = 0. Let Y; be Brownian motion and let X; = |Y;|. Then X, is
a diffusion and the speed measure on (0,00) for X; is clearly Lebesgue
measure. Since 0 is not an absorbing state and the Lebesgue measure of
the time X; spends at 0 is the same as the Lebesgue measure of the time
Y: spends at 0, which is 0, then m({0}) = 0. We conclude that the speed
measure of reflecting Brownian motion is Lebesgue measure on [0, o).

5. Eigenvalue expansions

Let I = [a,b] be a closed finite interval, X; a regular diffusion on natural
scale on I with speed measure m and absorption at a and b, and suppose
m(a,b) < co. We can then give an eigenvalue expansion for the transition
densities of X; with respect to m.
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(5.1) Theorem. There exist reals 0 < A1 < A2 < A3 < --- < 00 and a collection
of continuous functions p; on I that are 0 at a and b such that

(a) the sequence {\;} has no subsequential limit point other than co;

(b) {i} forms a complete orthonormal system on L*(I, m(dx));

(c) P*(X; € dy) =p(t,z,y) m(dy), where

ptz,y) =Y e M oi@)piy),

and where for each t the convergence is absolute and uniform over (z,y) €

I x1I;
(d) @1 > 0 in the interior of I.
Proof. Define Gf(z f(a . f(y) m(dy), where G = G, is defined by

(2.1). Since G is bounded G is a bounded operator on L*(I). Since G is
jointly continuous in z and y, then {Gf : ||f|lcc < 1} is an equicontinuous
family. Note also that G is symmetric in =z and y. Let

- / F(@)g(x) m(dz).

By the Hilbert-Schmidt expansion theorem ([PTA, Theorem II.4.12]), there
exists a sequence p1 > p2 > --- > 0 and a complete orthonormal system {¢;}
of continuous functions such that

Gf(@) =Y mlf,i)pilx), (5.1)

the sequence {p;} has no subsequential limit point other than 0, and (b)
holds.

We show that none of the p; is 0. For if u; = 0, then (G)*¢; = 0. Using
(2.17) with g = 0, G*p; = 0 if A < 1/(2||G°||). Repeatedly using (2.17),
G*p; = 0 for all A\. Then

0= )\GA(PZ(I) = ]Ez / /\e_Mgai(XMT(a’b))dt — ng(Zr)

0

as A — oo. This says that ¢; = 0, a contradiction.
Set A\i = p; '. We next show that Y >° A7 < co. Because

(Gy,"), i) = Goi(y) = A\ 'oily),

then using (5.1) with f(z) = G(y, z) gives

Gf(x) =

'M8

<
1
-

fa@z wi(z Z)‘ Goi(y)pi(r)

A2

wi(T)pi(y)-

.Mg

i=1
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Since G is bounded,

oo o'}

> [Grmmtan =Yo7 [doman =3 a2 62

i=1 =1

0ot

Define p(t,z,y) = e M oi(x)wi(y). We have @;(z) = MiGpi(x) and

|Gpi(x \—‘/ (=, y)wi(y) m(dy)

<(/ G(x,yfm(dy))m( [t man) "

which implies that |¢;(z)| < c1hi. If we let ca = supysq A%e /2, then

Yo Mpi@piy)l < iy XN < clese M2

% 2

This is finite by comparing with (5.2), so the convergence of the series
defining p(t, z,y) is absolute and uniform.
We now show that p(¢,z,y) is the transition density. Note that

/ Dt 2, 9) i () midy) = e i),
Therefore
/ / plt, 2, y)e(y) mldy) dt = (A + A) "~ pi(a).

On the other hand, (G)*¢i(x) = \; *pi(x), so G pi(z) = (A + X\i) 'gi(z) for
A small by (2.17). Comparing the two expressions, the uniqueness of the
Laplace transform shows that [ p(t,z,y)ei(y) m(dy) = E*pi(Xtnr(,, ) for
almost every t; by the continuity of both sides in ¢, this holds for every t.
Since the {¢;} form a complete orthonormal system, this shows that p(t, z,y)
is the transition density.

We show next that ¢; > 0 in the interior of I. Recall that the way o1
is defined in the proof of the Hilbert-Schmidt expansion theorem is that we
take a sequence of functions f,, with ||f.|l2 = 1 and (fn, Gfn) — sup{(f, Gf) :
IIfll2 = 1}, we take a subsequential limit point g of G f,, and we set p1 = c3Gg
for a suitable constant cs. Since G is nonnegative, (| f.|, G| fr|} = (frn, Gfn), SO
we may as well take all the f,, > 0. Then Gf, > 0, and so g > 0, and finally
1 > 0. Since G(z,y) > 0 if z,y are in the interior of I, then ¢1 = MGy will
be strictly positive in the interior of I.

It remains to show that A2 > ;. Suppose instead that X2 = \;. We
have

lp2] = A2|Gep2| < A2G(|ep2]). (5.3)

By the symmetry of G,
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(p1, |p2]) < A2(p1, Gl2])) = A2(Gepr, [2]) = (o1, [p2])-

We must therefore have equality a.e. in (5.3), or G(Jp2|) = A\;'|p2|. The
function |p2]| is greater than or equal to 0 a.e. and is not identically 0, so
must be strictly positive in the interior of I by the argument of the preceding
paragraph. Define 6(x) such that |p2(z)| = @2(z)e™ ™. Then

Gloa (@) = A3 Mo (z)| = Ay Te " @a(a) = e Gs(a),
or
/G(w,y)lsoz(y)lm(dy) =/G(aay)e_ie(x)@z(y)m(dy)- (5.4)

The real part of G(x,y)e™ %@ s (y) is less than or equal to G(z,y)|p2(y)|, yet

the integrals in (5.4) are equal, so

G(z,y)lp2(y)| = Gz, y)Re (e " Ppa(y)),  ace.
By the continuity of ¢. and the positivity of G, |pa2(y)| = Re (e 9@
Since

w2(y))-

e‘”‘”)wz(y)‘ =lp2()] = Re (" pa(y)),

Im (e 9@ gy (y)) = 0, or |p2(y)| = e @ pa(y). This implies that 6(z) must

be a constant, say 6, and |@2| = e 2. But then (|2, 01) = e (w2, 1) =0,
a contradiction to |p2| and ¢1 being positive in the interior of I. O

6. Notes

For further information see Breiman [1], Rogers and Williams [1], and
especially Itd6 and McKean [1]. In some accounts the definition of speed
measure differs from ours by a factor of 2. Our proof of Theorem 2.5 is
based on Blumenthal and Getoor [1], Chapter V. Section 5 is based on
McKean [1]. The proof that A2 > A1 in Theorem 5.1 is from Krein and
Rutman [1].
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NONDIVERGENCE FORM
OPERATORS

In this chapter and the next we consider operators in nondivergence
form. This chapter is primarily concerned with the Harnack inequality of
Krylov-Safonov and consequences.

Section 1 defines nondivergence form operators and relates them to
solutions of SDEs. Section 2 contains some basic estimates and formulas,
whereas Section 3 gives some examples of singular behavior.

Section 4 presents an important estimate of Alexandroff-Bakelman-
Pucci. This is used in Section 5 to obtain bounds on Green functions.

Section 6 is about an approximation procedure due to Krylov. This
allows us to extend results about operators with smooth coefficients to
those with nonsmooth coefficients.

Section 7 proves the Harnack inequality of Krylov-Safonov. A key es-
timate is that processes associated to operators in nondivergence form hit
small sets. The result that these processes also spend at least a certain
amount of time in small sets is proved in Section 8 and is then applied to
finish the discussion of approximation.

1. Definitions

We consider operators in nondivergence form, that is, operators of the
form

Li@) =3 3 au@df@) + Y bi@)oif (@) (L1)

4,j=1
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These operators are sometimes said to be of nonvariational form. Operators
in divergence form or variational form will be considered in Chapter VII.

We assume throughout this chapter that the coeflicients a;; and b; are
bounded and measurable. Unless stated otherwise, we also assume that the
operator £ is uniformly elliptic (see (IL.1.2)). The coefficients a;; are called
the diffusion coefficients and the b; are called the drift coefficients. We let
N (A1, A2) denote the set of operators of the form (1.1) with sup, [|b; |l < A2
and

d
Myl <Y yiag @)y < AP yeRLzeRY (1-2)

i,j=1

We saw in Chapter I that if X; is the solution to
dXt = O'(Xt) th + b(Xt) dt, XO = Zo, (13)

where o is a d x d matrix, b is a vector, and W; is a Brownian motion, then
X, is associated to the operator £ with a = oo™ . Proposition 1.2.1 says that
if f € C?, then

ﬂ&wfuw—/zﬂ&ms (1.4)
0

is a local martingale under P.

A very fruitful idea of Stroock and Varadhan is to phrase the associ-
ation of X; to £ in terms which use (1.4) as a key element. Let £2 consist
of all continuous functions w mapping [0,00) to R%. Let X;(w) = w(t) (cf.
[PTA, (I.2.1)]) and let F; be the right continuous modification of the o-field
generated by the X, s < t. A probability measure P is a solution to the
martingale problem for L started at xq if

and

ﬂ&kﬁww—/ﬁﬂﬂws

is a local martingale under P whenever f € C?(R%). The martingale problem
is well posed if there exists a solution and this solution is unique.

Uniqueness of the martingale problem for £ is closely connected to
weak uniqueness or uniqueness in law of (1.3). Recall that the cylindrical
sets are ones of the form {w : w(t1) € A1,...,w(tn) € An} for n > 1 and
A1, ..., A, Borel subsets of R<.

(1.1) Theorem. Suppose a = oo™ . Weak uniqueness for (1.3) holds if and only
if the solution for the martingale problem for L started at xo is unique. Weak
existence for (1.3) holds if and only if there exists a solution to the martingale
problem for L started at xo.
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Proof. We prove the uniqueness assertion. Let (2 be the continuous functions
on [0,00) and Z; the coordinate process: Z;(w) = w(t). First suppose the
solution to the martingale problem is unique. If (X}, W}) and (X7, W?) are
two weak solutions to (1.3), define P{° and P5° on 2 by P{°(Z. € A) =
P(X! € A),i=1,2, for any cylindrical set A. Clearly P (Zy = 20) = P(X{§ =
xo) = 1. By Proposition 1.2.1, (1.4) is a local martingale under P{° for each
i and each f € C%. By the hypothesis of uniqueness for the solution of the
martingale problem, P = P3°. This implies that the laws of X} and X7
are the same, or weak uniqueness holds.
Now suppose weak uniqueness holds for (1.3). Let

t
Y =7, —/ b(Zs) ds.
0

Let P{° and P5° be solutions to the martingale problem. If f(z) = z, the
kth coordinate of z, then 9;f(z) = dix and 9;;f = 0, or Lf(Zs) = bi(Zs).
Therefore the kth coordinate of Y; is a local martingale under P7°. Now let
f(z) = xrzm. Computing Lf, we see that Y"Y™ — fot arm(Zs)ds is a local
martingale. We set

t
Wt:/ o (Zs) dYs.
0

The stochastic integral is finite since

B [ Y0520 Yo azay v, (16)

k

=E /t Z(a_l)ik(Zs)aik(Zs)ds =1 < o0.

It follows that W, is a martingale, and a calculation similar to (1.6) shows
that WFEW™ — 6t is also a martingale under P?°. So by Lévy’s theorem
(Section I.1), W; is a Brownian motion under both P{° and P3°, and (Z:, W;)
is a weak solution to (1.3). By the weak uniqueness hypothesis, the laws of
Z; under P{° and P3° agree, which is what we wanted to prove.

A similar proof shows that the existence of a weak solution to (1.3) is
equivalent to the existence of a solution to the martingale problem. O

Since pathwise existence and uniqueness imply weak existence and

uniqueness, if the o;; and b; are Lipschitz, then the martingale problem
for £ is well posed for every starting point.

2. Some estimates

It will be handy to have the formula for the radial component of a
diffusion.
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(2.1) Proposition. Suppose the drift coefficients of L are zero and Ry = |X4|.
If P is a solution to the martingale problem for L started at xo, then R: satisfies
the following stochastic differential equation up until Tyoy, the hitting time of 0,
where W is a one-dimensional Brownian motion.

. ) :
_ Xjaij (X)X
_|wo\+/0 [Z T} AW (2.1)
i
1 [*rtrace a(X,) Xiaij (X)X
oy [ R - e
i

Proof. Let o be a positive definite square root of a. Using Proposition 1.1,
we can find W, so that under P, W; is a Brownian motion and X solves
(1.3).

Let f(z) = |z|. For © # 0, 8:f(x) = x;/|z| and 9;;f(x) = (6:5|x|*> —
z2;)/|x®. If € > 0, applying It6’s formula to a C? function that is equal to
f in B(0,¢)¢, we have

Rt:Ro+/ ZRS dx: (2.2)
2 J
/ Z (51]R )()(S d<X1 X]>

i,j=1
|ﬂco\—|—/ Z R 0” ) dW?
i,7=1
iy J
/ Z&’R A (X ds
i,7=1

for ¢t < Tg(o,e)- (2.2) holds for t < Tg(o,) for each ¢ > 0; hence (2.2) holds
for ¢t < Tyoy. Slnce Z” dija;;(z) = trace a(z), the proof will be complete if
we identify the martingale term M, in the last line of (2.2).

M, is a martingale and its quadratic variation is given by

Xt p x*k
d(M), = d<z R, 0u(Xs) dW > 7
L

0,7 L

(Xs) de>

t

Xixk
= R2 O'ij(X )O'ké( )d(W] W£>

45k, 0

= e ar = Y XS g

4,5,k i,k

If we define W, by

o Xi i (X X]' —1/2
dwt:[Zi,jisc"];) ] an,
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then W; is a continuous martingale with quadratic variation equal to ¢,
hence a Brownian motion. The proposition follows. O

Diffusions corresponding to elliptic operators in nondivergence form do
not have an exact scaling property as does Brownian motion, i.e., rX,
does not necessarily have the same law as X;. However, they do have a weak
scaling property that is nearly as useful: rX, 2 is again a diffusion corre-
sponding to another elliptic operator of the same type. See also Proposition
1.8.6.

(2.2) Proposition. Suppose L is an elliptic operator with zero drift coefficients.
Suppose P is a solution to the martingale problem for L started at xo. Then the
law of rZy ;.2 is a solution to the martingale problem for L, started at rzo, where

d

Lof@) = ay(a/r)dsf@),  feC”

4,j=1

Proof. It is obvious that rZ, ,» starts at rzo with P probability one. If f € C?,
let g(x) = f(rx). Setting V; =717, ,,2,

fVi) = g(Zy),2) (2.3)
t
= g(z0) + martingale +/ Zaijg(zs/rz) d(z’, Zj>s/r2’
o .
3]
By the definition of g, di;9(x) = %8y, f (rz), 80 9i;9(Z, r2) = 784, f(Vs). From
the definition of martingale problem applied to the function z;x;, we see

that as in the proof of Theorem 1.1, Z{ ZJ ffot aij(Zs)ds is a local martingale
under P, and hence d(Z', Z7), = a;;(Z,) ds and

d(Z", Zj)S/TQ = T_Qaij(ZS/Tz) ds = r2ai;(Vs/r) ds.

Substituting in (2.3),

f(Vi) = f(Vo) + martingale +/ aij (Vs /r)0s5 f(Vs) ds.
0

Thus the law of V; under PP is a solution to the martingale problem for
L. a

The following elementary bounds on the time to exit a ball will be used
repetitively. Recall that 74 denotes the hitting time of A.

(2.3) Proposition. Suppose L € N(A,0), so that the drift coefficients of L are
0. Suppose P is a solution to the martingale problem for L started at 0.
(a) There exists c1 depending only on A such that
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P(TB(OJ) S t) S C1t.
(b) There exist c2 and cs depending only on A such that

P(7B(0,1) > t) < coe” 3¢,

Proof. Write B for B(0,1). Let f be a C? function that is zero at 0, one
on 9B, with 8;;f bounded by a constant c4. Since PP is a solution to the
martingale problem,

tATB
E f(Xirrp) =E / Lf(Xs)ds < cst,
0

where ¢5 depends on ¢4 and A. Since f(Xiarg) > 1(rp<s), this proves (a).
To prove (b), look at X/. Since IP is a solution to the martingale prob-
lem, taking f(z) = z1 in (1.4) 5hows that X{ is a local martingale. Taking
f(z) = 2% in (1.4) shows that ( fo a11(Xs)ds is also a local martin-
gale. So d(X"), = a11(X:) dt, and Xt is a nondegenerate time change of a
one-dimensional Brownian motion. By the argument of Proposition 1.8.2,
X! stays in the interval [—1,1] up until time ¢ only if a Brownian motion
stays in the interval [—1, 1] up until time cst, and this is bounded (see [PTA,
(I1.4.30)]) by cre~“¢*. If X, has not exited B by time ¢, then X! has not
exited [—1,1], and (b) follows. O

We need an estimate on the modulus of continuity of the paths of X,
which will be used in the next chapter to establish tightness.

(2.4) Theorem. Let L € N(A1,A2) and let P be a solution to the martingale
problem for L started at xo. If e > 0 and N > 0, there exists M depending on
A1, Az, N, and € such that

| X — X

0<s<t<N

Proof. We will first show that there exists ¢1 such that

P( sup |X. — Xd| > Mt — s|*/*) < 2de —c1A2/|t— 3\1/2

s<u<t

(2.5)

if 0 < s <t< N and \/|t — s]** is sufficiently large (recall that d is the
dimension). Fix i and s for the moment. As in the proof of Proposition 2.3,

s+v
M, = X!, — X! 7/ bi(X,) dr

is a local martingale with quadratic variation f:+” a;i(X;) dr, which is
bounded by cav. So (see [PTA, Exercise 1.8.13])
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P(sup [Mu| > ) < 9¢™7" /22w,

u<v

If v > 245(t — s), then

P( sup |X. — Xi| >~) <P sup |My| > ~/2) <27 */8ea(t=s)
s<u<t u<t
Setting v = At — s|'/*/Vd, then v > 242(t — s) if X > 2V/dAq|t — s[3/%, and
then
. . 2 1/2
P( sup |Xi — XI| > At — s|'/*/vd) < 2> /Bdealt=sl? (2.6)
s<u<t

Since |X; — X,| is greater than At — s|'/* only if |X; — X!| is greater than
At — s|*/*/+/d for some i, (2.5) is proved.

To obtain (2.4) from (2.5), note that if | X; — X,| > M|t — s|'/* for some
0 < s<t<N, then for some integer n > 1 and some integer j < N2",

sup Xy — Xjoon| > M©27™))2.
j2n<us(j+2)2 7"

If M is large enough, M27"/*/2 > 41/dA,273"/*. Using the estimate in (2.5),

p( sup M>M)

o<s<i<n |t — s[4 T

co N2™

<3y IP’( sup X — Xjpon| > MZ’"/4/2)

n—=1 j=0 j2—n<u<(j+2)2—"

<cs Z N2" exp(—caM? /272,

n=1

which will be less than ¢ if M is large enough. O
Finally, we have a support theorem.

(2.5) Theorem. Suppose L € N(A1, A2) and PP is a solution to the martingale
problem for L started at xo. Suppose 1 : [0,t] = R® is continuous with ¥(0) = xo
and € > 0. There exists c1 depending only on €, A1, A2, t, and the modulus of
continuity of ¥ such that

P(sup | Xs — ¥(s)| <€) > c1.

s<t

Proof. As in the proof of Theorem 1.1, there exists a Brownian motion
W, such that X, is a weak solution to (1.3). The result now follows from
Theorem 1.8.5. a

As an example of the use of the support theorem, if » < 1, there exists
c1 depending only on r such that
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]P)I(TB(y’T) < TB(O,Q)) > c1, x,Yy € B(O, 1). (27)

To see this, let ¢ = r/3 and let i) be the line segment connecting = and
y. The line segment + never comes within ¢ of 9B(0,2), and our assertion
follows from the support theorem.

3. Examples

In this section we show that the behavior of a diffusion near a point can
be quite different from that of a Brownian motion, even if the coefficients
are uniformly strictly elliptic. To motivate this, consider approximating a
two-dimensional Brownian motion by the following Markov chain. At a
point x # 0, with probability 1/4 each, the chain Y,, jumps +h in the radial
direction, i.e., P*(Y1 = z £ hz/|z|) = 1/4. With probability 1/4 each, the
chain jumps +h in the direction orthogonal to the radial direction:

Pm<}ﬁ:xih%):1/4, z = (z1,22) # 0.
If the chain moves in the radial direction, |Y,| behaves like a simple ran-
dom walk up until first hitting B(0, k). If the chain moves in the angular
direction, the radius must increase, from |z| to (|z|*> + h?)'/2. So the ra-
dial component of Y, looks like a random walk with an outward drift. By
changing the angular component to +Ah instead of +h, we can increase or
decrease the amount of outward drift, without making the chain degenerate.
Since two-dimensional Brownian motion is neighborhood recurrent but not
point recurrent, varying the angular component can vary the outward drift
of the radial component and drastically affect the recurrence properties of
the diffusion.

(3.1) Proposition. Suppose d > 2.

(a) There exists a uniformly elliptic operator L with zero drift coefficients such
that if P is a solution to the martingale problem for L started at x # 0, then
P(Tyoy < 00) = 1.

(b) There exists a uniformly elliptic operator L with zero drift coefficients such

that if P is a solution to the martingale problem for L started at x # 0, then

P(|X:| = 00) =1.

Proof. Let A € (—1,00) and
af}(x) =(1+ A)fl(éij + ACL‘iin/lCC'Z), x # 0. (3.1)

Let a*(0) be the identity. If A > —1, it is easy to see that afj is strictly
positive definite, although not continuous at 0. We also have

d
> wad@a; = (1+ A7 laf + 43 atal/laf’] = o]
]

4,j=1



3. Examples 105

Note trace a*(z) = (d+ A)/(1 + A) if z # 0. Let £ be the operator with
zero drift coefficients and diffusion coefficients a“. By Proposition 2.1, if
R = [ X4, A

th:dWmL?iRt[i‘fiA 1
Using Proposition 1.7.2, this says that up until the first hit of 0 by R, if
there is one, R; has the law of a Bessel process of order (d + A)/(1 + A). If
we choose A to be large enough, the order will be less than 2, and so R
will hit 0 with probability one. If d > 2 or d = 2 and A € (—1,0), then the
Bessel process will have order larger than 2, and such processes tend to oo

with probability 1. O

:| dt, t < T{O}.

Adjusting A suitably, we can arrange matters so that the solution to
the martingale problem corresponding to £“ does not hit 0, but spends
significantly more or less time (depending on A) in neighborhoods of 0
than does d-dimensional Brownian motion.

The analytic counterpart of Proposition 3.1 is the following. It shows
that some care is needed in describing the Dirichlet problem and in using
the maximum principle.

(3.2) Proposition. If (d+ A)/(1 + A) < 2, then there exists h # 0 such that
LA = 0 in B(0,1) — {0}, h is bounded and continuous on B(0,1), h is C* in
B(0,1) — {0}, and h =0 on 8B(0,1).

Proof. Let

h(z) = P*(T(oy < TB(0,1)), h(0) =1,

where P® denotes the solution to the martingale problem for £4 started at
z. (Since the ajj are Lipschitz away from 0, the martingale problem is well
posed as long as we restrict attention to Fr,,.) The only assertion that is
not immediate from Proposition 3.1 and the results of Chapter III is the
one that h is continuous at 0. Note that | X;| has the law of a Bessel process
of order v = (d + A)/(1 + A) started at |z|. By Ito’s formula, | X;|*7" is a
martingale, so by [PTA, Corollary 1.4.10],

P (Tyoy < 7B(0,1)) = P'”(|X,| hits 0 before 1) =1 — |z[*™ — 1

as |z| = 0. O

If the coefficients of the a;; are sufficiently smooth, then X, cannot hit
points. Let

Y(r) =sup sup |ai;(x) — aij(y)l.
i lz—yl<r

(8.3) Theorem. Let L € N(A,0) so that the drift coefficients are zero. If d > 3
and Y(r) = 0 as r — 0, then P(T(o} < 00) =0 for any solution PP to the martin-

gale problem started at x # 0 for the operator L. If d = 2, and fol P(r)/rdr < oo,
then the same conclusion holds.
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Proof. If o is a positive definite square root of a, then the law of ¢~'(0)X;
under P will be a solution to the martingale problem for the operator whose
diffusion coefficients are a~!(0)a(z) started at o~ '(0)z. So without loss of
generality, we may assume a;;(0) = §;;. Let Ry = |X;|. By Proposition 2.1,
R, = M+ A, where the martingale term M, and bounded variation term A,
are given by (2.2). Let us perform a time change: let B, = inf{u : (M), >t}
and let S; = Rg,. Mp, is a martingale with quadratic variation ¢, hence a
Brownian motion. By the ellipticity assumption, d(A),/dt is bounded above
and below by positive constants, so R; hits 0 if and only if S; does. By the
definition of ¢ and our assumption on a(0),

TiQii
\Z % | < e Z|xl||x]\|au — 6| < d*(Ja)

\fvl2
and
| trace a(z) — d| < dy(|z]).
A calculation shows that
dAs, 1 F 1

= 2t gt = —D(Xg,)dt
dt ~ 2Rp, Gy 55, D(XB.) dt,
where i (X5,) X
B Qij\A B ) A
F; = trace a(Xp,) — %,
Xp,0i5(X,) X

= IOt P/t By
G = Z R, ’
1,7 t
and |D(z) — (d — 1)| < cry(|z]).
Let Z: be the solution to the one-dimensional equation
(d—1) —ay(Z)

dz; :dMBf, =+ 27,

dt, ZO = |.I,"

By the comparison theorem, Theorem 1.6.2, S; is always larger than Z;. Z;
is a one-dimensional diffusion corresponding to the operator (1/2)f"(z) +
((d—1) —e1(2)) /22 £/ (2). The scale function for this operator (cf. Theorem

IV.3.1) is . /L Y (d—1) = c1tp(z2)
() — [ eXp(/m fdz)dyv

where 7 is any point in (0,00). If d > 3 and ¥(2) -0 as 2z — 0, or if d = 2
and fo 2)/zdz < oo, then s(z) = —oo as z — 0. By Section IV.1,

PP*(Z; hits 6 before M) = P**)(s(Z,) hits s(6) before s(M))
_ s(M) — s(z)
s(M) —s(d)

Letting 6 — 0 and then M — oo shows that P*(Z; hits 0) = 0. ]
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4. Convexity

In this section we will let the a;; be smooth (C?, say) and strictly
elliptic, and assume that the drift coefficients are identically 0. Let D be
either B(0,1) or a unit cube centered at 0.

Suppose u is continuous. The upper contact set of u is the set

U, = {y € D : there exists p € R? such that
u(z) <u(y)+p-(z—y) for all z € D}.

Here p- (z —y) denotes the inner product. In this definition p will depend on
y. A point y is in U, if there is a hyperplane, namely, u(y) = u(z)+p- (z —1y),
that lies above the graph of u but touches the graph at (y,u(y)). With
this interpretation we see that when u is concave (i.e., —u is convex), then
U, = D, and conversely, if U, = D, then u is concave.

When u € C*, for y € U, there is only one p such that u(z) < u(y) +p-
(z —y), namely, p = Vu(y). For u € C? let H, denote the Hessian matrix:

(Hu)ij(x) = Oiju(z).

(4.1) Proposition. If u € C? and y € Uy, then H,(y) is nonpositive definite.

Proof. Let h be a unit vector. y € U, implies there exists p such that u(y +
eh) <wu(y) +ep-h and u(y —eh) < u(y) — ep - h. Combining,

u(y + eh) +u(y — eh) — 2u(y) < 0.
Dividing by €? and letting ¢ — 0 gives h” H,(y)h < 0. o
Let S.(y) be the set of slopes of supporting hyperplanes to w at y. That
is,
Su(y) ={peR*: u(z) <u(y)+p- (z—y) for all z € D}.

As we noted above, S, (y) # 0 if and only if y € Uy, and if u € C* and y € U,,
then S.(y) = {Vu(y)}. Let

yeA

Let |A] denote the Lebesgue measure of A and det H the determinant
of H. Recall that if V is a neighborhood in D, v: D — R% is in C*, and v(V)
is the image of V under v, then

|v(V)|§/ | det J,|, (4.1)

where J, is the Jacobian of v. (We have inequality instead of equality be-
cause we are not assuming v is one-to-one.)
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(4.2) Proposition. Suppose u is continuous on D and C? in D. There exists c1
not depending on u such that

1/d
supugsupu—i—cl(/ |detHu|) .
D aD

Proof. Replacing u by u — supyp u, we may assume v < 0 on dD. We first
show

15u(D)] = [8u(U)] < / [det H,. (4.2)
Since Su.(y) = {Vu(y)}, the Jacobian matrix of the mapping S, is H,. For
each e, H, — eI is negative definite in a neighborhood of U,. We apply (4.1)
to v =95, — el and let ¢ — 0, which gives (4.2).

Next suppose u takes a positive maximum at y € D. Let v be the
function such that the region below the graph of v is the cone with base
D and vertex (y,u(y)). More precisely, let G1 be the smallest convex set in
D x [0,00) containing 9D x {0} and the point (y,u(y)); let v(z) = sup{z > 0:
(z,2) € G1} for z € D.

Suppose p € S, (D). We look at the family of hyperplanes a+p-(z—y). If
we start with « large and let « decrease to —oo, there is a first hyperplane
that touches the graph of u (not necessarily at (y,u(y))). Consequently
p € Su(D). We have thus shown that S,(D) C S, (D).

Let w be the function whose support is B(y,d) (where d is the dimen-
sion) and the region below w is the cone with vertex (y,u(y)). To be more
precise again, let G2 be the smallest convex set in B(y, d) x [0, 00) containing
0B(y,d) x {0} and the point (y,u(y)), and let w(z) =sup{z > 0: (z,2) € G2}
for z € B(y,d). A picture shows that S, (D) C S,(D), and we see then that

|Sw(D)] < [Suo(D)] < [Su(D)] < / | det Hy|. (4.3)

u

We now compute |S,({y})|. Note that w(z) = u(y)(1 — |z — y|/d) for
x € B(y,d). If each coordinate of p is between —u(y)/d and +u(y)/d, then
p € Sw(y). So

|Sw(D)| = [Suw({y})] = e2(uly)/d)*.
Combining with (4.2),

uy)? < e d*lSu(D)| < / [det Ha. O

u

We will use the inequality

d d

éZA]»EHA}/d, A\ >0, j=1,....d. (4.4)

Jj=1 Jj=1
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One way to prove (4.4) is to let 2 = {1,2,...,d}, let P assign mass 1/d to
each point of 2, let X be the random Varlable defined by X(j) = A;, and
apply Jensen’s inequality to the convex function —logz. We then have

d d
—log(Z)\jé) < éz —log \j)

which implies (4.4).
We now prove a key estimate due to Alexandroff-Bakelman-Pucci.

(4.3) Theorem. Suppose L € N'(A,0), the coefficients of L are in C?, u € C?,
and Lu = f in D. There exists c1 independent of u such that

1/d
supu<supu+01 |f | dm
D
Proof. Fix y € Uy, let B = —H,(y), and let A be the matrix a(y). Let
A1, ..., Aq be the eigenvalues of B. Since H, is nonpositive definite, A; > 0.

Let P be an orthogonal matrix and C a diagonal matrix such that B =
PTCP. Note |det Hy| = det B = A1 ---A\q and

d
(AB)i; = Z AijBji = — Z i (y)Oiju(y).

Jj=1 J

Then

—f(y) = =Y aii(y)diu(y) = trace (AB) (4.5)

0,3

d
= trace (APT C'P) = trace (CPAP") = Z (PAPT);;

Since A is uniformly positive definite, there exists ¢z such that (PAPT);; >
c2, 80 by (4.4),

—f@) =D )y =cad Y (N/d)

> ed([ [ A)* = cad| det H|'/?.
J

Taking dth powers, integrating over U, and using Proposition 4.2 completes
the proof. 0
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5. Green functions

Let P be a solution to the martingale problem for £ started at = (as-
suming one exists) and let E be the corresponding expectation. If D is a
domain, a function Gp(z,y) is called a Green function for the operator £ in
the domain D if

E / " px) ds = / G, y)F(y) dy (5.1)

for all nonnegative Borel measurable functions f on D. The function G*(z, y)
is called the A-resolvent density if

E [ N (X, ds = /R @iy (5.2)

for all nonnegative Borel measurable f on R<.
An immediate consequence of the Alexandroff-Bakelman-Pucci esti-
mate is the following.

(5.1) Theorem. Suppose L € N(A,0) and the diffusion coefficients are in C*.
Then there exists c1 depending only on A such that

TB(0,1) 1/d
B[ ral<a( [ rwra)”
0 B(0,1)

Proof. We prove this inequality for f that are C? in B(0,1); a limit argument
then yields the inequality for arbitrary f. Let u(y) = EY [77©V f(X,)ds.
By Section II1.6, u is C? in B(0, 1), continuous on the closure of B(0,1), and
Lu = —f. In fact, u is 0 on the boundary of B(0,1). Now apply Theorem
4.3. O

(5.2) Corollary.
Gp(z,-) € LYV (B).

Proof. By Theorem 5.1 and (5.1),

[ estensoas] <l
B

for all f € L%(B). The result follows by the duality of L? and L~V 0
We also have

(5.3) Theorem. Suppose L € N(A,0) and the diffusion coefficients are in C?.
There exists ¢c1 not depending on f such that if f € L%, then
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5 / T < /R i)

Proof. By the smoothness of the diffusion coefficients, there is a unique
solution to the martingale problem for £ starting at each z € R? (see the
remarks at the end of Section 1); we denote it P*. Moreover, (P*, X;) forms
a strong Markov family by Theorem 1.5.1.

Let So =0 and S;11 = 1nf{t>S ‘Xt_XSi : |Xt—XSi| >1},i:0,1,...
Then S;41 = S; + S1 0 0s,. By Proposition 2.3, there exists ¢, such that
sup, P*(S1 < ¢9) < 1/2. Then

E%e 51 <P*(S) < to) + e “OP*(S) > to)
= (1—e MO)P*(S) < to) + e o,

So if p = sup, E“e*1, then p < 1. By the strong Markov property,
I = o= ASit1 :El(e*ASiEz(e*)‘sloesi ‘]_-Si)) < p}Emeﬂ\si7

and by induction E®e~*% < p'.
‘We now write

]EI/O e ME(Xy) dt = Z/ e ME(Xy) dt. (5.3)

By the strong Markov property at time S; and Theorem 5.1,

Sit1 S1
‘Ez / e M F(Xo) dt‘ - ‘IE“” (e**siEXsi / e f(Xe) dt) ‘
s, 0

< E e % flla < c2p’l| f|la-

Substituting in (5.3) proves the theorem. o

As in Corollary 4.2, this implies G*(z,-) € LY/(?=1),

Using the theory of A4, weights, Fabes and Stroock [1] obtained an
improvement of this, namely, that G*(z,-) € LY 4=+ for some ¢ > 0.

One disadvantage of Theorems 5.1 and 5.3 is that we required the
diffusion coefficients to be smooth. We will remove this restriction in the
next section by an approximation procedure due to Krylov. Earlier Krylov
[1] had also proved, however, that Theorems 5.1 and 5.3 hold whenever
Xi =z + fot os dWs, where o4(w) is an adapted, matrix-valued process that
is bounded and is uniformly positive definite (that is, there exists ¢; such
that y"os(w)y > c1]y|? for all y € R?, where ¢; is independent of s and y).
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6. Resolvents

In this section we present a theorem of Krylov on approximating resol-
vents and then apply it to extend Theorem 5.3 to arbitrary solutions of the
martingale problem for an elliptic operator £. We suppose that £ € N (4,0)
for some A > 0, but make no smoothness assumptions on the coefficients.
Let £ be defined as in (1.1). Let P be any solution to the martingale problem
for £ started at zo.

Recall that fxg(z) = [ f(y y) dy. Let ¢ be a nonnegative radially
symmetric C*° functlon with compact support such that fR . =1 and
@ >0 on B(0,r) for some 7. Let ¢.(z) = e~ %p(z/e).

(6.1) Theorem. Let A > 0. There exist aj; in C° with the following properties:
(i) if LZ is defined by

d
1 e
=3 Z a3 (2)0i; f (x), (6.1)
ij=1
then L5 € N (A,0), and

(i) if P is the solution to the martingale problem for L° started at x and

G2h(z) = I{if/oo e Mh(Xy)dt (6.2)

for h bounded, then

(G2 f * ¢e) (o) %E\/ e MF(Xy)dt (6.3)
0
whenever f is continuous.

We will see later (Section 8) that G2 f is equicontinuous in ¢, so that
in fact G2 f(zo) converges to the right-hand side of (6.3).

The af; depend on IP, and different solutions to the martingale problem
could conceivably give us different sequences a;.

Proof. Define a measure p by
wC)=E / e Mo (X,)dt. (6.4)
0

By the support theorem, Theorem 2.5, for each y € R? and s > 0, there is
positive probability under P that X; enters the ball B(y, s) and stays there
a positive length of time. So u(B(y, s)) > 0 for all y and s. Define

_ f‘PE r—Yy az] y) w(dy)
[ ee(@ —y) u(dy)

(6.5)
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By our assumptions on ¢, the denominator is not zero. It is clear that (i)
holds.

Suppose u is in C? and bounded. By the product formula and It6’s
formula,

t t
e*“u(xt):u(xo)—/ u(XS)Ae*“der/ e du(X)]s
0 0
t
:u(Xo)—/ u(Xs)Ae ™ ds + martingale
0

¢
+ / e M Lu(X,) ds.
0

Taking expectations and letting ¢t — oo,
u(zo) =K / e M (u— Lu)(X,)ds = /()\u — Lu)(z) p(dx). (6.6)
0

We next apply (6.6) to u = v*¢., where v is a bounded and C? function.
On the left-hand side we have [ v(zo — y)¢-(y) dy. Note that

L(vxe)(z) = 3 Zaw i (v * pe)(2) (6.7)
QZ% ((Bi) * <) (2)
=3 Z/aij(z)aijv(z)%(x — 2) da.
However, by (6.5),
/ ai3 (2)pe (& — 2) pldz) = a5 () / el — ) pldy). (6.8)
Combining (6.6), (6.7), and (6.8),

/v(xo —y)pe(y) dy = /[A(v * ) — L(v * pe)](z) p(dz) (6.9)

- / / (A = L5Yo(e)pe (@ — ) u(dy) d.

Suppose f is smooth, and let v(z) = G2 f(z). By Section IIL.6, v is in
C? and bounded and (A — £%)v = f. Substituting in (6.9),

/ G Flwo — y)e(y) dy = / / f@)ee(e —uldy)de  (6.10)
:/f*soe(y)u(dy)
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By a limit argument, we have (6.10) when f is continuous. Since f is con-
tinuous, f * . is bounded and converges to f uniformly. Hence

e}
0

/ [ * e (y) p(dy) — / F()uldy) = E / e N(X,) dt. 0

Defining b by the analogue of (6.5), there is no difficulty extending
this theorem to the case £ € N'(A1, Az), A2 > 0.

(6.2) Theorem. Let [P be as above. There exists c1 not depending on f such that
B[ oal <l
0

Proof. By Theorem 6.1, the left-hand side is the limit of |GS f * pe (z0)] if f is
continuous and bounded. The coefficients in £° are smooth, so by Theorem
5.3 |G2 flleo < ci]lflld, c1 independent of . This proves the proposition for

f smooth, and the case of general f follows by a limit argument. O

(6.3) Corollary. Under the assumptions of Theorem 6.1,

(G % p)(ao) —» E / o
0

if f is bounded.

Proof. We start with (6.10). By a limit argument, we have (6.10) holding for
f bounded. So we need to show that the right-hand side of (6.10) converges
to f f(y) u(dy). Since f is bounded, fx* . converges to f almost everywhere
and boundedly (see [PTA, Theorem IV.1.2] or Stein [1], Chapter 3). By
Theorem 6.2 and (6.4), u is absolutely continuous with respect to Lebesgue
measure. Then

/f*sos(y)u(dy) = /f*soa(y)(du/dy) dy
S / F () (dp/dy) dy = / £(9) m(dy)

by dominated convergence. O

7. Harnack inequality

In this section we prove some theorems of Krylov and Safonov concern-
ing positive £-harmonic functions. Recall that a function & is £-harmonic
in a domain D if h € C? and £h = 0 in D. These results were first proved
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probabilistically (see Krylov and Safonov [1]) and are a good example of
the power of the probabilistic point of view.

In this section we assume that £ € N'(4,0) so that the drift coefficients
are 0. We assume that for each = € R? we have a solution to the martingale
problem for £ started at z and that (P?, X;) forms a strong Markov family.
In Chapter VI we will see that this is not really any restriction on the
generality.

Let Q(z,r) denote the cube of side length r centered at z. Our main
goal is to show that X; started at = must hit a set A before exiting a cube
with positive probability if A has positive Lebesgue measure and z is not
too near the boundary. The first proposition starts things off by handling
the case when A nearly fills the cube. Recall that we are using |A| to denote
the Lebesgue measure of A.

(7.1) Proposition. There ezist € and c¢1 = ci(e) such that if x € Q(0,1/2),
ACQ(0,1), and |Q(0,1) — A| < ¢, then P*(Ta < Tg(0,1)) > c1-

Proof. Let us write 7 for 7¢(,1y. By Propositions 2.2 and 2.3, there exist c»
and c3 not depending on z such that Er > ¢; and E®72 < c3.
Note that E” fOT 1ae (Xs) ds=E* fo‘r 1(Q(O,1)—A)(Xs) ds. Since

E*(r — (1 Ato)) <E*(r;7 > to) < E*72 /to,

we can choose to large enough so that E*(r — (7 A o)) < c2/4. Then

Ez/ l(Q(O’l)_A)(XS)dS (71)
0
to
§02/4+et°El/ eisl(Q(O,l)_A)(Xs)dS
0

S 62/4+6t0Er/ eisl(Q(oyl),,@(Xs) ds
0

< ca/d+ese|1g,1)-alld
<co/d+ esetoet/e,

If € is chosen small enough, then E” [" 14c(X)ds < c2/2.
On the other hand,

o <E*r=E"(r;Ta <) +Ez/ 1ac(Xs)ds
0

< (EST)EPN(Ta <)%+ c2/2
<P BN(Ta <)+ eof2,

and the result follows with ¢; = ¢3/4cs. O

We used Theorem 6.2 because it applies to arbitrary solutions to the
martingale problem, whereas Theorem 5.1 requires the a;; to be smooth.



116 V NONDIVERGENCE FORM OPERATORS

As noted at the end of Section 5, Theorem 5.1 actually holds for arbitrary
solutions to the martingale problem; if we used that fact, we then could
have obtained the estimate in (7.1) more directly.

Next we decompose Q(0, 1) into smaller subcubes such that a set A fills
up a certain percentage of each of the smaller subcubes. If @Q is a cube, let
Q@ denote the cube with the same center as @ but side length three times
as long.

(7.2) Proposition. Let g € (0,1). If A C Q(0,1) and |A| < q, then there exists
D such that (i) D is the union of cubes R; such that the interiors of the R; are
pasrwise disjoint, (i) |A| < ¢|D N Q(0,1)|, and (i) for each i, |AN R;| > q|R;l.

Proof. We will do the case d = 2; the higher-dimensional case differs only in
the notation. We form a collection of subsquares R = {R;} as follows. Divide
Q(0,1) into four equal squares Q1, Q2, Q3, and Q4 with disjoint interiors.
For j = 1,2,3,4, if |[ANQ;| > ¢|Q;|, we let Q; be one of the squares in R.
If not, we split Q; into four equal subsquares Q;1, Qj2, @3, Q,4 and repeat;
Qjr will be one of the R; if |AN Qx| > ¢|lQjk|, and otherwise we divide
Q;r- To be more precise, let Q,, be the collection of squares of side lengths
27" with vertices of the form [j/2", k/2"] for integers j and k. An element
Q' of Q, will be in R if |[AN Q| > ¢q|Q'| and Q' is not contained in any
Q'€ QUOIU---UQ,_1 with |ANQ"| > q|lQ"].

We let D = U; R; where the union is over R; € R. Assertions (i) and (iii)
are clear and it remains to prove (ii). Recall that almost every point z € A
is a point of density of A, that is, |B(z,r) N A|/|B(z,7)| = 1 a.e. for z € A;
this follows by the Lebesgue density theorem ([PTA, Theorem IV.1.2], for
example). If 2 is a point of density of A and T, denotes the element of
Q, containing z, then |T,, N A|/|T.| — 1 (see [PTA, Exercise 11.8.13], for
example). If z is a point of density of A and z is not on the boundary of
some square in Q,, for some n, it follows that z must be in some R; € R.
We conclude that |[A — D| = 0.

We form a new collection of squares S. We divide Q(0, 1) into four equal
subsquares Q1,Q2, @3, Q4. If Q; C D, it will be in S; otherwise split Q, into
four subsquares and continue. More exactly, Q" € Q, will be in Sif Q' C D
but Q" is not contained in any Q" € Qo U --- Q,,—;1 for which Q" C D.

Since D is the union of cubes R;, then |[DNQ(0,1)| = >, |Si| where the
sum is over S; € S. Hence |A| =" |S: N Al. It thus suffices to show that

AN Si| < qlSi] (7.2)

for each S; € S. We then sum over ¢ and (ii) will be proved.

Consider S; € S. If S; = Q(0,1), we are done by the hypotheses on A.
Otherwise S; is in Q,, for some n > 1 and is contained in a square Q' € Q,,_1.
Let C1,Cs,C3 denote the other three squares of Q,, that are contained in
Q'. Since S; € S, then Q' = S; UCL UC2 UC3 is not in S. Since S; C D,
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at least one of the squares Ci,Cs,Cs cannot be contained in D. We have
S;UCiUCUCs C §z §z is not contained in D, which implies that S; ¢ R.
We thus have S; UC; UC2 UCj3 is not contained in D but S; ¢ R; this could
only happen if |S; N A] < ¢|S;|, which is (7.2). ]

(7.3) Lemma. Let r € (0,1). Let y € Q(0,1) with dist (y,0Q(0,1)) > r, L' €
N(A,0), and P be a solution to the martingale problem for L' started at y. If
Q(z,7) € Q(0,1), then P(Tg(s,r) < Too,1)) > ¢(r) where ¢(r) > 0 depends only
onr and A.

Proof. This follows easily from the support theorem. O

We now prove the key result, that sets of positive Lebesgue measure
are hit with positive probability.

(7.4) Theorem. There ezists a nondecreasing function ¢ : (0,1) — (0,1) such
that if B C Q(0,1), |B| > 0, and = € Q(0,1/2), then

P*(Ts < 79(0,1)) > (| B]).

Proof. Again we suppose the dimension d is 2 for simplicity of notation. Set

o(e) = nf{PY(Ts <TQ(20,r)) : 20 € R4 R>0,y€ Q(z0, R/2),
|B| > E‘Q(ZOvR)LB - Q(207R)}

By Proposition 7.1 and scaling, p(¢) > 0 for ¢ sufficiently close to 1. Let qo
be the infimum of those ¢ for which ¢(g) > 0. We suppose g0 > 0, and we
will obtain our contradiction.

Choose ¢ > qo such that (¢ + ¢*)/2 < qo. This is possible, since go < 1.
Let n = (¢—¢°)/2. Let 8 = (¢ A (1—q))/16 and let p be equal to ¢((1 —3)/6)
as defined in Lemma 7.3. There exist z0 € R, R > 0, B C Q(z0, R), and
x € Q(z0, R/2) such that ¢ > |B|/|Q(z0, R)| > ¢ —n and P*(Ts < 7q(z,r)) <
pe(q)?. Without loss of generality, let us assume zo = 0 and R = 1, and so
we have P*(Ts < 19(0,1)) < pp(q)°.

We next use Proposition 7.2 to construct the set D (with A replaced
by B). Since |B| > ¢ —n and

|B] < q|DNQ0,1)],

then

B — 1
ipnQo.y > Bl amn_atl
q q 2

Let D=Dn Q0,1 — ). Then |5| > q. By the definition of ¢, this implies
that
PY(T5 < 7qe,1)) = »(a).

We want to show that if y € D, then
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PUTs < 7qq0,1)) = pe(a). (7.3)
Once we have that, we write
P*(Ts < 1q(,1)) 2 P*(T5 < Ts < 7q(0,1))
> E(PX TP (1 < TQ0.1); T < 7Q(0,1))
> po(@)P* (T < TQo.1) = pe(9)?,

our contradiction.

We now prove (7.3). If y € dD, then y € R; for some R; € R and
dist (y,0Q(0,1)) > 1 — 3. Let R be the cube with the same center as R; but
side length half as long. By Lemma 7.3,

Py(TR: < TQ(O,l)) > p.

By the definition of ¢ and the fact that R; € R, then |B N R;| > q|R;|. By
the definition of ¢(q), we have P*(Tgnr, < Tr;) > ¢(q) if z € R;. So by the
strong Markov property,

\ X(Tp
PY(Ts < 7g(o,1)) > EY(P ( Ri')(TB < TR«;)§TR: < 7Q(0.1))

> p(q)- [

Theorem 7.4 is the key estimate. We now proceed to show that £-
harmonic functions are Holder continuous and that they satisfy a Harnack
inequality. A function & is £-harmonic in D if h€ C* and Lh=01in D. If h
is £-harmonic, then by It6’s formula, h(Xia-,) is a martingale. There may
be very few £-harmonic functions unless the coefficients of £ are smooth, so
we will use the condition that h(X:a-,) is a martingale as our hypothesis.

(7.5) Theorem. Suppose h is bounded in Q(0,1) and h(Xirrg q,,) i @ martin-
gale. Then there exist a and c1 not depending on h such that

[h(z) = h(y)| < allbllelz —y[*, =,y €Q0,1/2).

Proof. Define Osc g h = sup,¢ g h(z) — infzep h(z). To prove the theorem, it
suffices to show there exists p < 1 such that for all z € Q(0,1/2) and r < 1/4,

Qg,src/z)h = pa?f,(;)h' (7-4)
If we look at Ch + D for suitable constants C and D, we see that it is
enough to consider the case where infg. ) h = 0 and supg, . h = 1. Let
B={z € Q(z,7/2): h(z) > 1/2}. We may assume that |B| > (1/2)|Q(z,7/2)|,
for if not, we replace h by 1 — h.
If x € Q(z,7/2), then h(z) < 1. On the other hand, since we know
h(Xirrg.1)) 18 @ martingale,
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h(z) = E*[h(X (g A T5))]
> (1/2)P*(Ts < 1q(2,r)) = (1/2)<p(2—(d+1))7

from Theorem 7.4 and scaling. Hence Osc g(s,r/2)h > 1 — (27 ) /2. Set-
ting p =1 — (27 @*Y/2) /2 proves (7.4). O

(7.6) Theorem. Suppose L € N(A,0). There exists c1 depending only on A
such that if h is nonnegative, bounded in Q(0,16), and h(X(t A Tg(0,16))) 5 a
martingale, then h(z) < cih(y) if z,y € Q(0,1).

Proof. If we look at h + ¢ and let ¢ — 0, we may assume h > 0. By looking
at Ch, we may assume infgo,1/2) b = 1. By Theorem 7.5, we know that A is
Holder continuous in Q(0, 8), so there exists y € Q(0,1/2) such that h(y) = 1.
We want to show that h is bounded above by a constant in Q(0, 1), where
the constant depends only on A.

By the support theorem and scaling, if z € Q(0,2), there exists § such
that

PUTq(w,1/2) < TQo,s)) = 0.

By scaling, if w € Q(x,1/2), then P*(Tg(x,1/4) < Tg(o,8)) > ¢. So by the strong
Markov property,
]P)y(TQ@J/‘;) < TQ(Oyg)) > 52,

Repeating and using induction,

k
Py(TQ(zg—k) < TQ(oyg)) > 6.

Then
1= h(y) 2 EY[h(X7q@2-+))); To@2-+) < TQ.8)]
> 5’“( inf h),
Q(z,27F)
or
inf h<é& " (7.5)
Qz,27%)

By (7.4) there exists p < 1 such that

Osc h<p Osc h (7.6)

Q(z,27(k+1)) Q(z,27F)

Take m large so that p=™ > §72/(67' —1). Let M = 2™. Then

—2
Osc h>p ™ Osc h> 7617 Osc  h. (7.7)
Q(z,M2-F) Q(z,27%) 07t =1 Q2=

Take K large so that vdM2~ 5 < 1/8. Suppose there exists zo € Q(y, 1)
such that h(zo) > 6 %~'. We will construct a sequence 1,22,... by in-
duction. Suppose we have z; € Q(xj,_l,MT(K“’l)) with h(a;) > 657971
j < mn. Since |z; — x;_1| < VdM2~EH=D 1 < j < n, and |z — y| < 1, then
|zn —y| < 2. Since h(zn) > 6 *7""" and by (7.5), infg,, o-x-nyh <5577,
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Osc  h>65"0E"-1).
Qan,27K-1)
S0 OSC gy, ara—K—ny b = 6757772 which implies that there exists 1 €
Q(xn, M275~") with h(zny1) > 657772 because h is nonnegative. By in-
duction we obtain a sequence z, with z, € Q(y,4) and h(z,) — oo. This
contradicts the boundedness of h on Q(0,8). Therefore h is bounded on
Q(0,1) by 6751, o

(7.7) Corollary. Suppose D is a bounded connected open domain and r > 0.
There exists ¢1 depending only on D, A, and r such that if h is nonnegative,
bounded in D, and h(Xiarp) is a martingale, then h(z) < c1h(y) if z,y € D and
dist (z,0D) and dist (y, 0D) are both greater than .

Proof. We form a sequence = = yo,y1,%2,-..,ym = y such that |y,41 —yi| <
(ai+1 A a;)/32, where a; = dist (y;, D) and each a; < r. By compactness we
can choose M depending only on r so that no more than M points y; are
needed. By scaling and Theorem 7.6, h(y;) < coh(yi+1) with c2 > 1. So

h(z) = h(yo) < c2h(y1) < -+ < 5 h(ym) = c5'h(y) < 3’ h(y). O

8. Equicontinuity and approximation

We first prove an equicontinuity result for G*f. Then we show that
X: spends positive time in sets of positive Lebesgue measure. Finally, we
complete the discussion of approximation started in Section 6 by showing
that the af; defined in (6.5) converge to a;; almost everywhere.

For the next chapter we will need a modulus of continuity for G* f.

(8.1) Theorem. Let L € N(A,0) so that the drift coefficients of L are 0. Sup-
pose for each z, P* is a solution to the martingale problem for L started at x
and (P*, X) is a strong Markov family. Then G*f(z) = E® fooo e MF(Xy)dt is
continuous with a modulus of continuity that depends only on A, ||f|loc, and A.

Proof. Fix zo and X. Take R sufficiently small so that

sup K 7pg,r) < 0(1/2)/4), (8.1)
ze€B(xzo,R)

where ¢ is defined in Theorem 7.4. This is possible by Theorem 2.3. We will
write B for B(zo, R). Let g be bounded on 0B, and consider the function
h(z) =E* (e g(Xrp)]. (82)

Our first goal is to obtain a modulus of continuity for h in B(zo, R/2). We
obtain the Holder continuity of h as in Theorem 7.5: it suffices to show
there exists p < 1 such that



8. Equicontinuity and approximation 121

Osc h<pOsc h (8.3)
Q(z,7/2) Q(zr)

for z € B(zo, R/2) and r < R/4d"?. Note that e **""B)n(X,r,,) is a mar-
tingale, since by the strong Markov property,
e*)\(t/\‘rB)h(Xt/\TB)
_ €7>\(t/\TB)]E Xtnrpg [ef)\TBg(XTB )]
— e—/\(tATB)]E z[e—ATBoet,m-B Q(XTB o et/\‘rB) ‘ ft/\TB]
= Ez[67Mt/\TB)+TBOQMTB)g(XTB 0 et/\TB) ‘ ]:t/\TB]
=E[e P g(Xrp) | Fenry]

and t AT + 7B O Oinry = TB and Xrp 00inry = Xorp.
To show (8.3) it suffices to show

Osc (Ch+ D) <p Osc (Ch+ D),
Q(Z,T/Q)( )< pQ(Z,T)( )

where we choose C and D so that supg, . (Ch+ D) = 1, infg(,»(Ch+ D) =
0, and |F| > (1/2)|Q(z,7)|, where F = {z € Q(z,7);(Ch + D) > 1/2}. If
x € Q(z,1/2),
(Ch+ D)(z) > CE"[e (X7, ); TF < TQ(e,ry] + D
>E"[e™" (Ch+ D)(Xrp.);Tr < TQ(sn)]
> E*[(Ch+ D)(Xrp);7Tr < Tqeen] —E*(1—e7*7F)

1
> 5[@90(7’17 < TQ(ZJ)) — AE®TR

20(1/2) = AE%75 > 10(1/2).

\Y]

We thus obtain (8.3) with p =1 — ¢(1/2)/4.
Now fix xo and write

A TBeo.R) >~ At
G f(m):Ex/ e f(Xt)dt+Ex/ e M F(Xy)dt (8.4)
0 TB(zqg,R)

TB@o.R) A A
:Ez/ e MP(X) dt + E¥e B0 G (X
0

TB(xzg,R) )
Let e > 0 and take R small enough so that (8.1) holds and also

sup  E*7p,,r) <€/3.
z€B(zo,R)

So the first term on the last line of (8.4) is bounded by ¢|| f|| /3. Note that
IG* flloo € A7 flloo- By what we showed above,

h(z) = E%e MB@Eom G f(X

TB(xO,R))

is a Holder continuous function of z with a modulus of continuity depending
only on ||G*f||e for € B(zo, R/2). So there exist ¢; and a such that if
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z,y € B(zo, R/2), then |h(z) — h(y)| < ci|lz — y|*. Thus if |z — y| < (£/3¢1)®
and z,y € B(zo, R/2),

|G f(z) = G* )] < ellfoe-
This proves the modulus of continuity result. O
Combining with Corollary 6.3, we have the following.
(8.2) Theorem. Let A > 0 and let P be a solution to the martingale problem

started at x for an operator L € N'(A,0). There exist ai; smooth such that if L°
is defined by (6.1) and G2 is defined by (6.2), then L5 € N'(A,0) and

Gl f(z) - E /oo e MF(X,)dt
0

whenever f is bounded.

Proof. By the preceding theorem, G2 f is equicontinuous in e. Since p. in
Corollary 6.3 has compact support,

(G2 frp2) (wo) — G2 f (o))
< [ 16210~ e) = G210t dy -0
as ¢ — 0. Combining with Corollary 6.3 proves the convergence. O
We have not yet proved that the af; in Theorem 8.2 converge almost
everywhere to the a;;. In order to do so, we need to show that X; spends
positive time in sets of positive Lebesgue measure.
(8.3) Lemma. Suppose r > 1 and let W be a cube in Q(0,1). Let W™ be the

cube with the same center as W but side length half as long. Let V' be a subset of
W with the property that there exists § such that

T™W
]Ey/ 1y (Xs)ds > SE Yy, yewr.
0
Then there exists ((0) depending on §, r, and A such that

TQ(0,r) TQ(0,r)
B / 1y (X.)ds > C(O)E” / L (X)ds, 5 Q).
0 0

Proof. Let S be the cube in Q(0,r) with the same center as W and side
length 7 A 21/¢ as long. Let Ty = inf{t : X; € W}, Uy = inf{t > T1 : X, ¢ S},
T’i+1 = inf{t > UZ : Xt € W}, and Ui+1 = inf{t > Ti+1 : Xt ¢ S} Then
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TQ(UTT)
Ey/ dS—ZEy[/ 1w (Xs) ds; T <TQ(07T):|7
0
- Z]Ey[EX T>/ lw(Xs)ds; Ti < TQ(Om)}v

with a similar expression with W replaced by V. So it suffices to show there
exists ¢(d) such that

TS TS
IE”/ 1V(Xs)d52C(6)Ew/ lw(Xs)ds, weW.
0 0

By the support theorem, there exists ¢; depending only on r and A
such that
Pw(Tw* <Ts)2617 w e W.

So if w € W, by the strong Markov property,
TS TS
Ew/ v (Xs) ds > Ew[/ v (Xs) ds; T~ < TS}
0 0

TS
:Ew[EX(T(W ))/ v (Xs) ds; Tw= < TS]

0

zeW*

TS
> c; inf Ez/ 1v(Xs)ds
0

W
>c; inf Ez/ 1v(Xs) ds.
0

zeW*

By our hypothesis, if z € W™,

T™W

IEZ/ 1y (Xs)ds > 0E*rw .

0

By Proposition 2.3 and scaling,

TS
E*rw > cosupE g > cz]Ew/ 1w (Xs) ds.
veS 0

We now take ¢(8) = c1c20. O

(8.4) Lemma. There exist ¢1 and € such that if |B] C Q(0,1), z € Q(0,1/2),
and |Q(0,1) — B| < g, then

TQ(0,1)
EZ/ 16(Xs)ds > 1.
0

Proof. By Proposition 2.3, there exists cz such that E “rg,1) > c2. As in the
proof of (7.1), if e is small enough, then

© TQ(0,1)
E / Lqeo,1)-5)(Xs)ds < c2/2.
0
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We thus have the lemma with ¢ = ¢2/2. O
(8.5) Theorem. There ezists a nondecreasing function ¥ : (0,1) — (0,1) such

that if P is a solution to the martingale problem for an operator in N'(A,0) started
at an x € Q(0,1/2) and B C Q(0,1), then

TQ(0,1)
E / 15(X,) ds > (| B]).
0

Proof. Let
TQ(z0,R) d
w(s):inf{Ey/ 15(Xs)ds: 20 € R*, R > 0,B C Q(z0, R),
0

1B] 2 £[Q(z0, )Ly € Q(z0, R/2) }.

Lemma 8.4 and scaling tell us that ¢(e) > 0 if ¢ is sufficiently close to 1.
We need to show () > 0 for all £ > 0.

Let go be the infimum of those e for which () > 0. We suppose go > 0
and we will obtain a contradiction. As in the proof of Theorem 7.4, choose
q > qo such that (¢ +¢%)/2 < qo and let n = (¢ — ¢*)/2. Let 3 be a number of
the form 27" with

MAgN(1—q))/32d < B < (nAgA(1—q))/16d.

There exist zo € R4, R > 0, B1 C Q(%0,R), and = € Q(z0, R/2) such that
q > |B1]/1Q(z0, R)| > ¢ —n/2 and

pe \/TQ(ZDVR> 1B1 (.Xs) ds < C(w(Q))w(q)’

where ¢ is defined in Lemma 8.3. Without loss of generality, we can suppose
2z =0and R=1, and so

E® / Oy (Xe) ds < C(b(@)(a).

Let B=B1NnQ(0,1—08). Then

E® / O (X)) ds < C(@)la), (8.5)

and by our choice of 3, ¢ > |B| > q—n.

As in the proof of Theorem 7.4, we use Proposition 7.2 to construct
D consisting of the union of cubes with |D N Q(0,1)| > (¢ + 1)/2. Let D =
DnNQ0,1), and as in the proof of Theorem 7.5, |l~7| > g. Since |5\ >q > qo,

TQ(0,1)
E/ 15(X.)ds > b(g).
0
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D consists of the union of cubes R; such that the R; have pairwise disjoint
interiors, where R; is the cube with the same center as R; but one-third
the side length. Let V; = R; N Q(0,1 — 3). We have by our construction
|B N R;| > g|R;i|. We will show that for each i,

TQ(0,1) TQ(0,1)
B [ (0 as z coE” [ e 60
0 0

Once we have (8.6), we sum and we have

TQ(Ovl) TQ(0,1)
Ez/ d3>Z/ 1BmR )dS
0
TQ(0,1)
>>ZE””/ 1v,(X.) ds
p 0

> e [ g0

0

> ¢(()(q),

our contradiction.

We now prove (8.6). Fix i. By our definition of g, if V; is not empty,
then V; is contained in a cube W; that is itself contained in Q(0,1 — 3) and
|[W;| < 3% R;|. Let R} be the cube with the same center as R; but side length
half as long. By the definition of %,

TR;
Ey/ leRi(X)d8>’L/J( ) TR
0
if y € R;. (8.6) now follows from Lemma 8.3 and scaling. o

(8.6) Corollary. If |B| > 0, then E” fooo e M1p(X:)dt > 0.

Proof. We select a unit cube @ such that |QNB| > 0. Let Q* be the cube with
the same center as @ but side length half as long. By the strong Markov
property and support theorem, there exists ¢; such that

yeQ*

Ez/ 7>\t13(Xt) dt > c¢; inf Ey/ eiktlQmB(Xt)dt.
0 0
By Proposition 2.3, there exists c2 such that if y € Q,
E'(rq - (1 A1) =E(E ¥'rgit < 7o)
<PVt <71g) < czEzré/tQ.

Using Proposition 2.3 again and taking to large enough, we have

s, E¥(rq — (1@ Ato)) < 9(lQ N B)/2.

Then
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]Ey/ eiktlQnB(Xt) dt
0

TQNto
> ]E 4 / 67)\t1QmB(Xt) dt
0
S 7)\t0]Ey TQNto
>e lons(X:) dt
0

Q
> e Mo {Ey/ lQmB(Xt) dt—Ey(TQ —TQ/\to):|
0

> e M@(QN B|) —y(Q N BJ)/2) > 0. O

(8.7) Proposition. Let P be a solution to the martingale problem for an operator
in N'(A,0) started at z. If |C| > 0, then E fooo e Mo (Xy)dt > 0.

Proof. This follows from Corollary 8.6 and Theorem 8.2 with f = 1¢. O
Finally, we show that the a; defined in (6.5) converge.

(8.8) Theorem. Let af;(x) be defined by (6.5). Then for each i and j, the aj;
converge to a;; almost everywhere.
Proof. By Theorem 6.2,
[ 1| =B [~ poxa] < el
0

Hence p(dy) has a density m(y) dy, and by a duality argument, m e LY@,
If C ={y:m(y) = 0}, then

E / T oM (X)di = / Lo(y) pldy) = / Lo(y)m(y) dy = 0.

By Proposition 8.7, |C| = 0.
Now
[o-ta=vesntn = [ outo - wasmma
— aij(z)m(z)

for almost every z, since . is an approximation to the identity (see [PTA,
Theorem IV.1.6]), a;; is bounded, and m € L% (4=V_ Similarly,

/soe(w —y) u(dy) = /sas(w —y)m(y) dy — m(x)

for almost every z. Since m > 0 almost everywhere, the ratio, which is
ag;(x), converges to a;;(x) almost everywhere. O
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9. Notes

The results of Sections 1 and 2 are from Stroock and Varadhan [2]. The
examples in Proposition 3.1 are due to Krylov [2], whereas Proposition 3.2
is due to Pucci [1]. Theorem 3.3 is a probabilistic formulation of a result of
Gilbarg and Serrin [1].

For Section 4 we followed Gilbarg and Trudinger [1]. Section 5 is stan-
dard material. The approximation results in Section 6 are from Krylov [3].

To obtain the Harnack inequality in Section 7, we adapted Krylov and
Safonov [2] and the account in Caffarelli [1]. Theorem 8.9 is due to Evans

[1].
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VI
MARTINGALE PROBLEMS

In this chapter we continue our discussion of nondivergence form oper-
ators. We introduced the martingale problem in Chapter V; now we inves-
tigate existence and uniqueness for the martingale problem for an operator
L.

Section 1 discusses existence. We will see that there exists a solution
if the coefficients of £ are continuous or if the diffusion coefficients are
bounded and uniformly elliptic.

A solution to the martingale problem need not necessarily satisfy the
strong Markov property. We see in Section 2 that regular conditional prob-
abilities can act as a replacement. If the diffusion coefficients are uniformly
elliptic, one can find strong Markov families of solutions.

The question of uniqueness of solutions is often quite difficult. Section
3 gives some techniques that allow us to reduce the problem to a simpler
one.

Section 4 proves uniqueness in three cases, all under the assumption of
uniform ellipticity. The first is when the diffusion coefficients are continuous,
the second is when they are continuous except possibly at one point, and
the third is when the dimension of the state space is two.

When uniqueness holds, there are some interesting consequences. These
are discussed in Section 5.

A brief account of the submartingale problem and diffusions with re-
flection constitute Section 6.
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1. Existence

In this section we discuss the existence of solutions to the martingale
problem for an elliptic operator in nondivergence form. Let £ be the elliptic
operator in nondivergence form defined by

d d
% Z D0 f@)+ > bi(@)dfx),  feC’ (L1

We assume throughout that the a;; and b; are bounded and measurable.
Since the coeflicient of 9;; f(z) is (asj(z) + aj:(x))/2, there is no loss of gen-
erality in assuming that a;; = a;;. We let

N(/h,/lz) :{[, . sup Hbzuoo S /12 and (1.2)
1<d

d
Mily® <Y yaysan (@) < A7yl for all z,y € R7}.

7,j=1

If £ e N(A, B) for some A > 0, then we say £ is uniformly elliptic.
A probability measure P is a solution to the martingale problem for L
started at x if
PXo=2)=1 (1.3)

and ,
ﬂxwﬁww—/zﬂ&Ms (1.4)

is a local martingale under P whenever f is in C?(R?).

We begin by showing that continuity of the coefficients of £ is a suffi-
cient condition for the existence of a solution to the martingale problem.

(1.1) Theorem. Suppose the a;; and b; are bounded and continuous and x € R.
Then there exists a solution to the martingale problem for L started at x.

Proof. Let a}; and b} be uniformly bounded C? functions on R¢ that converge
to a;; and b uniformly on compacts. Let

d
_ % Z )0 f (@ Zb” )0, f (x (1.5)

let o, be a Lipschitz square root of a”, and let X™ be the solution to
AXT = o™(XP)dWe + V(XD dt,  X¢ =z,

where W; is a d-dimensional Brownian motion. Let P, be the law of X".
Our desired P will be a limit point of the sequence {PP,}.
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Each P™ is a probability measure on 2 = C([0,)). A collection of
continuous functions on a compact set has compact closure if they are
uniformly bounded at one point and they are equicontinuous. This and
Theorem V.2.4 imply easily that the P, are tight.

Let P,, be a subsequence that converges weakly and call the limit P.
We must show that P is a solution to the martingale problem. If g is a
continuous function on R¢ with compact support, g(Xo) is a continuous
function on (2, so

9(x) =K, 9(Xo) = Eg(Xo).
Since this is true for all such g, we must have P(X, = z) = 1.

Next let f € C?(R?%) be bounded with bounded first and second partial
derivatives. To show

E[£(x0) - £(x.) - / LX) dr; 4] =0

whenever A € F, it suffices to show
B[{sx0- 1000~ [ erxoa} [l =0 e

whenever m >1,0<r; <--- <7, < s, and the g; are continuous functions
with compact support on R?. Setting

v = {rx - 10 - [ e} Lo

Y is a continuous bounded function on 2, so EY = limy— o E,, Y. Since
P, is a solution to the martingale problem for £,, ,

t m
B {00 - 1000 = [ £usyan} [Jax] <o
S i=1
Since the g; are bounded, it suffices to show

E,, [/t(ﬂfﬂnkf)(Xr)dr} =0 (1.7)

as k — oo.

Let ¢ > 0. Choose M large so that P, (sup, ., |X,| > M) < e. This
can be done uniformly in k by Proposition V.2.3. Now choose k large so
that |ai;(y) —a;f (y)| <eif [yl < M and i,j = 1,...,d, and similarly [b;(y) —
bi*(y)| <eif [yl < M and i =1,...,d. Since f € C* and the a}; and b} are
uniformly bounded, there exist ¢; and ¢, such that

sup H[/anOO <a, H['fHOO <,
n

and
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sup |Ln, f(y) — Lf(y)| < coe.

ly|<M

Then

By [ IEr-Lo )X b
< et — s)e 4+ 2(t — s)e1Pp, (sup | X | > M)

r<t

S C3€,

which proves (1.7).

Finally, suppose f € C? but is not necessarily bounded. Let fus be a C?
function that is bounded with bounded first and second partial derivatives
and that equals f on B(0, M). If Tay = inf{¢ : |Xt| > M}, the above argument
applied to far shows that far(X:) — far(Xo) fo Lfu(Xs)ds is a martingale,

ft/\TM

and hence so is f(Xiaty, ) — f(Xo) s) ds. Since X, is continuous,

Ty — oo a.s., and therefore f(Xt) f Lf ) ds is a local martingale.
O

If the operator £ is uniformly elliptic, we can allow the b; to be bounded
without requiring any other smoothness. If £ is given by (1.1), let £’ be
defined by

=5 Y @@ f). (18)

i,j=1

(1.2) Theorem. Suppose L € N (A1, A2). If there exists a solution to the mar-
tingale problem for L' started at x, then there exists a solution to the martingale
problem for L started at x.

Proof. Let P’ be a solution to the martingale problem for £’ started at
z. Let o(x) be a positive definite square root of a(x). Then under P’ (cf.
Theorem 11.5. 1) X/ is a martingale and d(X*, X7), = ai;(X:)dt. Letting

fo o' (X,)dX,, we see as in the proof of Theorem II.5.1 that W; is a
d- dlmensmnal Brovvnlan motion with quadratic variation (W' W7), = §;;t.
Hence under P’ the process W; is a Brownian motion and

dXt = O'(Xt) sz

Define a new probability measure P by setting the restriction of dP/dP’
to F; equal to

Mt:exp(/(ba_l) YW, + /\ ) (X)? ds) (1.9)

Under P, M, is a martingale. By the Girsanov theorem (Section I.1), under
P each component of
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X; — </'(bg*1)(X5)dW5,X>t - X, - /t b(X,) ds

is a martingale and the quadratic variation of X remains the same. If

W, = /Oto_l(Xs)d(XS - /O b(XT)dr),

then under P, W; is a martingale with (Wi,wj)t = 4;;t, and hence W is a
Brownian motion. Thus

dX, = o(X;) dW, + b(X,) dt.

By Theorem V.1.1, P is therefore a solution to the martingale problem for
L. ad

As a consequence of Theorems 1.1 and 1.2, there exists a solution to
the martingale problem if £ € N (A1, A2) for some Ay, A2 > 0 and the a;; are
continuous.

Even if the a;; are not continuous, a solution to the martingale problem
will exist if uniform ellipticity holds.

(1.3) Theorem. Suppose L € N(A1, A2), where the a;; and b; are measurable.
If x € R?, there exists a solution to the martingale problem for L started at .

Proof. By Theorem 1.2, we may assume the b; are identically 0. Let af;
be C? coefficients so that if £, is defined by (1.5), then £, € N(A1,0).
Suppose also that the a};(x) converge to a;;(x) almost everywhere. Let P,
be the solution to the martingale problem for £,, started at x, constructed
as in the proof of Theorem 1.1. As in Theorem 1.1, the P, are tight and a
subsequence IP,,, converges weakly, say to PP.

As in the last paragraph of the proof of Theorem 1.1, it suffices to sup-
pose f € C? is bounded with bounded first and second partial derivatives.
Let g; be continuous functions on R? with compact support. Write G for
I[", g:(X;,). Since

‘Enk [G/t £nkf(Xr)dr] “E [G/t Cf(XT)dr]
<Eo [0 [ 1enss - £000) 0]

+‘1Enk. [G/stﬁf(XT)dr} —]E[G/tcf(xr)dr] ,

E]

we will have our result if (i) (1.7) holds and (ii)

’Enk [G/tﬁf(XT)dr} “E [G/tﬁf(XT)dr] =0 (1.10)
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for bounded f € C?. We first show (i). Let ¢ > 0. As in the proof of Theorem
1.1, there exist ¢; and M such that

sup Py (sup | Xr| > M) < e
n r<t

and
sup [|Ln flloe < e1, I£f]loo < ec1.
n

By Theorem V.6.2,

En, [/:I(Cf — Lo, ))(X0)] dr}
< 2(t — s)er Py (sup | X > M)

B [ [T maan (XIS - Lo DX a7
0

< eae+ese' (L = Loy )10, s

where ¢z is independent of nj. The uniform boundedness of the af; and
convergence of aj; to a;; almost everywhere imply that the right-hand side
will be less than cse if k is large, which proves (1.7).

To prove (ii), let ¢ > 0, let M > 0 be large so that P,, (sup,, |X-| >
M) < ¢ and P(sup, ., |X,| > M) < ¢, and let F be a continuous function on
R? with support in B(0, M) such that

/ (Lf — F)(x)|*de < &%
B(0,M)
Then by Theorem V.6.2,

‘Enk [G /t(1B(0,M).cf — F)(X)) dr}

< TlolB o [ 1m0 = PO dr
i=1 0

< cse.

On the other hand,

S Ce€

t
’]E |Gl / (Ipo,myc Lf)(Xr) dr

by our choice of M and the fact that £f is bounded. Similar equations hold
with [E,,, replaced by E. Since F is continuous,

En | / P ar [[ )] | / P ar [[ x|

as k — oo. (1.10) follows. O
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Virtually the same proof shows

(1.4) Corollary. Suppose L € N (A, B) and xz, — x. If P,, is a solution to the
martingale problem for L started at x., then any subsequential limit point of the
P,, will be a solution to the martingale problem for L started at x.

Proof. We follow the proof of Theorem 1.3, but we no longer have (1.7) to
show and need only show (1.10). This is proved exactly as in the proof of
Theorem 1.3. m]

2. The strong Markov property

We are not assuming that our solutions are part of a strong Markov
family. As a substitute we have the following. Let P be a solution to the
martingale problem for £ started at = and let S be a finite stopping time.
Define a probability measure Pg on 2 = C([0,00)) by

Ps(A) = P(A o 05). (2.1)

Here 05 is the shift operator that shifts the path by S. Recall the definition of
regular conditional probability from Section 1.5. Let Qg(w, dw’) be a regular
conditional probability for Pg[- | Fs].

(2.1) Proposition. With probability one, Qs(w, -) is a solution to the martingale
problem for L started at Xgs(w).

Proof. If A(w) = {w' : Xo(w') = Xs(w)}, we first show that Qg(w, A(w)) =1
for almost every w. To do this, it suffices to show that

P(B) = Ep[Qs(w, A(w)); B]
whenever B € Fs. The right-hand side, by the definition of Qs, is equal to
EpPs(A| Fs); Bl = Ep[P(Xs = Xo 005 | Fs); B]
=P(Xs = Xs; B) = P(B).

Next, if f € C? and is bounded with bounded first and second partial
derivatives, we need to show that

t
M= 106) = %) = [ £50e)ar
0
is a martingale under Qs for almost every w. Let u > t. Since M; o 05 =
My+s — Ms is a martingale with respect to Fsy, then

E]}D[Mu Oes;BoesﬂA] :EP[Mt 00s;Bolg ﬂA]
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whenever B € F;, and A € Fs. This is the same as saying
Ep[(Mulp)ofs; Al = Ep[(M¢1g) o fs; A]. (2.2)
Since (2.2) holds for all A € Fs, by the definition of Qs,
E g4 [Mu; B] = Eq,[M;:; B

whenever B € F;, which is what we needed to show.
Finally, if f € C?, then M; is a local martingale under Qs by the same
argument as in the last paragraph of the proof of Theorem 1.1. O

Essentially the same proof shows that

(2.2) Corollary. Let QY be a regular conditional probability for Ps[- | Xs]. Then
with probability one, QY is a solution to the martingale problem for L started at
Xs(w).

If £ € N(A1,A2), we can in fact show that there exists a family of
solutions to the martingale problem that is a strong Markov family. We
take A2 = 0 for simplicity.

(2.3) Theorem. Let A > 0 and suppose L., € N(A,0) with the aj; € C* and con-
verging almost everywhere to the a;j. Suppose (P, X;) is a strong Markov family
of solutions to the martingale problem for L,,. Then there exists a subsequence ny,
and a strong Markov family of solutions (P¥, X) to the martingale problem for
L such that Py, converges weakly to P® for all x.

Note that part of the assertion is that the subsequence ny does not depend
on x.

Proof. Let {g:} be a countable dense subset of C(R?), the continuous
bounded functions on R?, and let {}\;} be a countable dense subset of (0, c0).
Let

Gag(z) = Ei/ e Mg(Xy) dt.
0

Note that ||Gaglle < |lgllec/A. By the equicontinuity of Gjg in n for each g
(see Theorem V.8.1) and a diagonalization argument, we can find a subse-
quence ny such that Gﬁi gi converges boundedly and uniformly on compacts.

Since )
1Gn"g = Gu'hlloo < +=lg = Pl
J

it follows that Gﬁ; g converges uniformly on compacts for all g € C(R). Since

Grg — Glglloe < ~—Ilgllo
[ l A—u” I



2. The strong Markov property 137

(see Corollary IV.2.6), it follows that G;, g converges uniformly on compacts
for all bounded g € C(R%) and all X € (0,00). Call the limit G*g.

Suppose z, — z. By the tightness estimate Theorem V.2.4, Pik" is a
tight sequence. Let P be any subsequential limit point. By Corollary 1.4, P is
a solution to the martingale problem for £ started at z. If n’ is a subsequence
of ny such that PZ;} converges weakly to P, by the equicontinuity of Gig,

n’— oo

IE/ Mg(Xy)dt = lim E / e Mg(Xy) dt
0 0

= lim Gpg(z.) =G g(z).
n’— oo

This holds for all bounded and continuous g; hence we see that if P; and
P, are any two subsequential limit points of ;"%  their one-dimensional
distributions agree by the uniqueness of the Laplace transform and the
continuity of g(X).

We next show that the two-dimensional distributions of any two sub-
sequential limit points must agree. If g and h are bounded and continuous
and p > A,

E/ / e Me g (X )h(Xirs) ds dt
0 0

= lim Ex"l/ / At e M Xt)h(XH_S)det

n’/ —oo

n’/—oo

= lim E7 / e Mg(X. )Efﬁ/ e " h(X,)dsdt
0 0

lim E;,r / e M g(X)GH, h(X,) dt
0

n’/— oo

lim G (9(G¥/h)) ().

n/—oo

By the equicontinuity of the G&h and the fact that G%, h converges bound-
edly and uniformly on compacts to G*h, the right-hand side converges to
G*(g(G*h))(x). By the uniqueness of the Laplace transform, we see that any
two subsequential limit points have the same two-dimensional distributions.

Repeating the argument, we see that any two subsequential limit points
have the same finite dimensional distributions. Since X; is continuous, this
implies that P, = P,. We have thus shown that if z, — z, then P,}*
converges weakly to a probability measure; we call the limit P*. By the
proof of Theorem 1.3, we know that P* is a solution to the martingale
problem for £ started at z.

We now want to show that (P*, X;) forms a strong Markov family of so-
lutions. We will do this by first showing that E7, f(X;) converges uniformly
on compacts to E” f(X¢) if f is bounded and continuous. We have pointwise
convergence of E} f(X;) for each z since we have weak convergence of Py,
to P=.



138 VI MARTINGALE PROBLEMS

We claim that the maps z — E 7, f(X;) are equicontinuous on compacts.
If not, there exists ¢ > 0, R > 0, a subsequence n,, and zm,,ym € B(0, R)
such that |z,, — ym| — 0 but

B f(Xe) = B f(X0)] > e (2.3)

By compactness, there exists a further subsequence such that P, J7 con-
verges weakly and also zp,,, — 2 € B(0, R); it follows that Ym; — z also.
By what we have already proved, ]P’Z:LJ] converges weakly to P?; hence
Ei:’:jj J(X:) converges to E”f(X;) and the same with .., replaced by v,
a contradiction to (2.3). We thus have that the maps =z — E7 f(X;) are
equicontinuous.

This implies that the convergence of E7, f(X:) is uniform on compacts.
In particular, the limit E”f(X;) is a continuous function of z. By [PTA,
Section 1.3], the map = — E®f(X;) being continuous when f is continuous
implies that (P*, X¢) is a strong Markov family of solutions. ]

3. Some useful techniques

In this section we want to provide a number of results that make proofs
of uniqueness for the martingale problem easier. First, we show that if the
diffusion coefficients are uniformly elliptic, then the drift coefficients do not
matter. Second, we show that it is enough to look at A-resolvents. Third, we
prove that uniqueness of the martingale problem is a local property. Fourth,
we see that it suffices to look at strong Markov solutions, and fifth, it is
enough to look at 0-potentials in bounded domains. Finally, we examine
time changes.

Let us show that for uniformly elliptic operators we may assume the
drift coefficients are 0.

(8.1) Theorem. Suppose L is defined by (1.8) and suppose there is uniqueness
for the martingale problem for L' started at x. If L € N (A1, As), then there is
uniqueness for the martingale problem for L started at x.

Proof. Let P1,P2 be two solutions to the martingale problem for £ started
at . From the definition of martingale problem, (X*, X7), fo aij (X
Define Q; on Fi, i = 1,2, by

dQ;/dP; = exp ( - /Ot(bal)()(s)dXS - ;/Ot(bale)(Xs)ds),

where b7 denotes the transpose of b. A simple calculation shows that the
quadratic variation of fot(ba_l)(Xs)dXs is fg(ba_le)(Xs)ds7 so dQ;/dP; is
of the right form for use in the Girsanov theorem. If f € C? and
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M: = f(X:) — f(Xo) —/ Lf(Xs)ds, (3.1)

then M; is a local martingale under P;. By It6’s formula, the martingale part
of M, is the same as the martingale part of fot Vf(Xs) - dXs. We calculate

</0‘ba_1(X ng,M /Z Xo)0if(Xs) d(X", X7)

:/ Zbi(Xs)aif(XS)ds.

Hence by the Girsanov theorem, under Q; the process

M- (- / X)) ds) = £~ F(X0) ~ / L p(x) ds

is a local martingale. Clearly Q;(Xo = x) = 1, so Q; is a solution to the
martingale problem for £’ started at z. By the uniqueness assumption,
Q1 :Q2. SOifAGJ:t,

P;(A) = /Aexp (/Ot(bal)(Xs)dXS + ;/Ot(bale)(Xs) ds) dQs,

which implies P;(A) = P2(A). O

To prove uniqueness it turns out that it is sufficient to look at quan-
tities which are essentially A-potentials (that is, A-resolvents). It will be
convenient to introduce the notation

M(L,z) = {P:P is a solution to the (3.2)

martingale problem for £ started at z}.

(3.2) Theorem. Suppose for all x € R, A > 0, and f € C*(RY),
El/ e MF(Xy)dt = Ez/ e MF(X,)dt
0 0

whenever Py, Py € M(L,z). Then for each = € R? the martingale problem for L
has a unique solution.

Proof. By the uniqueness of the Laplace transform and the continuity of f
and X, our hypothesis implies that E,f(X:) = Eof(X:) for all ¢ > 0 and
fec?ifzr e R and Py, Py € M(L, ). A limit argument shows that equality
holds for all bounded f. In other words, the one-dimensional distributions
of X; under P; and P, are the same.

We next look at the two-dimensional distributions. Suppose f,g are
bounded and 0 < s < ¢. For ¢ = 1,2, let P; ;(A) = P;(A 0 6;), and let Q;
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be a regular conditional probability for E; (- | X,). By Corollary 2.2, Q;
is a solution to the martingale problem for £ started at X,. By the first
paragraph of this proof,

Eng(Xt,s) :EQQQ(ths% a.s.

Since Q1 (A) is measurable with respect to the o-field generated by the single
random variable X, for each A, then E g, g(X; ) is also measurable with
respect to the o-field generated by X,. So Eq,9(X:i—s) = ¢(X) for some
function ¢. Then

E1f(Xe)g(Xe) = Ea[f(Xo)E1(g(Xe) [ X))
=E1f(X:)Eq, (9(Xi—s)) = E1f(Xs)o(Xs).

By the uniqueness of the one-dimensional distributions, the right-hand
side is equal to Ef(Xs)p(Xs), which, similarly to the above, is equal to
E.f(Xs)g(X:). Hence the two-dimensional distributions of X; under P; and
P, are the same.

An induction argument shows that the finite dimensional distributions
of X; under P; and P> are the same. Since X; has continuous paths, we
deduce P; = P,. O

We now want to show that questions of uniqueness for martingale
problems for elliptic operators are local questions. We start by giving a
“piecing-together” lemma.

(3.3) Lemma. Suppose L1,L2 are two elliptic operators with bounded coeffi-
cients. Let S = inf{t : | X; — z| > r} and let P1, Py be solutions to the martingale
problems for L1, L2, respectively, started at x. Let Q2 be a reqular conditional
probability for Ep, [- | Fs|, where P2s(A) = Po(A o fs). Define P by

P(BoesﬂA):E]pl[Qz(B);A}, A€ Fs,B € Foo.

If the coefficients of L1 and Ly agree on B(x,r), then P is a solution to the
martingale problem for L started at x.

P represents the process behaving according to P; up to time S and accord-
ing to P, after time S.

Proof. It is clear that the restriction of P to Fs is equal to the restriction of
P, to Fs. Hence

IP(XO = ZE) = ]Pl(X() = l‘) =1.
If f € C?, .
M; = f(Xins) — f(Xo) — / L1f(Xs)ds
0

tAS
— f(Xons) — F(Xo) - / Laf(X.)ds
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is a martingale under ;. Since for each t these random variables are Fs
measurable, M, is also a martingale under P. It remains to show that N; =
f(Xstt) — f(Xs) — SSH Lof(Xs)ds is a martingale under P. This follows

from Proposition 2.1 and the definition of P. O

(3.4) Theorem. Suppose £ € N (A1, Az). Suppose for each z € R? there exist
rz > 0 and K(z) € N (A1, A2) such that the coefficients of K(x) agree with those
of L in B(z,r5) and the solution to the martingale problem for K(z) is unique
for every starting point. Then the martingale problem for L started at any point
has a unique solution.

Proof. Fix zo and suppose P; and P, are two solutions to the martingale
problem for £ started at zo. Suppose z; is such that zo € B(z1, 74, /4). Let
S = inf{t : | Xy — x1| > sy /2}. Write P* for the solution to the martin-
gale problem for K(z;) started at zo. Let Qf be the regular conditional
probability defined as in (2.1). For i = 1,2, define

Pi(Bobsn A) =E,[Q5(B); 4], i=1,2, A€ Fs,BE Fu. (3.3)

Since the coefficients of £ and K(z:) agree on B(z1,7s,), by Lemma 3.3
applied to P; and PX, P; is a solution to the martingale problem for K(z:)
started at xo. By the uniqueness assumption, they must both be equal to
PX. Hence the restriction of P, and P, to Fs must be the same, namely,
the same as the restriction of PX to Fs. We have thus shown that any two
solutions to the martingale problem for £ started at a point zo agree on Fg
if o € B(z1,72,/4) and S = inf{t: |X; — z1| > rs, /2}.

Let N > 0. B(zo,N) is compact and hence there exist finitely many
points z1,...,xm such that {B(z;,7:,/4)} is a cover for B(zo,N). Let us
define a measurable mapping ¢ : B(zo, N) — {1,...,m} by letting ¢ (z) be
the smallest index for which & € B(zy(s), Tp(2)/4). Let So = 0 and Siy1 =
inf{t > S; : X; ¢ B(¥(Xs;),Tp(x(s,)/2)}. The S; are thus stopping times
describing when X; has moved far enough to exit its current ball.

We now show that any two solutions P; and P, for the martingale
problem for £ started at xo agree on Fg, ar(B(zo,n)) for each i. We already
have done the case i = 1 in the first paragraph of this proof.

Let Qi,s, be a regular conditional probability defined as in (2.1). If
A€ Fs, and B € (Foo 00s,) N Fs,, then

Pi(ANB)=E,[Qis, (B); A, i=1,2

By Proposition 2.1, QQ; s, is a solution to the martingale problem for £
started at Xs,, so by what we have shown in the first paragraph Q, s, =
Q2,s, on (Foo 00s,) N Fs,. Since Q; 5, (B) is Fs, measurable and P; = P, on
Fs,, this shows P1(ANB) = P2(ANB). The random variable fosz e MF(X,)dr
can be written

S1 S1
/ e MF(X, ) dr + e (/ e MF(X,) dro@sl).
0 0
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Hence E; f052 e MF(X)dr = E» fos2 e > f(X,)dr whenever f is bounded
and continuous and X > 0. As in Theorem 3.2, this implies P; = P2 on Fg,.

Using an induction argument, P1 = P2 on Fg, rr(B(zo,n)) for each i. Note
that

r= min 7y > 0.
1<i<m

Since S;4+1 — S; is greater than the time for X; to move more than r/4,

Si 1 7TBo,n) by the continuity of the paths of X;. Therefore P, = P, on
Fr(B(zo,N))- Since N is arbitrary, this shows that Py = Ps. ]

It is often more convenient to work with strong Markov families. Recall
the definition of M(L,z) from (3.2).

(8.5) Theorem. Let L € N(A,0). Suppose there exists a strong Markov family
(PT, X¢) such that for each x € R?, P? is a solution to the martingale problem
for L started at x. Suppose whenever (P35, X;) is another strong Markov family
for which P35 € M(L,z) for each z, we have P{ = P35 for all x. Then for each x
the solution to the martingale problem for L started at x is unique.

In other words, if we have uniqueness within the class of strong Markov
families, then we have uniqueness.

Proof. Let f be bounded and continuous, A > 0, and z € R?. Let P be any
solution to the martingale problem for £ started at z. By Theorem V.8.2,
there exists a sequence aj; converging to a;; almost everywhere as n — oo

such that the coefficients of the aj; are C?, L™ € N(4,0), and if I@i is a
solution to the martingale problem for £" started at z,

~x

En/ooe_”f(Xt)dt%]E/Ooe_”f(Xt)dt. (3.4)
0 0

By Theorem 2.3, there exists a subsequence ny, such that @ik converges
weakly for all z, and if we call the limit P*, then (P”, X¢) is a strong Markov

family of solutions. By our hypothesis, P* = IP{. Using the weak convergence
of P, to PY,

~ T

Enk/ e’”f(Xt)dt%IE”f/ e ME(Xy)dt.
0 0

Combining with (3.4), [ e *"f(X;)dt has the same expectation under P
and P{. Our result now follows by Theorem 3.2. O

Besides equality of A-potentials, it is enough to show equality of 0-
potentials on bounded domains.

(8.6) Theorem. Let L € N(A,0). Suppose there exists a strong Markov family
(P, X;) such that for each x € R, P is a solution to the martingale problem
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for L started at x. Suppose whenever (P35, X;) is another strong Markov family
for which P5 € M(L,z) for each x, we have: for all f bounded and continuous

and M > 0,
TB(0,M) TB(0,M)
Ing/ f(Xt)dt:]Eg/ F(Xy) dt.
0 0

Then there is uniqueness for the martingale problem for L at each starting point
x.

Proof. Let

A o [P\

0

By Proposition V.2.3 and scaling, there exists ¢; such that
16l < (supEf 7300 )l < 1] o

with ¢; independent of M. Since (P?,X;) is a strong Markov family,
(P?, X¢ar(B(0,m))) has the Markov property. By Corollary 1V.2.6, we have

G%GH:M
1 1 H*A

and
G =Glf+ A=) (G2 f+ A=) (GE)° f+ -+

as long as |\ — pu| < 1/2¢1. Our hypothesis is that GY = GY. So for \ < 1/2¢1,
we have G? f = G2 f. By the uniqueness of the Laplace transform,

Eaff(XtAT(B(o,M))) = E;f(Xt/\T(B(O,M)))

for almost every ¢. By continuity, this equality must hold for all ¢. Since
(P?, Xinr(B(o,m))) 18 a strong Markov family, this suffices to show that the
finite dimensional distributions of Xia,(z(o,a)) under P7 and P§ are the
same. Since M is arbitrary, this shows equality. Now apply Theorem 3.5.
O

Finally, we show that time changing a process preserves uniqueness.

(3.7) Theorem. Let £ € N (A1, Az). Suppose there exists v : R? — (0,00) and
c1 such that ¢t < r(x) < c1 for all x. If there exists a unique solution to the
martingale problem for L started at x, then there exists a unique solution to the
martingale problem for rL started at x.

Here rL is defined by (rL)f(z) = r(z)Lf(z).

Proof. For simplicity, let us do the case where the drift coefficients are zero.
If P; and P, are two solutions to the martingale problem for r£ started at z,
and o is a positive definite square root of a, then under both P; and P, each
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component of X, is a local martingale, and d(X*, X7), = r(X;)a;(X:) dt. Let
Ay = [} 7(Xs)ds, By =inf{u: A, > t}, and ¥; = Xp,. If f € C?, then

| raeseeyas= [ 2

= / ,Cf(XBu) du
0

F(Y) — F(Yo)— / LF(Y.) du

Hence

— f(Xp,) — F(Xo) / P(X)LF(X) ds

is a local martingale. So the law of Y; under P; is a solution to the martingale
problem for £ started at z, i = 1,2. By the uniqueness hypothesis, it follows
that the law of Y; under P; and the law of Y; under P, are the same. A
calculation similar to the one above shows that if C; = f r~1(Ys)ds and
D, = inf{u : C, > t}, then X; = Yp,. Moreover, D, is measurable with
respect to the o-fields generated by Y:. Hence the law of X; is the same
under PP, and P2, which means P, = Ps. a

4. Some uniqueness results

We present some of the cases for which uniqueness of the martingale
problem is known. We assume £ € N (A1, Az) for some A; > 0, and by virtue
of Theorem 3.1, we may take A> = 0 without loss of generality.

(4.1) Theorem. Suppose d > 3. There exists £q (depending only on the dimen-
sion d) with the following property: if

sup sup |ai; (z) — di;] < ea,

7,7 T
then there exists a unique solution to the martingale problem for L started at any
r € RY.

Proof. Let Py, P, be any two solutions to the martingale problem for £
started at z. Define G} f(z) = E [["e M f(X;)dt. If f € C* is bounded
with bounded first and second partlal derivatives, then by Itd’s formula,

f(X:) = f(Xo) + martingale +/ Lf(Xs)ds
0

Multiplying by e™**, taking the expectation with respect to P;, and inte-
grating over ¢t from 0 to oo,
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Ei/we*”f(xt)dt: lf(x)+1Ei/oo e*“/ Lf(X)dsdt  (4.1)
0 )\ 0 0

= %f(x)+Ei/wﬁf(Xs)/ooe*Mdtds
0 s

— @+ 5B [ e i

Set -
u(z) = / e M ((2rt)” d/%**/”) dt,
0

the A-potential density of Brownian motion. Let U* f = [ fy)u*(z—y) dy,
the A\-potential of f with respect to Brownian Inotlon Then set

d
Z (aij(z) — 6:5)0i5 f (). (4.2)

w\»—n

If f =U*g for g € C? with compact support, then by Corollary IV.2.6,
Urg=U’(g— \Ug).
y [PTA, Proposition 11.3.3],

AU g
2

Since Lf = (1/2)Af + Bf, we have from (4.1) that

=AMty —g=\—g.

AU g

G =27 @)+ 276 (S5 4+ BS ) @)
=XA"f(@) +ATIGI (M —g9) + NGBS,

or
Glg = f(x) + GIBf(x).
Hence
Glg=U’g(x) + G BU g(x),  i=1,2. (4.3)
(We remark that if we were to iterate (4.3), that is, substitute for G} on
the right-hand side, we would be led to
Grg=Ug+UBU g+ ---,

which indicates that (4.3) is essentially variation of parameters in disguise.)
We return to the proof. Let
p= sup |Gig—Gsgl.
llglla<1
By Theorem V.6.2, p < co. Taking the difference of (4.3) with i = 1 and
1 =2, we have
Gig—Gig= (G — G3)(BU™g). (4.4)
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The right-hand side is bounded by p||BU*g||4. By (I11.8.1),

d
1BUglla < 2a Y 1050 glla < cacrd?|lglla < (1/2)llg]la

ij=1
if we take 4 < 1/2c1d?. Hence

GYg =G24l < (p/2)llga-

If we now take the supremum of the left-hand side over g € C? with ||g|l4 < 1,
we obtain p < p/2. Since we observed that p < oo, this means that p = 0, or
Gig = G3gif g € L2 In particular, this holds if ¢ is continuous with compact
support. By a limit argument, this holds for all continuous bounded g. This
is true for every starting point € R?, so by Theorem 3.2, P; = Ps. O

(4.2) Corollary. Let C be a positive definite matriz. There exists eq such that if

supsup |a;j(z) — Cij| < €4,

i, x

then there exists a unique solution to the martingale problem for L started at any
r € R

Proof. Let o(x) be a positive definite square root of a(z) and C'/? a posi-
tive definite square root of C. By Theorem 1.1, to establish uniqueness it
suffices to establish weak uniqueness of the stochastic differential equation
dX: = o(X:) dWy. If X, is a solution to this stochastic differential equation, it
is easy to see that Y; = C~/2X, is a solution to dY; = (¢C~/?)(Y;) dW; and
conversely. By Theorem 1.1 again, weak uniqueness for the latter stochastic
differential equation will follow if we have weak uniqueness for the martin-
gale problem for £, where the coefficients of £ are C~'a;;. The assump-
tion |aij(x) — Cij| < €4 implies |C ™ ai;(x) — 8i5] < c1eq, where ¢; depends on
C'. The result follows by Theorem 4.1 by taking 4 sufficiently small. O

We now can prove the important result due to Stroock and Varadhan.

(4.3) Theorem. If L € N (A1, A2) and the a;; are continuous, then the martin-
gale problem for L started at x has a unique solution.

Proof. By Theorem 3.1, we may suppose that A = 0. If z € R%, let C' = a(x)
and then choose r, such that if y € B(z,2r;), then |ai;(y) — aij(z)] < eq for
i,j =1,...,d, where g4 is given by Corollary 4.2. Let a;(y) be continuous
functions that agree with a;;(y) on B(z,r,) and such that if

d
ZCLJ )0i; f (=

i,5=1

then K£¥ € N (41,0), and
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sup sup |ag;(y) — ai;(z)] < ea.
¥ Y

By Corollary 4.2, we have uniqueness of the martingale problem for K*
starting at any point in R?. Moreover, the coefficients of K® agree with
those of £ inside B(xz,r,). The conclusion now follows by Theorem 3.4. O

Next we prove uniqueness for the case where the diffusion coefficients
are continuous except at a single point.

(4.4) Theorem. Suppose L € N(A1,A2) and the a;j are continuous except at
x = 0. Then for each x there exists a unique solution to the martingale problem
for L started at x.

Proof. Again assume without loss of generality that A; = 0. We will use The-
orem 3.6. So we may suppose (Pf, X;) and (P3, X;) are two strong Markov
families, M > 0, and we must show G; = G, where

7(B(0,M))
Gif(x) =B / F(X.)ds,
0

If we set @;; to be continuous and equal to a;; outside of a neighborhood
B(0,6) of 0, and we define £ by (1.1) with a;; replaced by @;, then we have
uniqueness of the martingale problem for L by Theorem 4.3. By the proof
of Theorem 3.4, P{ = P35 on Fr(p(o,s)) if |z| > J. Since ¢ is arbitrary, P{ = P3
on Fr,, where we have written To for T(oy, the hitting time to 0.

By the strong Markov property,

~(B(0,M))ATy
Glf(x):Ef/ f(Xs)ds
0

. 7(B(0,M))
+E::|:Ez / f(Xs)ds; To <TB(0,M):|'
0

By what we have just shown, the first term does not depend on i. So to
show uniqueness we must show that E ¢ J: OT(Bm’M)) f(Xs)ds does not depend
on ¢ either; since (T() < TB(O,IW)) is in fTO? then ]PJ1 (TO < TB(O,I\/I)) = ]P)Q(T() <

TB(0,Mm)); and the result will follow by Theorem 3.6.

By a limit argument, it suffices to consider nonnegative f that are 0 in
B(0,6) for some §. Let ¢ < 6. Then
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#(B(0,M))
E? / F(X.)ds
0
o 7(B(0,e)) 0
=E; / f(Xs)ds +E;Gif(Xr(B(0,6)))

7(B(0,¢))
=E} / f(Xs)ds
0

7(B(0,M))ATy
4+ EOR X(T(BOe) [/ f(Xs)ds}
0

o

o X (r(B(0 X (T, (BO,M))
+EE; (T(B(0,¢))) |:]Ez ( o)/ F(Xs)ds; To < TB(O,M):|~
0

Set Gf(z) =E® fOT(Bw’M))ATO f(X,)ds; this, as we have seen, does not de-
pend on i. Therefore

7(B(0,¢)) -
Gif(0) = E? / F(Xa)ds + ECF(Xo(n0.0y)
0
+ E ?E iX(ﬂB(O’E))) [Gif(O), To < TB(O,AI)}~

Since f is 0 inside B(0,d), the first term on the right is 0. Let h(z) =
P*(To > 7(B(0,M))); again this expression does not depend on i. By the
support theorem, h(zx) is positive if x # 0. We then have

Gif(0) = E{Gf( X (B(0.e))) + Gif(0) — EYh(X,(B0,e)))Gif(0),

and hence o
_ EiGf(Xr(B0,e))

Gif(0) = E{n(X (0. (45)

Neither G'f nor h depends on i. We will show that if z,, is any sequence
with |z,| — 0, then

nl;n;o G f(zn)/M(xn) (4.6)

exists. This will imply lim,_,0 Gf(x)/h(z) exists. Letting ¢ — 0 and using
(4.5), we then conclude that G;f(0) does not depend on 4, and the theorem
will follow.

Let r < §. By looking at C(Gf/h) + D for suitable C and D, we may
assume that the infimum of C(Gf/h) + D on 9B(0,r) is 0, the supremum
is 1, and, moreover, that there exists zo € 9B(0,r/2) such that (C(Gf/h) +
D)(z0) > 1/2. Observe that Gf(X(t A 7(B(0,6)) A Tp)) is a martingale and
the same is true if Gf is replaced by h. Hence C(Gf/h)+ D = (CGf + Dh)/h
is still the ratio of functions, each of whose composition with X;a- (50,5,
is a martingale. By our choice of C and D, CGf + Dh > 0 on 8B(0,r), and
hence by optional stopping is greater than or equal to 0 in B(0,r). Similarly,
CGf+Dh < Dhin B(0,r). By the Harnack inequality, Corollary V.7.7, there
exist ¢; and ¢; such that if z € 9B(0,7/2), then
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h(z) < cih(xo), (CGf + Dh)(z) > c2(CGf + Dh)(z0).
By scaling, ¢ and ¢ are independent of r. So
(C(Gf/h) + D)(x) = (c2/ex)(C(Gf/h) + D) (o) > c2/2c1,

or

5 G <1- )
DB%%g/m(C’Gf/h—i— D)<1—c/2c1 <1

(Recall Osc 4 g =sup, g —infa g.) It follows that

Osc )(@‘/ h) < pag?(%fr)(éf/ h)

aB(0,r/2
for p = 1 — ¢2/2c1, which is independent of r. As in the proof of Theorem

V.7.5, this implies that the limit in (4.6) exists. o

Observe that the value of a;;(0) plays no role in the proof of Theorem
4.4. This is a special case of the fact that changing the values of the a;; on
a set of measure 0 makes no difference to the martingale problem for uni-
formly elliptic operators. To be more precise, suppose L1, L2 € N(A,0) and
{z: L1f(x) # L2f(z) for some bounded f € C?} has zero Lebesgue measure.
If P is a solution to the martingale problem for £1, then by Theorem V.6.2,

E/ e MLLf(Xy) — Laf(Xy)|dt = 0.
0
So for bounded f € C?

F(X0) - F(Xo) — / £ f(Xa)ds = F(X) — [(Xo) - / Laf(X.) ds

almost surely, from which it follows that PP is also a solution to the martin-
gale problem for L.

The final case we wish to consider is the case when £ € N(A,0), no
smoothness assumptions are made on the a;;, and the dimension d is 2.

(4.5) Theorem. Suppose d = 2, L € N(A,0). The martingale problem for L
started at any x is unique.

Proof. By the time change result Theorem 3.7, we may assume that
trace a(z) = 2. We follow the proof of Theorem 4.1. We will be done once
we show

IBUgll2 < pllgll2 (4.7)

for some p < 1, where B is defined by (4.2). We have
1 1
BU*g(x) = 5 (an(z) - DonUg(x) + 5 (az(z) - 1)d22Ug ()

+ alQ(.T)amUAg(a:).
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Since all(m) + azg(l‘) =2,
B0 g(a)
1
o {lan (@ = 1110109 = 9209) (@) + fara(a)| [20207g] |

IA

A

< 2 (lan@ —1P + lan@r) "

% (0007 g(@) = 0207 g(@))? + 40120 9(2))°

1/2
By Parseval’s identity,
/ (101107 g(w) — 022U g(2)]” + 4[0r12U*g(2)]?) d
]R2
e / (09 — 050 (©)F + Al[oral gl (€)?) de,
R2

where [-] denotes Fourier transform. The right-hand side is equal to

51529(5)

/ s - |+ o

(G +8)° ~ r =
_ / e de < do / G(E)P de = gl

Since trace a = 2,
(a1 — 1)° + alz(ac)2 = —det(I — a(z)).

If U is an orthogonal matrix such that D = U™ 'a(2)U is a diagonal matrix,
then trace D = trace a(x) = 2 and det(I — a(z)) = det( — D). Since L is
uniformly elliptic, —det(I — D) < ¢z < 1 for a constant ¢, independent of x.
Combining,

A 1/2 1/2
IBU g2 < fc2/ @llgll2) = 5”*llgll=,

which proves (4.7) with p = c3/?. O

There are some other cases where uniqueness is known. If the a;; are
continuous except on a set that is small in a certain sense, we have unique-
ness (Krylov [4], Safonov [1]). If £ € N(A1, A2) and R? can be divided into
the union of finitely many disjoint polyhedra such that the a;; are con-
stant on the interior of each polyhedron, then uniqueness holds (Bass and
Pardoux [1]). Gao [1] showed uniqueness when R is divided into two by
a hyperplane and the a;; are uniformly continuous in each half space, but
not necessarily on the boundary. On the other hand, Nadirashvili [1] has
constructed an example in R? of an elliptic operator in N(4,0) for some
A > 0 for which uniqueness does not hold.
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5. Consequences of uniqueness

We mention some conclusions that one can draw when uniqueness

holds.

(5.1) Theorem. Suppose there ezxists a unique solution P* to the martingale
problem for L started at x for each © € R%. Then (P®, X;) forms a strong Markov
family.

Proof. This is a consequence of Theorem 1.1 and Theorem 1.5.1. O
Uniqueness implies some convergence results.

(5.2) Theorem. Suppose L,, € N(A1, A2) and the diffusion coefficients a7; con-
verge to a;; almost everywhere, and similarly for the drift coefficients by’ . Suppose
Tn — x, P is the unique solution to the martingale problem for L started at x,
and for each m, P, is a solution to the martingale problem for L, started at x.,.
Then P, converges weakly to P.

Proof. By Theorem V.2.4, the probability measures P,, are tight. By The-
orem 1.3 and its proof, any subsequential limit point is a solution to the
martingale problem for £ started at x. By the uniqueness hypothesis, any
subsequential limit point must be equal to P; this implies that the whole
sequence converges to P. 0

A more interesting application is to Markov chains converging to a
diffusion. See Stroock and Varadhan [2].

(5.3) Theorem. If there exists a unique solution P* to the martingale problem
for all x and f is continuous on 0B(0,1), then u(x) = E* (X, (B(0,1)) s a
continuous function on B(0,1).

Proof. This follows by Theorem I11.3.4. 0

If £ is an elliptic operator in V(A1 A2), u is said to be a good solution for
the equation (A — £)u = f if whenever £, is a sequence in NV (A1, A2) whose
drift and diffusion coefficients are smooth and converge almost everywhere
to those of £, then the solution to (A — £,)u, = f converges to u uniformly
on compacts. When a good solution exists, weak uniqueness is said to hold
for the equation (A — L)u = f. The point here is that the solution u is stable
under slight perturbations of the coeflicients of L.

(5.4) Theorem. Suppose L € N (A1, A2). The martingale problem for L started
at x has a unique solution for every x € R? if and only if weak uniqueness holds
for the equation (A — L)u = f for all f continuous and bounded.
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Proof. Let us suppose we have uniqueness for the martingale problem. Let f
be bounded and continuous. By Theorem 5.2, if z € R%, P% converges weakly
to P?, where P? is the solution to the martingale problem for L, btarted at
. The solution to (A — Ln)un = f is given by un(z) = E7 [ e f(X,) dt.
By weak convergence, this converges to u(z) = IE foo ’”f Xt)dt We
thus have pointwise convergence of u, to u. By Theorem V.8.1, the u, are
equicontinuous, which implies that the convergence is uniform on compacts.

Conversely, suppose we have weak uniqueness. By Theorem 3.2, to
show uniqueness of the martingale problem, we must show that if f is
bounded and continuous, then the value of E [* e f(X;) dt must be the
same no matter which solution P of the martingale problem started at z
is used. Let u be a good solution to (A — £L)u = f. By Theorems V.8.2 and
V.8.8, there exist £, € N (A1, A2) with smooth coefficients such that if P,
is the solution to the martingale problem for £, started at z, then

un(z) = En/oo e Mf(Xy)dt —» E /°° e Mf(Xy)dt.
0 0

Since u is a good solution, u,(z) — u(z). Hence E [ ™ f(X;) dt = u(x),
and the value of E [ e f(X;)dt is determined uniquely. O

6. Submartingale problems

Suppose X; is a solution to
dXt :U(Xt) th-f—b(Xt) dt+’U(Xt) st, Xt GE, X() = Zo, (61)

where L; is a continuous nondecreasing process that increases only when
X; € dD and v is a vector field on dD. If f is C* in D and C' in D, Itd’s
formula says that

f(X:) = f(Xo) + martingale +/ Lf(Xs)ds (6.2)

0

n / (V] - 0)(X.) dLe,

where £ is defined by (1.1). If in addition,
Vf-v>0ondD, (6.3)

then the process f(z:)— f Lf(Xs)ds is a submartingale since f
v)(Xs)dLs is nondecreasmg

A probability measure P on C([0,00), D) is called a solution to the
submartingale problem corresponding to (£,v) started at xo if P(Xo = z9) = 1
and
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F(X) = F(Xo) - / CF(X.)ds

is a submartingale whenever f is C? on D, C* on D, and Vf v > 0 on
dD. Suppose D is a C? domain, the a;; and b; are bounded, the a;; are
continuous, £ is strictly elliptic, v is C*, and inf,cap v(z) - v(z) > 0, where
v(x) is the inward pointing unit normal vector at z € dD. Stroock and
Varadhan [1] have shown that in this case there is a unique solution to the
submartingale problem for (£,v) starting at each zo € D.

7. Notes

The martingale problem was originally formulated by Stroock and
Varadhan; see Stroock and Varadhan [2]. Most of Sections 1 through 4
follows Stroock and Varadhan [2]. Theorem 4.4 is due to Cerutti, Escauri-
aza, and Fabes [1]. For more on the subject of Section 6 see Stroock and
Varadhan [1].
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VI1I

DIVERGENCE FORM
OPERATORS

In this chapter we consider elliptic operators in divergence form. Prob-
abilistic techniques play a much smaller role here than in Chapters 5 and
6. However, one can still say a great deal about the processes associated to
operators in divergence form.

Section 1 consists mostly of definitions. Section 2 discusses a number
of classical analytic inequalities.

One of the major results in this subject is the Harnack inequality of
Moser. This is proved in Section 3.

Sections 4, 5, and 6 are devoted to obtaining upper and lower bounds
on the transition densities of processes associated to operators in divergence
form. Section 4 obtains an upper bound by a method due to Nash. Better
bounds can be obtained for the off-diagonal terms by a method of Davies;
this is in Section 5. Section 6 contains the lower bounds.

Section 7 contains some extensions of the results in Sections 4 through
6, primarily the Holder continuity of the transition densities and bounds
for Green functions.

Section 8 discusses some path properties for the associated processes.

1. Preliminaries

Elliptic operators in divergence form are operators £ defined on C? func-
tions by

Li@) =5 3 0a0,) (@), (1)

4,j=1
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where the a;; are measurable functions of =z and a;;(z) = a;;(x) for all pairs
i,7 and all z. Let D(A) be the set of operators in divergence form such that
for all z and all y = (y1,...,y4),

d
AP <3 ay(@yay; < A7yl (1.2)

4,j=1

Throughout this chapter we assume the operator £ is uniformly elliptic, that
is, £ € D(A) for some A > 0.

If the a;; are not differentiable, an interpretation has to be given to
Lf; see (1.6). For most of this chapter we will assume the a;; are smooth.
With this assumption,

d d d
=3 X G %Z(Zaam)ajﬂw» (13)

M\H

and so £ is equivalent to an operator in nondivergence form (cf. Chapter V)
with b;(z) = (1/2) Zle 0ia;j(z). However, all of our estimates for £ € D(A)
will depend only on A and not on any smoothness of the a;;. So by a limit
procedure, our results and estimates will be valid for operators £ where the
a;; are only bounded and strictly elliptic. See Sections 7 and 8 for a bit
more information on these more general a;;.

We refer to the conclusion of the following proposition as scaling.

(1.1) Proposition. Let £ € D(A) and let (P*, X;) be the associated process
(ind the sense of Section I?) If r > 0, c;f;T(x) = aijA(Qf/T’), and E’j"(m) =
Z” 1 0i(ai;05f)(x), then L™ € D(A) and (P*/",rX,,,2) is the process associated
to L.

Proof. Using (1.3), this is proved entirely analogously to Proposition V.2.2.
See also the proof of Proposition 1.8.6. O

An important example of operators in divergence form is given by the
Laplace-Beltrami operators on Riemannian manifolds. Such an operator is
the infinitesimal generator of a Brownian motion on the manifold. After a
time change (cf. Theorem V1.3.7), the Laplace-Beltrami operator in local
coordinates is an operator in divergence form, where the a;; matrix is the
inverse of the matrix g;; that determines the Riemannian metric.

Recall the divergence theorem. Suppose D is a nice region, F is a

smooth vector field, v(z) is the outward pointing normal vector at = € 9D,
and o is surface measure on dD. The divergence theorem then says that

F.v o(dy) = div F(z) dz. .
/w (y><y>/D (=) (1.4)
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(1.2) Proposition. Let g be a C* function with compact support and f a
bounded C*° function. Then

d

| swese=—3 [ (3 ast @ @)

The integrand on the right could be written Vg-aVf.

Proof. We apply the divergence theorem. Let D be a ball large enough
to contain the support of g and let F(z) be the vector field whose ith
component is

) S ais (@)1 @),

j=1
Since g is 0 on 8D, then F-v =0 on 0D, and also,

d

div F(z) = % Z 0; (g(x) Z aij(??)@'f(@)

j=1
d
1
=3 Z 9ig(x)aij(z)0; f(z) + g(z) L f(x).
i,j=1
We now substitute into (1.4). O

Applying Proposition 1.2 twice, if f and g are smooth with compact
support,

/ 9(@)Lf (@) do = / F(@)Lo(a) da. (15)
This equation says that £ is self-adjoint with respect to Lebesgue measure.

Note that Proposition 1.2 allows us to give an interpretation to £Lf =0
even when the a;; are not differentiable. We say f is a solution to £f = 0 if
f is differentiable in some sense, e.g., f € W? for some p and

d
|3 as@a@ogta) as =0 (16

i,j=1

whenever ¢ is in C*° with compact support. Here W'? is the closure of
C? N L*> with respect to the norm

d
I llwre = 1£lp+ D 10:F -
i=1

See Stein [1] for further information about the space W'?.

The expression
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d
53 as@as@ote s =5 [ Vi) ae)Vo(o) ds

i,7=1

is an example of what is known as a Dirichlet form. If we denote it by £(f, g),
then Proposition 1.2 says that

/gﬁfdx =-&(f.9)

for g with compact support. In the case of Brownian motion, the Dirichlet
form is

Eori(f0) = + / Vi(x) - Vo(x) d.

Part of defining a Dirichlet form is specifying the domain. For example, the
Dirichlet form for Brownian motion in R¢ has domain {f € L?: Egm(f, f) <
oo}. The Dirichlet form for reflecting Brownian motion in a domain D C R?
operates on {f € L*(D) : [, |Vf(x)|*dz < oo}, whereas the Dirichlet form
for Brownian motion killed on exiting a set D has domain {f € L*(D) :
fD |V f(x)|*dz < oo, f = 0 on &D}.

Note that the uniform ellipticity of £ implies that
A (f, ) S Ec(ff) < A (S, f). (L.7)

An active area of research is the construction of Markov processes
corresponding to a given Dirichlet form and seeing how properties of the
Dirichlet form are reflected in properties of the process; see Fukushima,
Oshima, and Takeda [1].

2. Inequalities

We will make use of several classical inequalities. The first is the
Sobolev inequality.

(2.1) Theorem. Suppose d > 2. There exists c1 such that if f € C* and Vf € L?,

then
2d/(d—2) (d—2)/2d ) 1/2
[f(z)] dzr <a |V f(x)|” dx )
Rd Rd

There are many different proofs of this. See Stein [1] or [PTA, Theorem
IV.3.10]. An elegant proof using isoperimetric inequalities can be found in
Maz’ja [1]. An elementary proof can be found in Nirenberg [1].

A variant of the Sobolev inequality is the following for bounded do-
mains.
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(2.2) Corollary. Suppose d > 2. Let Q be the unit cube. Suppose f is C* on Q
and Vf € L*(Q). There exists c1 such that

(Lo <l [wse [ 1]

Proof. Let Q* be the cube with the same center as @ but side length twice
as long. By reflecting over the boundaries of Q, we can extend f to Q* so
that fQ* IfIP < c2 fQ |fIP for p = 2d/(d — 2) and also fQ* IfI? < co fQ |fI> and
fQ* IVFI? < ca fQ |V £, where ¢ is a constant not depending on f. Let ¢ be
a C* function taking values in [0, 1] with support in Q* and so that ¢ =1
on Q. Applying Theorem 1.1 to ¢f,

(L)< (frem)" za [1venr

where p = 2d/(d — 2). Since

IV(ef)I? < 2/Ve*|f* + 20¢l*|V £,

and ¢ and V¢ are bounded by constants independent of f and have support
in Q*, the result follows. O

Another closely related inequality is the Nash inequality.

(2.3) Theorem. Suppose d > 2. There exists ¢1 such that if f € C?, f € L'NL?,
and Vf € L?, then

(fee)y " <a( from)( [in)”

Proof. If F(&) = [ € f(x) da is the Fourier transform of f, then the Fourier
transform of 9; f is i@f({) Recall |f < \f| By the Plancherel theorem,
J1f? =ca2 [1f(©)Pde and [ |Vf[* = cs [ [€2|F()]* d. We have

/|f| w/\f o ds<cQ/ 72 +c/ 160, 7
lel<Rr e>r B
<esn( / )+ ear / AP

We now choose R to minimize the right-hand side. O

When d > 3, we can also derive Theorem 2.3 from Theorem 2.1. Let

_d+2  _d+2 o 2d o 4
Ta—2 91T 1 YT ary Tdt2
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Since a +b =2, |f|> = |f|°|f]°, and then Hélder’s inequality with the given
p and q tells us that

Jie<(Jue) ™ (freen)™,

Since bg = 1 and ap = 2d/(d — 2), an application of Theorem 2.1 gives
Theorem 2.3.

The Poincaré inequality states the following.

(2.4) Theorem. Suppose Q is a unit cube of side length h and f is C* on Q
with Vf € L*(Q). There exists ¢c1 not depending on f such that

/If(fr)—fQIZd:rScth/ V1 (@) de
Q Q

where fo = |Q|™* fQ f(z)dx.

Proof. By a translation of the coordinate axes, we may suppose Q is centered
at the origin. Since V(f — fo) = V£, by subtracting a constant from f we
may suppose without loss of generality that fo = 0. Let us also suppose for
now that h = 1.

If m = (m1,...,ma), let C,, denote the Fourier coefficient of e
that is,

2mim-x

Cm = / e 2T £ (1) dix.
Q

Since fQ f =0, then Cy = 0. The mth Fourier coefficient of 9; f is 2wim;Ch,.
By the Parseval identity and the fact that Co = 0,

/Q VI = 3 @m il C (2.1

>3 (Cuf = [ 11
m Q

We eliminate the supposition that h = 1 by a scaling argument, namely, we
apply (2.1) to f(z) = g(zh) for = in the unit cube, and then replace g by

f O

Finally, we will need the John-Nirenberg inequality. We continue to
use the notation

fa=to” [ 1 22)
Q
(2.5) Theorem. Suppose Qo is a cube, f € L'(Qo), and for all cubes Q C Qo,

1
” /Q () — fal < 1. (2.3)
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Then there exist c1 and c2 independent of f such that

/ @ dp < ey,
Qo

An f satisfying (2.3) is said to be in BMO, the space of functions of
bounded mean oscillation. A proof of Theorem 2.5 may be found in [PTA,
Proposition IV.7.6] or Garnett [1].

3. Moser’s Harnack inequality

Let Q(h) denote the cube centered at the origin with side length h.
Moser’s Harnack inequality (Theorem 3.5) says that if £ € D(A), there
exists ¢; depending only on A such that if Lu =0 and v > 0 in Q(4), then

supu < ¢1 inf wu.
Q(1) Q)

We begin proving this important fact by establishing a sort of converse
to Poincaré’s inequality for powers of u. Recall that u is £-harmonic in Q(r)
if uis C? on Q(r) and Lu = 0 on Q(r).

(3.1) Proposition. Suppose r > 1 and u is nonnegative and L-harmonic in Q(r).
There exists c1 depending only on the ellipticity bound A such that if v = u? for

p € R, then
2
/ |VU|2S61(2 2p1) %/ |’U|2.
QM) P~ =12 Jow

Proof. The result is trivial if p = 1/2. The result is also trivial if p = 0, for
then v is identically 1 and Vv = 0. So we suppose p is some value other than
0 or 1/2. Let ¢ be a smooth function taking values in [0, 1] with support in
Q(r) such that ¢ =1 on Q(1) and |V¢| < ca/(r — 1). Let w = u?P"1p?. Since
u is L-harmonic and w = 0 outside of Q(r), Proposition 1.2 tells us that

0:2/ w[,u:—/ Vw - aVu
Q(r) Q(r)

=—2p-1) / w20V - aVu — 2/ u?P oV - aVu.
Q(r) Q(r)

We then have, using (1.2) and the Cauchy-Schwarz inequality,
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/ |VU‘2802 _ / p2u2p72lvu|2<p2
Q(r) Q(r)

< Ap? / w0’V - aVu
Q(r)

2p* _
= 02L u?? 14,0Vg0 -aVu
20 =1 Joe

2cop? -
= =P wP oV - au’ " 'Vu
20 =1 Joe

_ 2cap
|2p — 1]

vV - apVu
Q(r)

2cs|p 1/2 1/2
g|2_"1|(/ o) ([ eer)
p Q(r) Qr)

Dividing both sides by (me |Vo|?¢?)!/2, we obtain

Y
Q(1) Q(r)

Let us define
1/p
b(p,h) = (/ up) .
Q(h)

(3.2) Proposition. Suppose d > 3. If u > 0 in Q(2) and Lu = 0 in Q(2), then
for all gqo > 0 there exists c1 (depending on qo but not u) such that

sup u < c19(qo, 2).
Q(1)

Proof. Let R = d/(d —2), p > 0, and 2 > r > 1. By Corollary 2.2 and
Proposition 3.1,

2pR 1R 2 2
([ v <al [ w@r+ [ ]
Q) Q) QM)
2
ol () [ e
(r=12\2p =1/ Jo, Q)
< C4 ( 2p )2/ u2P.
(r—12\2p-1 Q)

Taking both sides to the 1/2p power and using scaling, if r < s < 2r,
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ca (2p) )1/2”
] < d(2 . 1
) < (G CE) P (3.1)
Suppose po = R~™7'/2/2, where m is the smallest positive integer such
that 2po < qo. Let p, = R"po, rn, =1+ 27". Then
Tn 27n71

_1= >9 "
— 1 T52-GD >27"/2

and by our assumption on po,

2pn 2
( P ) SC55
2py, — 1

where ¢; depends only on R. Substituting in (3.1),

D(2pnt1,mnt1) < (c6 22")1/(2Rnp0)¢(2p ).

By induction,
B(2pn,mn) < c§2°®(2po, 2),

where

S 2R1jp0 < o0 z:: 2Ripo
Therefore ¢(2p,,rn) < c7®(2po, 2). By Holder’s inequality,
D(2po,2) < csP(qo, 2).
The conclusion now follows from the fact that

sup u < lim sup @(2pn, 7n). O

Q1) n— oo

(3.3) Proposition. Suppose u is bounded below by a positive constant on Q(2)
and go > 0. Then there exists c1 (depending only on qo but not u) such that

—1/q0
inf u > (/ u_q°> .

Proof. The proof is almost identical to the above, working with
-1/p
o) = ( / u?) (3.2)
Q(h)
instead of @(p, h). O

To connect &(p, h) for p > 0 and p < 0, we look at logu.

(3.4) Proposition. Suppose u is positive and L-harmonic in Q(4). There exists
c1 independent of u such that if w = logu, then
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/ |Vw|® < e1h*™?
Q

for all cubes Q of side length h contained in Q(2).

Proof. Let Q* be the cube with the same center as @ but side length twice
as long. Note Q" C Q(4). Let ¢ be C* with values in [0, 1], equal to 1 on @,
supported in Q*, and such that ||[Vy|e < c2/h. Since Vw = Vu/u and u is
L-harmonic in Q(4),

022/%2£u:7/V(g02/u)~aVu

2
:—/M-aVu—i—/%Vuszu
u u

—2/4,0ch -aVw + /L,DQV’LU -aVuw.

So by the Cauchy-Schwarz inequality and (1.2),

/ <p2\Vw|2§63/ <p2Vw~an:C4/ V- apVw

1/2 1/2
s(/ Vel?) (/ S Ivul?)

Dividing by the second factor on the right, squaring, and using the bound
on |V,

[vurt< [ STl < @i m?
Q Q*
which implies our result. O

Putting all the pieces together, we have Moser’s Harnack inequality.

(3.5) Theorem. There exists c1 such that if u is L-harmonic and nonnegative
in Q(4), then

supu < ¢1 inf wu.
Q1) Q)

Proof. By looking at u + ¢ and letting ¢ — 0, we may suppose u is bounded
below in Q(4). Set w = logu. By Proposition 3.4 and Theorem 2.4, there
exists cs such that if @ is a cube contained in Q(2), then

1 2 1 2 h2 2
(7 |w —wQD <— | lw—wg|” <cor= [ |Vw|” <es.
al J, al J, a1 J,

By the John-Nirenberg inequality applied to w /cé/ % and —w /cé/ % there exist
ca and go such that
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/ el < ¢y, / e % < ¢y
Q(2) Q(2)

This can be rewritten as
/ qu/ u—QO < Ci
Q(2) Q(2)

D(qo,2) < /P D(—qo,2). (3.3)

or

This and Propositions 3.2 and 3.3 show

sup u < ¢5P(qo,2) < c6P(—qo,2) < c7 inf u. O
Q(1) Q(1)

An easy corollary proved by repeated use of Theorem 3.5 to a suitable
overlapping sequence of cubes (cf. Corollary V.7.7) is the following.

(3.6) Corollary. Suppose D1 C D1 C Do, where D1 and D2 are bounded con-
nected domains in R? and d > 3. There exists ¢1 depending only on D1 and Ds
such that if u is nonnegative and L-harmonic in D2, then

supu < ¢ inf u.
Dy Do

Another corollary of the Moser Harnack inequality is that £-harmonic
functions must be Hélder continuous with a modulus of continuity inde-
pendent of the smoothness of the a;;.

(3.7) Theorem. Suppose d > 3 and suppose u is L-harmonic in Q(2). There
exist ¢c1 and « not depending on u such that if x,y € Q(1),

lu(z) —u(y)| < erlz — y|* sup |u].
Q@

Proof. Fix x and let r < 1. Our result will follow (cf. [PTA, Proposition
I1.2.2]) if we show there exists p < 1 independent of r such that

Osc u<p Osc u. 3.4
B(z,r/2) pB(z,r) ( )

By looking at Cu+D for suitable C and D, we may suppose that the infimum
of Cu+ D on B(z,r) is 0, the supremum is 1, and there exists zo € B(z,7/2)
such that (Cu + D)(z¢) > 1/2. By Corollary 3.6 with Dy = B(x,r/2) and
Dy = B(xz,r), there exists ¢z such that

(Cu+ D)(y) > c2(Cu + D)(xz0) > c2/2, y € B(z,r/2).

On the other hand, if (P*, X;) is the process associated with £, then
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(Cu+ D)(y) =EY(Cu+ D) (Xr(Br)) <1

by optional stopping. Hence Osc g4, /2)(Cu+D) < 1—c2/2, and (3.4) follows.
O

4. Upper bounds on heat kernels

We are now going to investigate bounds on the transition densities of
X, where (P?, X,) is the process associated to an operator £ € D(A). Let
P; be the operator defined by

Pif(z) =E*f(X0).

We shall see that there exists a symmetric function p(t, z,y) such that

Pf(e) = / F)p(t, 2. ) dy

and that p(¢,z,y) has upper and lower bounds similar to those of Brown-
ian motion. Recall that d,u means du/dt. Since u(z,t) = E* f(X;) is also a
solution to the Cauchy problem d;u = Lu in R¢ x (0, co) with initial condition
u(z,0) = f(x) and, as we have seen in Chapter II, u(z,t) = f f)pt, z,y) dy,
then p(t,z,y) is also the fundamental solution to the Cauchy problem for
L. The equation d;u = Lu is a model for heat flow in a nonhomogeneous
medium, which leads to the name heat kernel for p(t,z,y).

It is possible to derive bounds on p(t,z,y) from Moser’s Harnack in-
equality via arguments using capacities and some probabilistic arguments;
see Littman, Stampacchia, and Weinberger [1] and Barlow and Bass [1].
We present instead an approach due to Nash [1], Davies [1], and Fabes and
Stroock [2] for the upper bound, which is quite elegant and useful.

First, we derive some properties of P,. We continue to assume that the
coefficients a;; are smooth and that £ € D(A) for some A > 0.

(4.1) Proposition. If f € C™ is bounded and in L', then P.f is differentiable
int and
P f = PLf = LP:f.

Proof. By Itd’s formula,

t+h
Pronf(a) - Pif(x) = E* / LF(X.) ds,

S0
P f(zx) =E"Lf(Xe) = PLf(2)

by the continuity of Lf.
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By Proposition 1.9.1 and its proof, P.f is a smooth function of z. Ap-
plying It6’s formula to P;f,

Pu(Pf)(x) = Pof(x) = E" P f(Xn) — E* P f(Xo)

:IE“”/ L(P.f)(X,) ds.

However, P,(P.f) = Piynf by the Markov property. Dividing by h, letting
h — 0, and using the continuity of £(P;f),

Next we show that P, is a symmetric operator.

(4.2) Proposition. If f and g are bounded and in L',

/f(w)Ptg(x) dx:/g(z)Ptf(x) dz.

Proof. Let f,g € L' N C? be bounded with bounded first and second partial

derivatives. By (1.5),
[7en = [ach.

/ T o)) = / (- 0)7). (4.1)

If f,g are bounded C*° functions and A > 0, let f = G*f, § = G*g, where
G is defined by

Therefore

G f(x) = ]ETI/ e ME(Xy)dt.
0
By Section II1.6, f and g are smooth and (A — £)f = f, (A — £)g = g. By

Jensen’s inequality, f and g are in L'. Substituting in (4.1),

/ (G* g = / @9)f.  Aso.

We have seen in Proposition 4.1 that P f is differentiable in ¢, and hence
continuous in ¢. Noting G*f = [ e~ *" P, f dt, the uniqueness of the Laplace
transform tells us that

/(Ptf)g = /(Ptg)f, t>0.

We now use a limit argument to extend this to the case where f and g are
arbitrary bounded functions in L. O
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With these preliminaries out of the way, we can now present Nash’s
method, which yields an upper bound for the transition density.

(4.3) Theorem. There exists a function p(t,x,y) mapping (0,00) x R? x R? to
[0,00) that is symmetric in x and y for almost every pair (z,y) (with respect to
Lebesgue measure on R? x Rd) and such that P;f ff p(t,x,y) dy for all
bounded functions f. There exists c1 depending only on A such that

—d/2
7

p(t,x,y) < cit t>0, zyecR%

Proof. Let f be C* with compact support with [ f = 1. We observe that

[ra@as= [ = [ar= [ 11

because P;1 = 1.
Set

B(t) = / (P (@)? da,

and note E(0) = [ f(z)* dz < co. By Proposition 4.1,

B =2 / T (2)0u(Puf (2)) di = 2 / £ ()P, f () da.

By Proposition 1.2, this is equal to
- / V(PLf) 0¥ (Puf)(x) dix < —A / V(P (@) d,

since £ € D(A). By Theorem 2.3 (the Nash inequality), we have the right-
hand side bounded above in turn by

ool o) ([ ) = e

E'(t) < —caE(t)' T/, (4.2)

Therefore

or
(E@) ) > cs.

(We are treating the differential inequality (4.2) by the same methods we
would use if it were an equality and we had a first order separable differential
equation.) An integration yields

E(t)"%* — E(0)"%* > cat,

or
E(t)" %% > cst.

We conclude from this that
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E(t) < cat™ %2
Using the linearity of P, we thus have that
I1P:fll2 < i) £ (43)

for f smooth. A limit argument extends this to all f € L'. We now use a
duality argument. If g € L' and f € L?,

/g(Ptf) = /f(Ptg) < Sl Pegllz < 5”28 gl llf 2.

Taking the supremum over g € L' with ||g|: < 1,

IPiflloo < ci/2t 4| £]l2- (4.4)

By the semigroup property, (4.4) applied to P;/»f, and (4.3) applied to f,
1P fllso = 1Peja(Pejaflloo < e ?(t/2) | Prjaf
< ea(t/2)”?||fllx.
This says
sl < et [1]an (45)

Applying this to f = 15, B a Borel set, we see that P*(X; € dy) is absolutely
continuous with respect to Lebesgue measure and the density, which we
shall call p(t,z,y), is nonnegative and bounded by cst~%/2 for almost all
pairs (z,y). The symmetry (except for a null set of pairs) follows easily by
Proposition 4.2. O

5. Off-diagonal upper bounds

A more sophisticated variant of the argument of the previous section,
due to Davies, allows us to obtain a better estimate on p(t, z,y) when |z —y|
is large relative to t'/2. We will use the notation

d
o) = [ V1-ava=g [ 3 os@as0e)dn

i,j=1

Let R: RY — R be a smooth function.
(5.1) Proposition. If f € C*, then

S 2 e ) - BIVR- VRl [ 17

SE
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Proof. We calculate:
V(PP = (2p - 1) PV 4+ fPPTIVR
and
Ve ffy=e Vf—e ®fVR.

So
V(e - av(e " f)
=@2p—1)f*?Vf-aVf—(2p—2)f*"'Vf-aVR
— f*VR-aVR
= pf* 2V -aVf—pf*VR-aVR

+(-1) {pr_QVf ~aVf—2fP7'Vf . aVR
+ f?VR. aVR}.
The expression in brackets is
(fPIVf) - a(fPIV ) = 277V F) - a(f°VR) + (fPVR) - a(f*VR)
= (f*7'Vf — fVR) -a(f*7'Vf - fP'VR) > 0.
Since V(f?) = pf*~ 'V, so that V(f?) - aV(f?) = p>f* 2V [ - aVf, we have
V(Y aV(e T f) 2 pfP AV - aVf — pf*VR - aVR
> V() aV () I TR aV Rl 1.

Integrating over R? and multiplying by 1/2 completes the derivation. O

We use Proposition 5.1 to obtain a differential inequality for the L?
norms of a semigroup related to P.. Let f > 0 be smooth, let R be smooth,
and define

Pl f(z) = " Pie ) (2).
Note that
PR f(x) = eRatPt(e*R 1) =eL(P(e 7 f)).
Let p > 1, set f; = P/ f, and E(t) = ([ f?*)"/?". Let I' = |[VR - aVR||w.

(5.2) Proposition. There ezists c1 independent of f, R, and p such that

E(t)' /4 p

+2rE@). (5.1)

B <220
Pl 2

Proof. Let D(t) = [ fi(x)*” dz. Then by Proposition 5.1,
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D'(t) = 2p/ff"*18tft :2p/f3P*1eRc(Pt(e*Rf))
- ‘p/ V("7 aV (e )
= —2pE(e" [ e )
<

9E(fP, ) 4 5T / s

Since E(t) = D(t)'/?,

E() = %D(t)”%*lp’(t)

< D) = Sewsr. 1)+ §row).

Since £ € D(A),
EGPL 1) = / V() -avr > A / v

So using Theorem 2.3 (the Nash inequality),

poy <o [ ([ ) (o) 4 Brow)

C2

< 2D £+ Erp .
p

Since D(t) = E(t)*?, the conclusion follows. O

(5.3) Corollary.
I£ell2 < e 21 f ]2

Proof. Let p = 1. We have fy = e"Py(e™®f) = £, so E(0) = ||f]l2. From
Proposition 5.2, E’'(t) < I'E(t)/2. Then

(log E(t))" = E'(t)/E(t) < I'/2,

or
log E(t) —log E(0) < I't/2.

We now solve for E(t). ]

To handle the differential inequality obtained in Proposition 5.2, we
proceed in the same manner as we would if we had equality: we multiply by
an integrating factor to obtain a separable ordinary differential equation.

(5.4) Proposition. Suppose w is a nonnegative, nondecreasing continuous func-
tion on [0,00). Suppose p > 2 and a,b,I" > 0. There exists c¢1 depending only on
a and b such that if
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tp_Qu(t)l'H’p D
"y <2 MY P
e A R

then
u(t) < t*(lfl/p)/b(C1p2)l/bpe[‘t/2pw(t).

Proof. Let v(t) = u(t)e /2 so that

V() = [u'(t) - £u(t)} e P2,

2
Hence
, a tP— 2y Hbp P t(14bp) /2 I't/2
v(t) < —— bp e,
P w
or
piP—2 bp2I't/2
(>
= wbp
Therefore t gp—2gbp?I's/2
ot > ab/ 717615
W

t
ab p—2 bp2F3/2
> w(t)bp/ s’ ‘e ds.
0

Using a change of variables, the integral on the right is

2
ot \p-1 [UPI/Z ~
(b QF) / 15?2 s
D 0
bp2I/2

2( 22t )p_let(lfl/pQ)bpzl"/2/ P2 s
bp*I’ (1-1/p2)bp2 /2

_ p1,t6p? =002 1—(1—1/p*)P !
p—1 '
Since
1—(1—-1/p*)P"
p—1

> 02/132

for p € [2,00), then

p—1
—bp 5 C3 t bp2rz/ze—bn/2

v
— wbp p2

and our estimate follows easily. O
Our estimate of the upper bound is completed by

(5.5) Theorem. There exist c1 and ca depending only on A such that if t > 0,
then )
p(t,&r,y) S clt—d/ze_‘m_yl fe2t

for almost every pair (z,y) (with respect to Lebesgue measure on R? x R?),
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Proof. For p > 1, let
up(t) = || fell2p,

and if p > 2,

wp(t) = sup sd(p72)/4pup/2(s).

0<s<t
By Corollary 5.3,
wa(t) < e T2 fa.

By Proposition 5.2,

t)l+4p/d D
iy < " P
up(t) < = PO up(t)

cs up(t)1+4p/d 261772 p
_sy v L Pp .

ST @i Tl
hence by Proposition 5.4 (with a = ¢ and b = 4/d) and the definition of
w2p(t)7

wap(t) < (cap®) P P (1),

Using induction and the fact that

2n\d/4-2
H(C42 )Y < 0, 227 < It
n=1 n=1
we have
wan (t) < cse’ || £l
Therefore

[ felloo < limsup || fellan < eat™*e"|| ]2

n—r00

We have thus shown that PZ maps L? into L*° with norm bounded by
cst~¥*e!™. Clearly the same bound holds for P, ®. Note that

/ f(Pfg) = / fef*P(e”g) = / ge TP(ef) = / g(P " f).

By the duality argument of Theorem 4.3,
I flloo < cot™ e[| f]l2-
Therefore, since
PRf=e"Pe Bf) = eRPt/g (efReRPt/Q(efRf)) = Pf%Pf%ﬂ

1P flloo < ca(t/2)~ 2272 f]1.
This shows
€R(z)p(t,$,y)€7R<y> < c7t7d/261"t

for almost every pair (z,y). Fix to and then fix (xo,y0) not in the null set.
Let R(z) be a smooth bounded function equal to x - (o — yo)/24 'ty for
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|z] < N and ||VR|l < |zo — yo|/247 *to, where N is a large real number.
Then

2
t < crt™? (mo O (y—z)+ A (L’ - x0|) t). 5.2
p( ,w,y) > Cr eXp 2/171150 (y CL’) + 2/171150 ( )

Applying (5.2) with z = 2o and y = yo and ¢ = t; yields the desired result.
O

Set Gf(z) =E" [ f(X.)ds.
(5.6) Proposition. Suppose d > 3. There exist « > 0 and ¢1 > 0 such that

(a) IGf(2)] < calllflloo + 11F11)

0 GF@) = GFW)I < ex(flloo + G o)k — o
Proof. For f >0,
61w = [ pa@as= [ [ sontsnn ayas
< /f(y) /Ooop(s,%y) dy ds SC2/f(y)lw—y|2_ddy,

using Theorem 5.5 (cf. [PTA, Proposition I1.3.1]). For bounded f, we have
the estimate

Gf (@) <E* / (e £)(X.)| ds + E* / (Lo P)(X2)] ds
0 0
< [1Fll / Pulpion () ds + / Pu(Lenyel fI) () ds.
0 0

Since
/1B(m,1>(y)lx —y[* T dy < s

and

/ @) Loy ()] — o>~ dy < e / )l dy.

(a) follows.
Now fix zo and suppose z,y € B(wzo,r), where r will be chosen in a
moment.

T(B(z0,7)) oo
Gf(m):]E”’/ f(Xs)ds-i—E””]EXT(B@oﬂ)/ f(Xs)ds (5.3)
0 0

T(B(z0,7))
:]EQ/ f(XS)dsJrEfo(XT(B(zO,,-))).
0
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We have a similar expression for Gf(y). The first term on the right of (5.3)
is bounded in absolute value by || f||ccE “75(z0,~) and

E*T5(0,r) SEI/ 1B (zg,m) (Xs) ds
0
< 05/ |z —y* Y dy < cor’.
B(xg,r)

On the other hand, h(z) = E*Gf(X;(B(z,»)) is £L-harmonic in B(zo,r/2) by
Proposition I11.5.1. By Theorem 3.7 and scaling, there exists 8 > 0 such
that

|h(2) = h(y)| < erlle = yl/r) |l < er(lz —yl/r)° Gl

if z,y € B(zo,7/2). Combining,

z— ul?
G7(@) - G| < es (17 oe + 167 ) (2 + 20,

If we take r = |z — y|*/®*? | we obtain (b). O

Let N be fixed, D = B(xo, N), and Gf(z) = E [[” f(X,)ds. A similar
proof shows

(5.7) Corollary. There exist c1,c2 > 0 and a > 0 such that

(a) G (@) < el flloo

(b) 1Gf(x) = GFW)| < ca(llflloo + G S lloo) |2 —y|*.
c1 may depend on N, but cz2 does not.

Proof. The only difference with the proof of Proposition 5.6 is the observa-
tion that || fllL1p) < D]l fllee- 0

6. Lower bounds

In this section we show there exist ¢; and c» such that

p(t7 xZ, y) 2 clt_d/2e_|m_y‘2/62t'
We assume throughout that d > 3. This restriction will be removed in
Section 7.

Let zo € R%, N > 0, and let D = B(zo, N). We consider the process X;
killed on exiting D. Observe that

P*(X, € B,7p >t) <P*(X, € B) = / p(t, z,y) dy. (6.1)
B
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This shows that P*(X; € dy,7p > t) has a density bounded by p(t,z,y).
We denote the density by pp(¢,z,y), or when it is clear which domain D is
meant, by p(t, z,y).

(6.1) Proposition. p(t, z,y) = p(t,y, z) for almost every pair (z,y) (with respect
to Lebesgue measure on D X D).

Proof. We know that X; has continuous paths and that p(¢, z, y) is symmetric
for almost every pair. With this observation the proof is now the same as
that for Brownian motion; see [PTA, Proposition I1.4.1] or Port and Stone
[1]. O

Since p(t, z,y) < p(t, z,y) < it~ Y2, we have

// (t,z,y)* dedy < it~ 4| DJ?, (6.2)

so Pif(z fD y)B(t, z,y) dy is a bounded linear operator on L?(D).

A hnear operator T in L? is said to be completely continuous if the
closure of {Tf,} is compact whenever {f,} is a bounded sequence in LZ.
The identity I is an example of a bounded linear operator on L? that is not
completely continuous, for if {f,,} is an orthonormal set in L*(D), then

Vo = Ll = 1 — fonl2 = I3+ ol — Z/fnfm o,

and no subsequence can converge. See Riesz and Sz.-Nagy [1] for further
information on completely continuous operators.

(6.2) Proposition. Py is a completely continuous operator on L?.

Proof. An operator T of the form

~ ([ 1610 d0)ot2)

for ¢ € L? is completely continuous. To see this, if f, is a bounded sequence
in L?, then the numbers an = [ fu(y)e(y) dy form a bounded sequence of re-
als, and some subsequence a,; converges, say to a. Hence T'fy; = an; 0 — ap
in L?. Since L? is a metric space, the fact that {Tf,} has a convergent subse-
quence whenever {f,} is bounded implies that 7" is completely continuous.
Such a T has a kernel p(z)p(y), that is,

2) = / £ [e@)ow)] dy.

By the same argument, any operator with kernel )" | bipi(x)gi(y) for
some n and some finite sequence {p;} € L? will be completely continuous.
Here the b; € R.
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If T; is completely continuous and ||T; — T||2 — 0 as i — oo, where
T = Tllz = supyzy,<1 (5 = T)fll2, we show T is completely continuous.
Suppose {f.} is a bounded sequence in L?. For each i, {T;f,} has compact
closure, hence a subsequence converges. By a diagonalization procedure, we
can find a subsequence n; such that T; f,, converges in L* as j — oo for each
i. Since the triangle inequality tells us that

I T fr; — Thopllz < NT = Till2ll fo, ll2 + (|7 = Til2| fry [I2
T fr; = Tifrpell2,

then

limsup ||Tfn; — T fn,ll2 < 2T — Till2 sup || fnll2-

Jk—o00 n
This holds for all 4, so limsup; , ., [T fn; = Tfn,ll2 = 0. By the complete-
ness of L, the sequence T f,, converges in L?, and hence the sequence has
compact closure.

We now examine P;. From (6.2) and Proposition 6.1, we can approxi-
mate p(t,z,y) in L?(D x D) by simple functions that are symmetric in = and
y. A function 1g(z,y) where (z,y) € B if (y,z) € B for B C D x D can be
approximated in L*(D x D) by functions of the form Y7 | aile,(z)lc,(y),
C; C D. Therefore p(t,z,y) can be approximated in L?(D x D) by functions

of the form
= bipi(@)pi(y), (6.3)
j=1

Where each @; € L*(D). If T is the operator on L? defined by Tf(z) =
f f(y)T(x,y)dy, then

||Ef—Tf|\§:/ ([ ripteen) - 7o) an) " e

< [[[1rwra][ [ pesn-re)a) e
151 [ [ [pten) = 1@ g

Each operator T of the form (6.3) is completely continuous by what we
have proved, and P; can be approximated by such operators, and hence P;
is completely continuous. O

(6.3) Theorem. There exist a sequence of reals 0 < A1 < Ag < -+ tending to 0o

and a complete orthonormal system @; for LQ(D) with @1 > 0 almost everywhere
such that for each t > 0

t x y = Ze y) (6-4)



178 VII DIVERGENCE FORM OPERATORS

for every pair (z,y) € DX D except for a null set with respect to Lebesgue measure
on D x D (the null set may depend on t). The series in (6.4) converges absolutely
with respect to L*°(D x D).

Proof. We first show P; has only nonzero eigenvalues. By Jensen’s inequality,
IP:fll2 < |If]l2- Suppose f € L*(D) and f is 0 outside of D. Given ¢, let g be
a continuous function with compact support such that ||f — g||2 < e. Then

limsup [P f — fll2 < limsup [P f — Pegll2 + limsup [[Peg — gl
t—0 t—0 t—0

+I1f = gll2
< 2,

since P;g — g for each = by the continuity of X;. Therefore P,f — f in L>
ast— 0.
If P,y = 0 for some ¢, then

oz/ﬂﬁwz/@m@@m@

by the semigroup property and the symmetry of P;. So P = 0. By
induction, Pyjanep = 0. Since Pijonp — ¢ as n — oo, then ¢ = 0 almost
everywhere. Hence P, cannot have any zero eigenvalues.

We now proceed just as in [PTA, Theorem 11.4.13], except we substitute
the compactness in L? for the compactness in C(D), where C (D) denotes the
continuous functions on D. In that proof a key fact was that P; mapped
bounded sequences in L? into a set whose closure in C(D) was compact.
Here we use the fact that P; is completely continuous on L? and hence
maps bounded sequences in L? into a set whose closure in L?(D) is compact.
Substituting L? for C(D) in the proof of [PTA, Theorem 11.4.13], we obtain
Theorem 6.3. ad

We are going to show that p(¢, z,y) is jointly continuous in = and y and
then later show that we can take the modulus to depend only on N and A.

(6.4) Proposition. There ezists a version of p(t,x,y) that is jointly continuous
i x and y.

Proof. Since we have that the convergence in (6.4) is absolute and takes
places in L™ (D x D), to prove the proposition we need only show that ¢;
has a continuous version. We have

Peeie) = | [ el

< ([ otmira) ([ awra)” <a

since p(t, z,y) < p(t,z,y) < c2t~%? and |D| < oo. From
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_ Y
Pip; =€ "y, a.e.

we obtain
lpilloo < cre™M < o0.

Integrating (6.4) over ¢ from 0 to oo,
Goi = A\ i, a.e., (6.5)

so by Corollary 5.7, \;Gy; is a continuous version of ;. O

Our estimates on p(t, z,y) from Section 5 allow us to obtain a tightness
estimate.

(6.5) Proposition. There exist c1 and ¢z such that

2
P*(sup [ Xs — x| > A) < cre” 2N /E,
s<t

Proof. Let T = inf{t : | Xy — z| > A}. We can write
P¥(sup | Xs —z| > X)) <P*(T < t,| X, — 2| < \/2) (6.6)
s<t

+P7(|X: — 2] > A/2).

The second term on the right is bounded by

/ p(t,z,y)dy < / eat ™ V2em e gy (6.7)
B(z,7/2)° ly—z|=A/2

—ceA?/t
§C5e ceA”/

by Theorem 5.5. Conditioning on T € ds, the first term is bounded by
t
/ P*(T € ds,| Xt — Xr| > \/2) (6.8)

° t

= / E® |:]P>XT(|Xt_T — Xo| > \/2);T € ds}
Ot

< / E* [IP’XS(|Xt_s — Xo| > \/2);T € ds}
0

by the strong Markov property. By the same argument we used in deriving
(6.7), there exist c7 and cs such that

supP*(| X, — 2| > A\/2) < cre N/,

r<t

Substituting in (6.8) bounds the second term on the right in (6.6). O

We can obtain a lower bound for p(¢, z, z) on the diagonal as follows.
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(6.6) Proposition. There exist c1 and cz2 depending only on A and N such that
plt,z,x) > et~ Y2, t>0, ze B(0,cN).

Proof. If c3 is sufficiently large, P*(sup,<, /5 | Xs —2| > est'/?) < 1/2 by Propo-
sition 6.5. So

/ B(t/2,2,y) dy (6.9)
B(z,c3tl/2)

=P"(Xy)s € B(x, cst'’?), sup | X, — x| < est'/?) > 1/2.
s<t/2

We have by the semigroup property and the Cauchy-Schwartz inequality,

2
([ sereaa) <ot ™ [0
B(z,c3tl/2)

< est?p(t, z, x).

By (6.9),
pt,z,2) > cat™ 2 /4,

which is the estimate we wanted. O

The key estimate needed is a lower bound for p(¢, z,y) when y is close
to z.

(6.7) Proposition. There exist c1, c2, and c3 such that if N = /2, ly —z| <
at'’?, and x € B(xo,c3N), then p(t,x,y) > cat™ %2,

Proof. Fix t and z. Let

S(z) = Z )\ief’\"'t@i(x)api(zL z € D. (6.10)

By the Cauchy-Schwarz inequality,

> 1/2 1/2
z)| < (ZAie_Ait Pi ) (ZME it i )
i=1
If we let a = sup,>, Ae™*/2 then a < co and
Zkze oi(2)? <a Ze_’\'itmgoi(zf (6.11)
=1

=ap(t/2,z,2) < caat™ Y2,

and similarly with z replaced with z. It follows that S is bounded.
Let us compute GS(y). By (6.5),
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8

GS(y) =Y e M oi(@)Gei(y) (6.12)

i=1

8

= Z Xie Nt oi (@) A i (y)

=p(t,z,y).
By Proposition 6.6, p(t,z,x) > cst~%2. Since both § and GS are bounded

by constant multiples of ¢t~%/2, Corollary 5.7 and scaling tell us that there
exists cg such that

|GS(z) — GS(y)| < est™ %22, |z —y| <cot'’?,  x e B(0,cst'?).

Hence for such y, GS(y) > ¢st~%?/2. Combining with (6.12) completes the
proof. O

We now complete the proof of the lower bound by what is known as a
chaining argument. Note p(t, x,y) > p(t, z,y).

(6.8) Theorem. There exist ¢c1 and co depending only on A such that

2
p(t71‘7y) Z Cltid/QeicﬂZiy‘ /t'

Proof. By Proposition 6.7 with z¢ = z, there exists ¢z such that if |z — y| <
cst?/?) then p(t,z,y) > cst~%2. Thus to prove the theorem, it suffices to
consider the case |z — y| > est'/2.

By Proposition 6.7 (with o = w) and scaling, there exist cs and cs5
such that if |z — w| < ca(t/n)Y/?,

P(t/1,w,2) > P (o/my1/2 (/1 w0, 2) > es(t/n) 2. (6.13)

Let R = |z — y| and let n be the smallest positive integer greater than
9R?/c2t. So 3R/n < ca(t/n)Y?. Let vo =z, v, =y, and v1,...,v,_1 be points
equally spaced on the line segment connecting = and y. Let B; = B(v;, R/n).
If w € B; and z € Biy1, then |z—w| < 3R/n < ca(t/n)"/?, and so p(t/n,w, z) >
es(t/n)~Y2 by (6.13).

By the semigroup property,

p(t, z,y)

/ / (t/n,x, z1)p(t/n, z1,22) - - p(t/ny 2Zn—1,y) dz1 - - - dzn—1
2 [ [ penampa/n, ) o ) o ds
Bn 1 Bl

> (cs(t/n)" )" T] |Bil
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Since |B;| > ¢7(R/n)® and (R/n)(t/n)"'/? is bounded below by a positive
constant, then

p(t,2,9) > csch (nft)"? > cat™* exp(—nlog 7).
If n > 2, then n/2 < 9R?/cit, so
p(t,x,y) > cst Y2 exp(—18R2 log cgl/cit).
If n < 2, then 9R?*/c3t < 2, and
p(t,z,y) > st~ exp(—2logcg ).

The result follows with ¢; = cs(c3 A1) and co = 18(log(cg ') A 1)/ca. O

7. Extensions

Until later on in this section we continue to suppose that d > 3 and
that the a;; are smooth.

(7.1) Theorem. There exist c1 and « such that

p(t, 2, y) = p(t,2,y")| < exit™ 2|y — |
Proof. We showed in Proposition 6.7 that p(t,z,y) = GS(y), where S was
defined by (6.10); here p(t,z,y) = Ppo.n)(t,z,y) and G are the transi-
tion densities and potential operator, respectively, for X; killed on exiting
B(zo, N) for some zo and N. By Corollary 5.7,

[GS(y) — GS(y)| < e2ly — y'|*(IS]loe + [IGSlo0)-

Moreover, both S and GS were bounded by c3t~%/2, where c3 was indepen-
dent of zp and N. Hence

Bt 2, y) — B(t,z,y')| < cat™ Py —y/|%, (7.1)

¢4 independent of N. We let N — oo; using the fact that pge,,n)(t 2, v)
increases up to p(t,z,y) as N — oo, we obtain (7.1) with p replaced by p.
O

By symmetry, we obtain an analogous result with the roles of z and
y reversed. Joint continuity of p(¢,z,y) in (z,y) follows by the semigroup

property.

The partial derivatives of p(t,z,y) with respect to ¢ exist and are con-
tinuous in « and y. We let 0Fp(t, z,y) denote 8*p(t, z,y)/0t".
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(7.2) Proposition. p(t, z,y) has derivatives in t of all orders on (0, 00) x R¢ x R?
and OFp(t, z, y) is Holder continuous in x and y for all k.

Proof. Fix N and recall the notation p(¢,z,y) and the eigenvalue expansion
(6.4). If we let

oo

Ri(2) = = 3 (=20 e i (@)i(2),
i=1
then since sup, >, A*T'e /2 < oo, we see just as in the proof in Proposition
6.7 that ||Rk||cc < ¢1 < 0o, where ¢; depends on ¢ and k. Moreover,

GRu(x Z )ee N (@)pi(y), (7.2)

and||GRg||eo < c2 with co depending on ¢ and k& but not N. Since

then
Xis|I D
lgillo = € IPs@illco

<o ([ atwaran) ([ awra)”

< czeMi®sTY? s> 0.

With this bound and (6.4), it is easy to use dominated convergence to see
that p(t,z,y) is differentiable in ¢ and the kth partial derivative is GRy(z).
We thus have by Corollary 5.7 that 8fp(t, z,y) is bounded and Hélder con-
tinuous for all k. Letting N — oo, a limit argument shows that the same is
true for ofp(t, z,y) (cf. Barlow and Bass [1]). O

We obtain the following Green function estimates.

(7.3) Proposition. If d > 3, there exists a symmetric function G(x,y) that is
continuous in x on R* — {y} such that

]Ex/ 1B(Xs)ds:/G(:v,y)dy,
0 B

for all Borel sets B. There exist c1 and cz such that
alr =y~ < G(z,y) < calr —y)*

The function G(-,y) is L-harmonic on R* — {y}.

Proof. Let G(z,y) = fooo p(s,z,y) ds. The bounds, continuity, and symmetry
are immediate from integration and the corresponding facts about p(s, z,y).
By Fubini’s theorem,
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EI/ 1B(Xs)ds:/ PZ(XSEB)ds:/ /p(s,:v,y)dyds
0 0 o JB

:// p(s,x,y)dsdyZ/G(ﬂU,y)dy-

Fix y and let B’ be a ball about y. By the strong Markov property, if
BCBH,

Glp(z) :IE“”/T

B/

=E*Gl(X1,,).

15(X,)ds = E*EXr5) / 15(Xs)ds
0

So for z ¢ B’, G1g(x) is L-harmonic as a consequence of Theorem II1.5.1.
On the other hand, G1g(z) = [, G(z,y)dy. Letting B = B(y,¢), dividing
by |B(y,¢)|, and letting ¢ — 0, it follows that G(z,y) = E*G(Xr,,). This
proves that G(z,y) is £-harmonic for =z ¢ B’. Since B’ is arbitrary, G(=z,y)
is £-harmonic in R? — {y}. O

We can also obtain a lower bound for the Green function in a ball.

(7.4) Proposition. Let zo € RY, N > 0. Suppose G(z,y) = fooo p(s,z,y)ds. If
r < 1, there exists c1 depending on v, A, and N such that G(z,y) > c1|z —y|* ¢
if z,y € B(xo,TN).
Proof. Fix r. If n > 4/(1—r)?, then n='/2 < (1—7)/2, and hence B(z,n"'/2N)
and B(y,n '2N) are contained in B(zo, N). If we take n > 4(1 — r)? suf-
ficiently large, the chaining argument in the proof of Theorem 6.8 shows
that
p(1,z,y) > c2 >0, z,y € B(zo, (14 r)N/2). (7.3)

Let e < (1 —7r)/2. If B C B(y,eN) is a small ball about y, then by the

strong Markov property,

G].B(l') :élB(I)+ExGlB(XT(B(07N))). (74)

By Proposition 7.3, G1p(z) < ¢3|B||z — y|*~¢ if z € dB(0, N). On the other
hand,
Glp(x) > cale — y|* | B.

If ¢ is also less than (cs/2¢3)*/ "2 (1 — ) and w € B(y,eN), then

sup  eslz—y i< inf )C4|wfy|27d/2.

z€0B(zo,N) weB(y,eN
Substituting in (7.4),
Glp(w) = eslw —y|*~"|B|.

Letting B shrink to {y} shows G(w,y) > cs|lw — y|*~* if w € B(y,eN). This
establishes the proposition if z € B(y,eN). If x ¢ B(y,eN), from the Markov
property and (7.3) we have
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Glay) > / B(1, @, w)G(w, y) du
B(y,eN)
> cac5|B(y,eN)[e®* > colw —y|* 77,

where ¢ = cac5|B(y,eN)| depends on r and N. O

Up until now we have required on our proofs that d > 3. However,
Theorems 5.5, 6.8, and 7.1 are still valid when d = 2.

(7.5) Theorem. Suppose d = 2. Then the conclusions of Theorems 5.5, 6.8, and
7.1 hold.

Proof. Let X; be the process associated with £ € D(A). Let Y; be an inde-
pendent one-dimensional Brownian motion and let X; = (X,,Y:). It is easy
to see that the operator £ associated with X, is in D(A) for some A > 0
and a;;(z1, 22, 23) = a;j(z1,22) if i, < 2 and equals (1/2);; if one or both of
i,7 equals 3. We have Theorems 5.5, 6.8, and 7.1 holding for the transition
densities p(t, z,y).

By the independence, if = (z1,22) and y = (y1,%2) are in R? and
T = (xlv T2, 333), g: (yl’ Y2, y3)7 then

5(t7 E7 ~) = p(ta Z, y)q(ty Z3, y3),

where q(t,z3,y3) = (2nt) "% exp(|zs — y3|?/2t) is the transition density for

one-dimensional Brownian motion. Our estimates for p(¢, z,y) follow by di-
viding the estimates for p(t,x,y) by q(t,z3,y3). The joint continuity follows
similarly. O

We have required that the a;; be smooth functions of z. The conclusions
of Theorems 5.5 and 6.8 and the estimates in this section are still valid
when the a;; are not smooth but £ € D(A). See Moser [1] and Littman,
Stampacchia, and Weinberger [1] for a discussion of what a solution to
Lu =0 means in this case.

8. Path properties

In this section we want to use our analytic estimates to derive some
properties of the process X; associated with an operator L.

(8.1) Proposition. Suppose d > 2, L € D(A). There exist c1,c2, c3,ca such that

2 2
cre” N/t < P?(sup | Xs —z| > A) < cae N/t
s<t

Proof. The upper bound for the case d > 3 was done in Proposition 6.2. The
same argument takes care of the case d = 2 as well, using Theorem 7.5.
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The lower bound is a consequence of the fact that

P (sup | X, — 2 > A) > PH(|X, — 2] > 3) :/ p(t, 2.y) dy
B(xz,\)¢

s<t
and Theorem 6.8. O
(8.2) Proposition. Suppose d > 2, L € D(A). There exist c1,cz, 3, ca such that

2 2
cre 2N < PP(sup | X, — x| < A) < cze” 4N
s<t

Proof. Let us first look at the upper bound. By Theorem 5.5,

sup PY(Xy, € B(z,\)) < sup / p(to,y,z) dz
B(x,\)

yEB(z,\) yEB(z,\)

< sty ¥?|B(z, \)| < ce Xty V2.

If we take to = (2¢6)>?)\2, the right-hand side will be less than 1/2. By the
Markov property,

P*(sup [ X. — 2| < \) < P*(Xy, € B(z, \), Xar, € B(x, )
s<2tg

<E” [IEDXto (Xt € Bz, \); Xy € B(:p,)\)}
< (1/2)P*(Xy, € B(x,A)) < 1/4,

and by induction,

P°(sup |Xs—z| <A) <27"=e "853, (8.1)

s<ntg

So if t > to, the upper bound follows from (8.1) by letting n be the largest
integer less than t/to = (2¢6)~2/%(t/A?). If t < to, the upper bound follows
by taking cs large enough, since probabilities are bounded above by 1.

We now turn to the lower bound. We will show there exist a and b such
that if to = a\* and

C = {Xi, € B(xz,\/3), sup | Xs — x| <2)/3},

s<tg

then
inf  PY(C)>0b. (8.2)

yeB(xz,\/3)

Given (8.2), by the Markov property,
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P?(sup |[Xs —z| < \)

s<2tg
> P (X,g0 € B(z,A\/3), sup | Xs — x| < 2)/3,
s<tg
Xoty € B(z,A/3), sup |X; — Xyp| < 2X/3)
to<s<2tg

—P*(C,Co0b,) = E” [tho (C);C}
> 0P (C) > b

in the next to the last inequality we used the fact that on the set C we have
Xy, € B(z,\/3). By induction,

P¥(sup |Xs—z| <A) >0b",

s<ntg

and this suffices to prove the proposition.
We now prove (8.2). If y € B(x,A/3), on the one hand, we have

(X, € B(z, \/3)) > / p(ad?,y, 2) dz (8.3)
B(z,2/3)

> cr(ar?) 2| Bz, A/3)| > csa”??
by Theorem 6.8. On the other hand, by Proposition 8.1,
PY(sup | Xs — x| > 27/3) < PY(sup |Xs — y| > A\/3) (8.4)
s<tg s<tg

—c10A?/ty _ —cio0/a
< cge = cge .

We can now choose a small, depending only on cs, ¢, ¢10, such that csa=%? >
2c9e10/% and we deduce that PY(C) > csa~%?/2, which proves (8.2). O

From Proposition 8.2 we obtain

(8.8) Proposition. There exist ¢c1 and cz such that

ar? < E*Tp,r) < cor®.

Proof. We have P*(1p5(,,r) > t) = P"(sup,<, | Xs — 2| < r). We now use Propo-
sition 8.2 and integrate over ¢ from 0 to co. ad

Higher moments of 75, under P* can be estimated similarly.

(8.4) Theorem. (Support theorem) Let o : [0,t] — R be continuous and let
e > 0. There exists c1 depending only on A, €, t, and the modulus of continuity
of 1 such that

Pw(m(sup | Xs —(s)| <e) > cr.
s<t
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Proof. As in the proof of Theorem 1.8.5, it suffices to consider the case where
¢ is differentiable. Using (1.3) we see there exists a Brownian motion W;
such that

dXt = O‘(Xt) th +4 b(Xt) dt,

where o is a positive definite square root of a and
d

bi(w) = (1/2) > diai;(2).
i=1

Let M, = fot Y’ (s)o " (Xs) dW,. Note that (M), is bounded by cat, where
c2 depends on A and the size of ¥’ but not on the smoothness of the a;;.
Define a probability measure Q by setting its Radon-Nikodym derivative
with respect to P” to be equal to exp(M; — (M),/2). As in the proof of
Theorem 1.8.5, under Q, X; —1(t) is a process associated to the operator L.
So Q(C) > ¢z by Proposition 8.2, where C' = {sup,, |Xs —¥(s)| < e}. Then

s < Q(0) = /ceMHMW dP” < (Eﬁ%[emﬂMth/Q (IP’”(C))I/2

by the Cauchy-Schwarz inequality. Since
]E]alge2Mt7(M>t _ Eﬁ;eZMt7<2M>t/2€<M>t < 0,

we obtain P*(C) > ¢4 with ¢4 depending on the a;; only through A and not
the smoothness of the a;;. m]

As with processes associated to operators in nondivergence form, a
process associated to £ € D(A) hits small sets.

(8.5) Proposition. Suppose B C B(z,1). There exists c1 depending only on A
and |B| such that
P*(Te < TB(x,1)) > c1.

Proof. By looking at BN B(z,r) for r sufficiently close to 1, we may suppose
B C B(z,r) for some r < 1 and still [B] > 0. We write 7 for 75(,,1). By
Proposition 7.4, if G(z,y) is the Green function for B(z, 1),

]Ez/O IB(Xs)ds:/é(l’,y)lB(y)dyE@,

c2 depending only on |B|. By the strong Markov property and the fact that
G1p(z) < Glp(a)(2) < cs,

]Ez/ 15(Xs)ds =E* EXTB/ 1B(Xs)dS;TB<T:|
0 0

= Ex[GlB(XTB);TB < T} < C3]P)I(TB < T).

Hence P*(Ts < 7) > c2/cs. O
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Because the Green function for Brownian motion and for X; are com-
parable, much of the theory of capacity for Brownian motion has analogues
for X,. We recall some definitions and facts; see [PTA, Section I1.5] for the
Brownian case. A point z is regular for B if P*(Ts = 0) = 0. If B is a
bounded set, the capacitary measure is the unique measure pp supported
on B such that Gug(xz) = 1 on the regular points of B. Gug(x) — 0 as
|z| — oco. The capacity of B is ug(B).

We content ourselves with proving the following.

(8.6) Proposition. Suppose d > 3. Suppose D is a closed set such that every
point of 0D is regular for D. Then C(D), the capacity of D, is equal to

I(D):inf{%/Vfszf:nggl,leonD,

f(z) = 0 as |z| — oo}

Proof. Let up be the capacitary measure for D. Then fp = Gup is a function
with values in [0,1], equal to one on D, and tending to 0 at co. If ¢g is an
integrable smooth function with compact support so that Gg is bounded,
then £(Gg) = —g and by Proposition 1.2,

3 | V(G0 a¥(Ga) = [ atco) < Gl [ ol

This, a limit argument, and Fatou’s lemma show that (1/2)[V(G,up) .
aV(Gup) is finite and equal to

/ (Gun)(@)un(dz) = jin(D) = C(D).

Therefore 1(D) < C(D).

On the other hand, £(f,g) = (1/2) [ V[ - aVg forms an inner product.
If fo = Gup, then fp is £-harmonic in D and so £(fp,g) = — [g(Lfp) =0
whenever g is 0 on D and tends to 0 at co. Therefore

E(fp+9.fp+9)=E(fp, fp) +26(f,9) +E(9,9) = E(fp) D)

If h is a function with values in [0, 1] that is 1 on D and tends to 0 at oo,
let g = h— fp. Thus E(h,h) > E(fp, fp), Or fp is the function minimizing
the infimum in the definition of I(D). Therefore C(D) = I(D). ]

Finally, we consider briefly the case where the a;; need not be smooth.
Suppose L € D(A). Take a}; tending to a;; almost everywhere so that if £,
is defined in terms of the af;, then £,, € D(A) for all n. By the equicontinuity
of pn(t,z,y), the functions

Gno() // n(t 2, y) dt g(y) dy
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are equicontinuous whenever g is a continuous bounded function on R? and
A > 0. As in Theorem VI.2.3, there exists a subsequence such that Gﬁj g
converges uniformly on compacts, say to G g(z), for all continuous and
bounded g and all A > 0. For each x, P7_ is tight, and by the argument
of Theorem VI.2.3, any two subsequential limit points must agree. So Py,
converges weakly, say to P*. Using the equicontinuity of p,(¢,z,y) and ar-
guing as in Theorem VI.2.3, (P*, X;) is a strong Markov process. One can
show that the Dirichlet form for this process is £(f, f) = (1/2) [ Vf - aV .

9. Notes

Section 2 contains classical material that can be found many places.
See Stroock [2] for further discussion of the Nash inequality. In Section 3
we followed Moser [1]. A proof of the Harnack inequality that does not use
the John-Nirenberg inequality can be found in Moser [2]. Upper and lower
bounds for p(t,z,y) were first proved by Aronson [1]. Sections 4 and 5 are
based on Fabes and Stroock [2], whereas much of Sections 6, 7, and 8 are
derived from the material in Barlow and Bass [1].



VIII
THE MALLIAVIN CALCULUS

The Malliavin calculus is a method originally developed for proving
smoothness of p(¢,z,y) in the variable y, where p(¢,z,y) is the transition
density of a process associated to an operator with smooth coefficients. The
basic idea involves an integration by parts formula in an infinite-dimensional
space.

There are two main approaches, one using the Girsanov transformation
and the other using the Ornstein-Uhlenbeck operator. Both are interesting
and both are useful.

We present the Girsanov approach first. The integration by parts for-
mula is given in Section 1 and extended to solutions to SDEs in Section
2. This is then applied to derive a criterion for a process to have smooth
densities in Section 3.

Section 4 considers a class of operators £ given in terms of vector fields
and their connection with Stratonovich integrals. Section 5 contains a proof
of Hérmander’s theorem on the smoothness of p(t, z,y) in y.

The second approach, using the Ornstein-Uhlenbeck operator, is pre-
sented in Section 6. Another proof of the criterion for a process to have a
smooth density is derived.

1. Integration by parts formula

In this chapter all our functions will be smooth, that is, each function
is in C* and it and all its derivatives are bounded.
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Suppose F : RY — R is a smooth function. The directional derivative
of F' at x in the direction h is given by

D.F(h) = VF(x) - h, h e R%

This definition can be used even when h is not a unit vector. Observe that
D, F is a linear functional on R¢. By Taylor’s theorem,

|F(z + h) — F(z) — DoF(h)| = |F(z + h) — F(z) — VF(z) - |
= o(|hl)

as |h| — 0. Here f(h) = o(|h|) means f(h)/|h| — 0 as |h| — 0.

The Fréchet derivative is an extension of the idea of directional deriva-
tive to Banach spaces. Let B be a Banach space. F : B — R is Fréchet
differentiable at x € B if there exists a linear functional T = T, on B such
that

|F(z + h) = F(z) = Tx(h)| = o(|[Rl]),  he€B,
as ||h|| = 0. We write D, F(h) or DF(h) for Ty (h).
For each z, the map D, F is a linear functional from B to R, hence an
element of B*, the dual space of B. Since B* is another Banach space, we can

talk about the Fréchet derivative of D, F, which would be the second-order
Fréchet derivative.

A key step in the Malliavin calculus is the following integration by parts
formula. Let C[0, 1] denote the R?-valued continuous functions on [0, 1].

(1.1) Theorem. Suppose F maps C[0,1] to R, F is bounded, and F has a
bounded Fréchet derivative at each point of C[0,1]. Let Wy be d-dimensional Brow-
nian motion. Suppose hs is adapted and bounded and let Hy = fot hsds. Then

E [F(W) /0 e dws} — E[Dw F(H)).

For each w, both W, and H, are in C[0,1]. The right-hand side represents
the expectation of the Fréchet derivative at W.(w) in the direction H.(w).

t
:Wt+6/ hsds.
0

Mf:exp( /de /\h|ds
0

Let P. be defined by dP./dP = M; on F,. By Girsanov’s theorem (see
Section I.1), under P. the process

Proof. Let

Let
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. t
Wt—<W—E/ hSdWS> :Wt—i—s/ hsds = X{
0 t 0

is a martingale with the same quadratic variation as W;, namely ¢. By
Lévy’s theorem (Section I.1), under P. the process X; is a Brownian motion.
Therefore

E.F(X®)=EFW). (1.1)

On the other hand,

E.F(X%) (1.2)

. 1 2 1
:E[F<W+s/ hsds>exp<—5/ hdeSJr‘i/ |h5|2ds)]
0 0 2 0

By (1.1), the right-hand side of (1.2) is independent of . We differentiate
(1.2) with respect to e and set € = 0. The assumptions on h and F allow us
to interchange the operations of differentiation and expectation by use of
the dominated convergence theorem and we obtain

0=—E [F(W) /1 hs dWS} +EDwF(H). 0
0

2. Smooth functionals

We can make some easy extensions of Theorem 1.1. If D, F(H) is
bounded and continuous as a function of H and

1
IE/ |hs|? ds < oo, (2.1)
0

then taking limits in Theorem 1.1 gives us Theorem 1.1 for h satisfying
(2.1).

The direction in which we want to generalize, however, is to more
general functionals F. We want to consider functionals such as F(W) =
f(X1), where f is smooth and X; is the solution to a SDE with respect to
W.

Let us say that a functional F on C[0,1] is L?-smooth with derivative
DwF(H) = DF(H) if there exist functionals F,, on C|[0, 1] that are bounded,
continuous, Fréchet differentiable with bounded and continuous Fréchet
derivatives, and with F,(W) — F(W) in L? and DwF,(H) — DwF(H)
in L? whenever H, = fot hsds and h satisfies (2.1).

(2.1) Theorem. If p > 2 and F is LP-smooth, then
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E [F(W)/O1 he dws} — E[DwF(H)).

Proof. We apply the generalization of Theorem 1.1 discussed above to
F, and let n — oo. The convergence of E[DwF,(H)] is a consequence
of the LP convergence of DwF,(H) to DwF(H) in L?, p > 2. Since
I[-Z(folde)2 =E fol |hs|* ds, the convergence of E [F,(W) [ hdW] follows
from the LP convergence of F,(W) to F(W) in L” with p > 2 and the
Cauchy-Schwarz inequality. O

Before we get to the main result of this section, we need the following
lemma.

(2.2) Lemma. Suppose o, are C* functions satisfying sup,, |on(z)| < c1(1+]z|)
and oy, and its derivatives converge to o and its derivatives, respectively, uniformly
on compacts. Suppose T, — x. If X, (t) solves

dXn(t) = on(Xn(t) dWe, X0 (0) = 2,

then X, (t) converges in LP for p > 2 to the solution to dX; = o(X:) dWy, Xo =
Zo.

Proof. Suppose first that o, and o are bounded and o, and its derivatives
converge to o and its derivatives, respectively, uniformly. We have

Xo— Xo(t) = (20 — 20) + / [0(X.) — o (Xa(s))] dVV,
~ (s0—w0) + / [0(X.) — (X (s))] dW,

+/ [0(Xn(s)) — on(Xn(s))] dWs.

So by Doob’s inequality,

E sup | Xs — Xn(s)]P < E|X: — Xn(t)]P

s<t

P
< cslro — znl? + c3E

/ (0(X2) — 0(Xa(s))] W,

p

+ c3E

/ [0(Xn(5)) — (X (5))] W,

By the Burkholder-Davis-Gundy inequalities (see (I.1.5)), the right-hand
side is less than
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p/2
oo =+ e | [ o) = o0 ]
2 p/2
+C4E |O’ )) — on(Xn(s))] ds]

p/2
< es|wo — x| + cal|o’|LE / X, — Xn(s)|2ds}
0

+ callo — o ||Pt?’?.

If t < 1, by Hélder’s inequality, we have the bound

E sup | Xs — Xn ()P < cs|lzo — znl? + callo — on|%
s<t

t
+C5HCI’IH€CE/ | Xs — Xn(s)|P ds.
0

We apply Gronwall’s inequality (Lemma 1.3.3) with

gn(t) = E sup |Xs — Xn(s)/",

s<t
SO
gn(t) < (cslzo — zn|” + callo — onl[%) exp(es |05 ).

Letting n — oo shows g,(t) — 0, which proves the lemma in this special
case.
We now consider the general case. If

T (M) = inf{t : |X,.(t)] > M or |X,| > M},
the above argument shows that
[ X (8 AT (M) = X(EATo(M))]lp — 0
as n — oo. Hence for each M,
E[|Xn(t) — Xe|P5Tn (M) > t] — 0. (2.2)
On the other hand, by the Cauchy-Schwarz inequality,
E[IXn(t) = Xe|"s T (M) < 1]
1/2 1/2
< es (E X (6)|% +E |Xt\2p) (]P’(Tn(M) < t)) .
By Proposition 1.7.4, X, (t) and X; are in L? with a norm independent of
n, whereas

P(To(M) < t) < P(sup | Xn(s)| > M) + P(sup | X.| > M)

s<t s<t

<M (E sup | X, (s)[*” + E sup \XS\QP)

s<t s<t

< oM (E1X, (0] +E X))
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using Doob’s inequality. Therefore E [| X, () — X¢|?; T (M) < t] can be made
small uniformly in n by taking M large. This and (2.2) complete the proof.
O

The main examples of LP-smooth functionals will be f(X1), where f is
smooth and X solves an SDE.

(2.8) Theorem. Let Wy be d-dimensional Brownian motion. Suppose X; is an
m-dimensional process that is a solution to

dXt = O'(Xt) th -+ b(Xt) dt, X() = Zo, (23)

where o and b are C*° and

m d
ZZUU \+Z|b )| < er(1+Jal).

Suppose f is smooth. Then F(W) = f(X1) is an LP-smooth functional for all
p=>2.

Proof. For simplicity of notation, we suppose b = 0; only trivial changes are
needed to include the case where b is nonzero. We also make the observation
that if F, is a sequence of LP-smooth functionals such that F,, and DF, (H)
converge to F and DF(H) in L?, respectively, when h satisfies (2.1), then
F is LP-smooth.

Suppose for now that o is bounded. Suppose for each ¢ that Y; is
an LP-smooth functional on C[0,1] with the L? norms of Y; and DwY:(H)
uniformly bounded in ¢ for each h satisfying (2.1). Suppose also that Y; and
DwY.(H) are continuous a.s. for each h satisfying (2.1). For each k, it is
easy to see that

k
Z Y)Wy /e — Wil

is Fréchet differentiable. As k — oo, this sum and its Fréchet derivative con-
verge in L? by the Burkholder-Davis-Gundy inequalities, so the functional
fot a(Ys) dWs is LP-smooth for each ¢ < 1.

Let Xo(t) = o and define by induction,

t
Xi+1(t) = xo + / O'(Xz(t)) dWs.
0
We see that .
DXi+1(t) =7 +/ O'I(Xl(S))DXZ(S) dWs,
0

where we use the notation of (1.10.4). We saw in Corollary 1.3.2 that X;(¢)
converges in LP to the solution to

dXt = G'(Xt) dWm XO = Xo.
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Since ¢’ is smooth, o'(X;(s)) — o'(X,) in L? for all p > 2, so it is easy to see
that DX;(t) converges in L? to the solution to

dDXt = O'I(Xt)DXt th7 DX() =1.

By induction, each X;(t) is LP-smooth, and we therefore conclude that X;
is LP-smooth when o is bounded.

Finally, if ¢ is not bounded, let ™ be smooth bounded approximations
to o. If X} is the solution to (2.3) with o replaced by o™, we see as above
that X converges to X and DX converges to DX, so X; is LP-smooth.
It follows by the chain rule that F(W) = f(X;) is LP-smooth. O

Note that the pair (X;, DX;) solves an SDE of the form (2.3), namely,

dX; = o(X:) dW; + b(X,) dt,
dDX; = o' (X;)DX, dW; + b (X:) DX, dt,

with (Xo,DXo) = (x0,I). So if f is smooth on R? x R?*¢ Theorem 2.3
shows that f(X;, DX;) is an LP-smooth functional. Higher derivatives may
be handled similarly.

3. A criterion for smooth densities

In this section we define the Malliavin covariance matrix I and give a
criterion in terms of it for X; to have a smooth density. We need first some
preliminary results.

3.1) Proposition. Suppose X : 2 — R%. Suppose for each k and all j1, ..., jx €
J J
{1,...,d} there exists Cy such that

E [0, -.5.9(X)]| < Cilgll

whenever g € C*. Then there exists f smooth such that

]P’(XEA):/f(a:)da:
A

for all Borel sets A.

Proof. Let p(dz)

= P(X € dz) and let p(u) = [e™*u(dz). If we let u =
(u17 e aud) and g(l’) =

e'® then
iu-x

Qi g =i u; )
g1k = U Ujy U € ’

and
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IE 0jy 5, 9(X)| = |uy, "'uijEeiu'X‘ (3.1)
[ utan)] = sy

= Jugy - gy |

Since for each k, the left-hand side is bounded by Ck||gllcc = Cx < oo, We
conclude there exists ¢; such that

A(w)] < ex/ful™

Clearly |ji(u)| is bounded by 1, so j is in L*(R%). By the Fourier inversion
formula, p has a bounded and continuous density. Let us denote it by f.
We now have

) = / &2 (da) = / £ f(a) dr = lu).
Using (3.1) and the argument above, if n > 0, there exists cz such that
oty g F(w)] < 2/l

Since f is bounded, i™uj, ---uj , f(u) is in L*. Tts inverse Fourier transform
is then continuous and bounded. However, the inverse Fourier transform

of i"uj, -+~ uy, f(u) is 8j,...;, f- This holds for each n and for each sequence
JlseesJne 0

If X is the solution to an SDE such as (2.3), then Y; = DX, solves a
linear SDE. If we were in one dimension, then Y; would be given by an expo-
nential; hence its reciprocal would be given by an exponential, and therefore
its reciprocal should solve a linear SDE. There is a higher-dimensional gen-
eralization of this.

It is more convenient at this stage to use the Stratonovich integral; see
Section 1.9. Recall that if

dXt = O'(Xt) th + b(Xt) dt,

that is,
dX{ =" oi(Xe) dW] + bi(Xy) dt,
J
then
Aoy (X), W), =Y 0koij (Xo)orem (Xe) (W™, W),
k,m
=) 0o (Xo)on, (Xo) dt.
k
So

dX; =" oii(X0) 0 dWY +bi(Xy) dt,
J

where
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bi(e) = bi(a) — 5 D 0y (2)0k0 (2.

We abbreviate this by
dX, = o(X1) o AW + b(X,) dt.

The procedure to convert an SDE written in terms of Stratonovich integrals
into an SDE written in terms of It6 integrals is similar.

(3.2) Proposition. Suppose Y; : 2 — R¥>*¢ solves
dY: = o' (Xo)Ye 0 dWy + b (X,)Yadt, Yo = 1. (3.2)
If Z; - 2 — R¥*? s the solution to
dZy = —Zyo' (Xt) o AWy — Zib' (Xy) dt, Zo =1, (3.3)

then Z.Y: = I for all t.

We first explain what the notation means. Y; solves

d d
AYij(t) = > Onoin(Xe)Yay 0 dWE + 3 Oubi(Xe) Yoy dt, (3.4)

k,n=1 n=1

whereas Z; solves

d
AZei(t) = = Y Zem(H)Diomn(X:) 0 AW (3.5)
m,k=1
d
= ZemOibm (Xs) dt.
m=1

Proof. The proof is an application of the product formula (I1.9.2). To see
what is going on, let us look at the one-dimensional case. ZyY, = I and
d(Zt}/t) = Zt [¢] dYt + }/t o dZt
= ZtO'/(Xt)Y;g [e] th 4+ thl(Xt)Yt dt
—+ Yt(th)a'(Xt) o th —+ K(*Zt)b/(Xt) dt
=0.
Hence Z,Y; = ZyYy = 1.

The higher-dimensional version is the same idea exactly, but with more
complicated notation. O

As a consequence of Proposition 1.7.4, observe that

sup |Y;| € L? and sup|Z;| € LP (3.6)
s<t s<t
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for all p. One final preliminary proposition is necessary.

(3.3) Proposition. Suppose
dXt = O'(Xt) (e} th

If ks : 2 x[0,1] = R? is adapted and satisfies fol |ks|? ds < 0o and

t
R, = Yt/ Z.o(X.)ks ds, (3.7)
0

then . .
R = / o' (Xs)Rs o dW —|—/ o(Xs)ks ds.
0 0

Proof. We again do the one-dimensional case for simplicity; no additional
ideas are needed for the higher-dimensional case.
Recall
dY: = J'(Xt)Yt o dWy.

By the definition of R; and Proposition 3.2, we have
t
/ Zso(X)ksds = RY;, ' = R/ Z,.
0
By the product formula (1.9.2) and (3.7),

t
ARy = Y Zeo (X0 ke di + (/ Zoo(X,)ks ds) o dY,
0

= O'(Xt)kt dt -+ RtZt (e} dY—t
O'(Xt)kt dt + RtZtO'/(Xt)K o th
O’(Xt)k’t dt + RtO'/(Xt) o th,

as required. O

We need to calculate Dw X;(H) when H, = fot hsds and X satisfies
dXt = G'(Xt) o th:

1
X1(W-|—EH):$0+/ U(Xt(W+EH))Od(Wt+€Ht)
0
1
:.’L’o+/ U(Xt(W+8H))Oth
0

1
+6/ U(Xt(W+€H))ht dt
0

and

Xl(W):ZEO+/ O’(Xt(W))Oth.
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Taking the difference, dividing by ¢, and letting ¢ — 0, we obtain similarly
as in Section I1.10 that

Dle(H) = /1 O'I(Xt)Dth(H) o th -+ /1 O'(Xt)ht dt. (38)

Let us now define the Malliavin covariance matriz to be the random d x d
matrix

Ft:/o Zso(Xs)o(Xs) Z; ds. (3.9)

(3.4) Proposition. Suppose X; solves dXi = o(X¢) o dWy, where o is smooth.
Suppose I'T' € LP for all p. There exists c1 such that if f € C* is bounded, then

Eoif(X)l<ealflls,  i=1,....d.

Proof. Let f € C* be bounded. Define F on C|0, 1] by
F(W) = f(X1)G,

where G is an LP-smooth functional to be defined later. Applying the chain
rule and product rule,

d
DwF(H) = 0. f(X1)Dw X{'(H)G + f(X1)DwG(H).
n=1
Applying Theorem 2.1, we have for H; = fot hs ds

d 1
E {Zanf(xl)pwxf(H)G} —E {f(xl)c:/ he dws} (3.10)
n=1 0
—E[f(X1)DwG(H)].
Let e; be the unit vector in the z; direction and let us take

hi(s) = (Zso (X)) ex, Hk(t):/ hi(s) ds. (3.11)

Since Z; € LP for all p and o is bounded, h; satisfies fol |hi(s)|? ds < oo.
Define V to be the d x d matrix-valued random variable given by

Vik = Dw X1 (Hy).

From (3.8) and Proposition 3.3,
1
DwX1(Hk) = Y1/ ZSO'(XS)hk(S) ds. (3.12)
0

Combining with (3.11) and the definition of I", we have V = Y111, hence



202 VIII THE MALLIAVIN CALCULUS

vt =17127.
We apply (3.10) with H replaced by H; and G replaced by G; = (V™).
We then sum over j =1,...,d to obtain
d
E[0.f(X0)] =E [ > 0, f(X1)6] (3.13)
“n=1

4
—E| D 0.5(X0)VaG

Cjm=1

_E :f(xl)zd:c:j /01 hj(s)dWS}

) |:f(X1) zd:DWGj(HJ‘)]

We now need to check integrability on the right-hand side of (3.13).
By our hypothesis, I'T" € L? for all p. This and (3.6) show V™! € L? for
all p. We have by the Burkholder-Davis-Gundy inequalities and Hdolder’s
inequality that

E [/Olhj(smws}p < E(/ s ds) " < eoF / ()l ds

if p > 2. Since o is bounded, E |h;(s)|? is bounded by a constant independent
of s < 1. Therefore for each 7,

‘E {f(Xl)Gj /01 hij(s) dWs} (3.14)

< (a( [ o))

< e/ flloo-

Since I = VV ™!, then 0 = Dw I(H;) = V(DwV ™~ (H;))+(DwV (H;))V 1,
or
DwV ™' (H;) = -V (DwV(H;)V " (3.15)

We have already seen that V! is in L? for all p. By our choice of h; and the
fact that o is C*° with bounded derivatives, Dw (Dw X1 (H;))(H,) is in L? for
all p, and we conclude that Dy V (H;) € L? for all p. Hence Dw V™' (H;) € L?
for all p. So

[E [f(X0) Dw G5 (H)| < [|fllooE | Dw G (Hj) (3.16)
§C4Hf‘|oo, j:l,...,d.

Combining (3.13), (3.14), and (3.16), we have
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K9 f (X1)] < 5| flloo- O
Let us now look at the higher-order partial derivatives. We continue

the notation of the proof of Proposition 3.4.
(3.5) Proposition. Suppose X; solves dX; = o(X:) o dWy, where o is smooth.
Suppose Ffl € L? for all p. For each n there exists Cy,, such that if f € C* and

Jiy--yJn €41,...,d}, then

K05y --oj f(X1)[ < Crll flloo-

Proof. We will show how to do the case n = 2. The higher derivatives are
done similarly.
If we apply (3.13) with f replaced by dxf, we have

E [0 f(X1)] = E [ak F(X1) Xd: a, / b dWs] (3.17)

—E[akle

H'Mm

Writing
d 1
k=% [Gj / hs W, — DWGJ-(H)],
j=1 0
the right-hand side is
E [0k f(X1)K].
Let us set F = f(X1)LK, where L is an LP-smooth functional that will

be chosen in a moment. By Theorem 2.1,

oo

E [Zanf(xl)TDWX{L(H)LK} _E [f(Xl)LK/lhs dWS]

n=1

— E[f(X1)Dw (LK) (H)].

Let us replace H by H; and let L; = (V™1 for j =1,...,d, and sum. As
in the proof of Proposition 3.4, we obtain

E [0 f(X1) K]
d

[ f(X1) ZL K/ dWs E[f(Xl)ZKDij(Hj)

Jj=1

-E [f(xl)ZLijK(Hj)]

Jj=1
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We have already seen that K € LP for all p in the proof of Proposition
3.4. We also saw there that L;, DwL;(H;), and fol hj(s) dWs are all in L?
for all p. Suppose we show that Dw K(H;) is in L for all p. We then have
that

[E [0k f (X)) K]| < 1l flloo,
and substituting this in (3.17),

|E [0 f (XD)]| < el floo-

So it remains to show that Dw K(H;) € L? for all p. Now DwV (H;)
is in L? for all p by the proof of Proposition 3.4. Since the o are C*,
then Dw (DwV (H;))(H;) is also in L? for all p. By (3.15), this implies
that Dw (DwV ™' (H;))(H;) is also in L? for all p. Finally, if we write
M = [ hj(s) dWs, then

1
M(W + EH]') — M(W) = / [hj(W +€Hj) — h]'(W)] dWs
0 1
+ 8/ hé(W =+ EHj) . hj ds.
0
Dividing by e and letting ¢ — 0, it follows that
1 1
DwM(H;) = / Dwh;(Hj) dWs + / |hj(s)|? ds.
0 0

Since Dwh;(H;) € L for all p by the definition of k; in (3.11), Dw M (H;) €
L? for all p. Putting these facts together with Holder’s inequality, we have
DwK(Hj) € L? for all p, and the proof is complete. ]

(3.6) Theorem. Suppose X; solves dX; = o(X¢) o dWe, Xo = xo, where o is
smooth. If IT' € L for all p, then X1 has a smooth density.

Proof. We combine Proposition 3.1 and Proposition 3.5. O

4. Vector fields

In Section 5 we will prove Hérmander’s theorem, which gives sufficient
conditions for the distribution of X; to have a C* density. This section has
some preliminaries.

In PDE terms, the question of when P*(X; € dz) = f(x)dx with
f € C= is equivalent to the question of when the fundamental solution
p(t,z,y) to Byu = Lu is C™ in the variable y (see Section I1.7). This property
is closely related to the PDE notion of hypoellipticity.
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If the coefficients of £ are smooth and £ is uniformly elliptic, this will
always be the case. The interesting cases that require Hormander’s theorem
are when £ can be degenerate, i.e., not strictly elliptic at each point.

Let us first look at the uniformly elliptic case.

(4.1) Proposition. Suppose the coefficients of L are bounded and C*°, L is
uniformly elliptic, and xo € R, Then the P distribution of X1 has a C™
density.

Proof. We show that the Malliavin covariance matrix (3.9) has an inverse
that is in L? for all p. The result then will follow by Theorem 3.6.

Recall I; = fot Zso(Xs)oT (Xs)ZT ds. Iy is symmetric from its definition,
and to prove I';' is in LP, it suffices to show that if A is the smallest
eigenvalue of I, then A™! € LP. Let v be a unit vector. Since oo” = a is
uniformly elliptic,

t
oI Mo > cl/ |vTZ5|2 ds.
0

Let S = inf{t > 0: |Z; — I| > 1/2}. For s < S the coefficients of the SDE
defining Z, are bounded, and so by Proposition 1.8.1, if p > 2 and ¢ < 1,

P(S <e)=P(sup|Zs — I| > 1/2) < co2e?.

s<e

Ift < S, then
0" Zi| > 0" | = " (Ze = T)| >

N =

since |Z; — I| <1/2. So
SA1
v M > cl/ [T Zs|?ds > ¢1(S A1) /4.
0

This is true for any unit vector v, so

A= inf o"Mw>ca(SA1)/4
v€dB(0,1)

Then
PO >y =PA<y ) <P(SA1<4y er).

If y > 4/c1, this is

-1 4y_1 p _c3
P(S <4y /c1) SCQ( o ) =
This shows A~ € LP~2. Since p > 2 is arbitrary, A~ € L? for all p. ]

To state Hormander’s theorem, we need to express £ in Hoérmander
form. Let V(z) = Zd vj(z)e; be a smooth vector field. Here v;(z) are

=1
smooth bounded functions of x and e; = (0,...,0,1,0,...,0) is the unit
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vector in the z; direction. We will need to follow the standard differential
geometry convention that identifies vector fields with differential operators.
So we also consider V as a first-order linear differential operator on C*

functions defined by
d

Vi@ =Y vi(x)0;f(x).

j=1

‘We then calculate

Zd: (zd:ka)kf) (4.1)
:i o)+ 3 (S @)1 ),

which is a second-order differential operator.
We now suppose we have Vi,...,Vy and Vp with V; = Z L vij (2)0; and

we set .
Z z) + Vo f(x).

Using (4.1) with v; replaced by v,

l\J\»—l

) = %i Xd: vi; (2)vik () Ojn f () (42)
- ng:ll d d d
+ 3 Z Z vij (2)05vik () Ok f (x Z
1 d 2 o -
=5 kzl (;vij(a:)vzk(ﬂﬁ))ayk( )
+ - (% zd: i (2)0jvin () +’00k($))akf(9ﬂ)-
k=1 ,j=1

Although this appears cumbersome, it ties in neatly with SDEs in
Stratonovich form.

(4.2) Proposition. Suppose vi;(z) = vji(x) for all i, j,x. Suppose X; solves
dX: = v(X,) 0 dWi +vo(Xo)dt,  Xo = . (4.3)

Then the operator L associated to X, is

d

1 2

5 E Vi + Vo
i=1
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Equation (4.3) means

d
dX{ = (X)) o dW] +voi(Xe)dt,  i=1,....d. (4.4)

j=1

Proof. If we write (4.4) in It6 form, we have

d d
i Z 1 Z
dXt = Uz] Xt d“/t 5 ’U” -‘onl(Xt)d

j=1
By Ito’s formula,

d
vi;(X¢) Zaw” (X:)dX; + bounded variation term
k=1

= Z Okvi; (Xt) Z Vkm (X¢) o dW™ + bounded variation term

m=1

= Zak”” Xt) Z Vkm (X¢) dW{" + bounded variation term.

m=1

So

d
(033 (X), W7), Zé’kvu (Xt )vi; (X) dt.
k=1

Using Proposition 1.2.1, the operator associated to X, is

=3 Z ZU” )k () Osn f (2 2 Z Z Vi (2) Ok vij ()0 f (x)

i,k=1 =1 j=114,k=1

d
+ Z vo; ()05 f(z)
= % Z Uji(z)vki(x)ajkf(x)

B + Z (% Zvij(x)ajvki(x) + vok(l’)>akf($)~

k i
Comparing with (4.2) completes the proof. 0
If V and W are two vector fields, define the Lie bracket of V and W by
VW] =VW -WV. (4.5)

A calculation shows that if V=3 v;0; and W =3, w0k, then
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[V7 W] = (Z ’ijkajk -+ Z vj(ajwk)ak)
gk gk
— ( Z vjwkajk + Z wk(akvj)aj)
J.k gk

= Z(vj(ajwk)ak — wi(0kv;)05),
3k

another first-order operator.

Let
S= S(‘/la ) Vd) = {‘/17 [‘/17 ‘/JL [‘/17 [‘/]a Vk]L EERE) (46)
i=1,...,d,j=1,...,d,...}.
So S is the smallest collection of vector fields containing Vi,...,V, and
closed under the operation [-,-]. We define S; = {Vi,...,Va}, Siy1 = S; U

{Vi, W] :i=1,...,d,W € S;}. So S; is the set of vector fields generated by
the Lie brackets of Vi,...,Vy of length at most i, and § = U2, S;.

As we mentioned above, the elements of S can also be considered as vec-
tors in the linear algebra sense: if W = ZZ:1 w0k, let W(z) = ZZ:1 wi(x)ek.
For each z, S(z) = {W(z) : W € S} is a collection of vectors. Define

For each z, S(z) is a collection of vectors that may or may not span
R?. Hormander’s condition is that S(z) spans R? at each point z. Since
the tangent space to R? at a point z is again R?, Héormander’s condition is
sometimes phrased by saying “S spans the tangent space at each point.”

The meaning of Hérmander’s condition is the following. If a particle
moves according to a vector field V for a short time, then moves according
to W for the same length of time, then —V and then —W, its net motion
is a short move along +[V,W]. If V and W do not commute, there will be
a net motion different from 0. A particle diffusing according to V2 can be
considered as a particle moving for a short period of time along +V, and a
particle diffusing according to V? + W? will thus also have some diffusion
in the direction +[V,W]. So Hormander’s condition says that a particle
starting at x diffusing under the operator £ will diffuse in all directions (at
least in an infinitesimal sense), and so the paths of X; do not initially lie
in some (d — 1)-dimensional surface contained in R?. If the paths did lie in
some (d — 1)-dimensional surface, X; could not have a density.

5. Hormander’s theorem

In this section we prove Hormander’s theorem, Theorem 5.6 below,
which says that X; will have a C*° density if S(zo) spans R?. For simplicity
we will consider only the case where the vector field V4 is 0.
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We first need two lemmas.

(5.1) Lemma. There exist c1 and cz such that if M is a continuous martingale,
T a bounded stopping time, and € > 0, then

P(sup |M| < 6, (M), >¢) < 016*025/52‘

t<T

Proof. My is a time change of a Brownian motion W; (cf. [PTA, Theorem
1.5.11]). So the desired probability is bounded by

P(Sup |Wt| < 57 <W>U > 6)7
t<U

where U is a stopping time. Since (W), = U, the probability above is in
turn bounded by

P(Sup‘Wt‘ < 5) = IP( sup |Wt| < 1) < 0187625/62
t<e t<e/52

by scaling and [PTA, Section II.4]. o

(5.2) Lemma. Suppose T is a stopping time bounded by 1, Wy is a d-dimensional
Brownian motion, and there exists c1 such that |Cs| and |Ds| < ¢1 for s < T,
where Cs is Rd—valued, Ds is real-valued, and Cs and Ds are adapted. Let

t t
Gt=Go+/C’S-dWS+/DSdS.
0 0

There exist ca and c3 depending only on c1 such that

T T
P(/ G < 620,/ |y dt > 6) < cge”CB/¢
0 0

for all £ sufficiently small.

Proof. Let
= {sup |Gs| > 54/4}.
s<T

Our first step is to prove
T
P(/ |Cs|? ds > e,Ff) < cqe”/E, (5.1)
0

Let a; = ie® AT and Mi(t) = [

aj

Cy - dW,. If fOT |Cs|*ds > ¢, there must
exist at least one i less than or equal to e~° such that

i1
/ |Cs\2 > 5.
w

i

By Lemma 5.1 applied to M;(t),
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a1
]P’( sup [ Mi(2)| <€4,/ |Cs\2d3256)

a;<t<a;ii

i

< cgexp(—cre®/(eM)?) = co exp(—cre?).

So

41
P(Hi <e?: sup |Mi(t)| < 54,/ |Cs|? ds > 56) (5.2)
a;<t<a;i1 a

i

< e%co exp(—cre?) < cgexp(—co/e)

if e is sufficiently small.
Suppose for some i we have sup,¢(q, q,,, |Mi(t)] > e*. Since

aj41
/ |Ds|ds < c16” < €*/2

i

if € is sufficiently small,

sup |Gy — Ga,| > sup  |M;(t)] —e*/2 > /2.
t€la;,ait1] t€lai,ait1]
Hence for some t € [a;,a;+1], we have |G:| > */4. This proves (5.1).
Let
ng{ sup \Gt7G5|§s4/4},

5,t<T,|t—s|<el0
By Proposition 1.8.1,

P(F5) < cioexp(—ci1/e).

Since |Cs| < ¢1, on the event where fOT |Cs|?ds > ¢, we have T > ¢/c3. We
deduce that if w € F» and sup,,|Gs| > €*/4, then there is an interval of
length at least €' contained in [0, 7'(w)] on which |G| > ¢*/8, which implies
that

T
/ GZds > /64>
0
for e sufficiently small. O

We now proceed to the proof of Hormander’s theorem. We break the
proof into several steps. Recall the definition of S, (z) from (4.7). We sup-
pose X; solves

dX; = v(X;) o dW:,  Xo = 0. (5.3)

We define Z; by (3.3) with o;; = v;; and b= 0.

(5.3) Proposition. Suppose Sm(x0) spans R?. There exists a stopping time T
bounded by 1 with the following properties.

(a) Ifs<T, then |Zs —I| <1/2;

(b) T~ € LP for all p;

(c) for each v € OB(0,1), there exists U € Sy, and r > 0 such that
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sup Pxo(/oT(ZsU(Xs)~u)2ds<5> = o(e?)

u€B(v,r)NOB(0,1)

as € = 0 for all p > 2. Moreover, r can be chosen independently of v.

(5.4)

Recall that we are considering vector fields both as collections of vectors
and as first-order differential operators. Z; is a d x d matrix, and U can be
considered as a d x 1 matrix, so Z:U(X;) is a d x 1 matrix, and hence the
dot product with v € 9B(0,1) makes sense. The notation f(e) = o(¢?) means

f(e)/e?P -0 ase — 0.
Proof. Since S, (xo) spans R?, setting

§= inf )2
/uealg(o,l) (Usetg)m(U(mo) U) )7

we see that § > 0. Let M > 2 and let
T =inf{t>0:|X; — 20| > 1/M or |Z, — I| > 1/M} A 1.
(a) follows immediately. For e > 0,

P(T <e) <P(sup|Xs — xo| > 1/M) 4+ P(sup|Zs — I| > 1/M),
s<e

s<e
which is o(e?) as € — 0 for all p by Proposition 1.8.1. Then
ET" = p/ NPT > \)dA
0
= p/ NPTIP(T < 1/0) dA < oo

0

for all p, which proves (b).

The continuity of X; and Z; and of the vector fields in S, allows us to

conclude that if M is large enough,

sup sup |Z:U(Xs) — U(zo)| < +/6/8.

UES,, s<T

If v € dB(0,1), there exists U € S,, and r > 0 such that if N = B(v,r) N

8B(0,1),
inf (U(zo)-u)” > 6/2,

ueN

and so
inf  (Z,U(Xs)-u)® > (1/6/2 —/6/8)> =48/8.

s<T,ueN

Thus using (b),

sup P(/T(ZSU(XS) ) ds < 5) < P(5T/8 < &) = o)

ueEN

for all p, which is (c).
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Next we have the proposition where the definition of Lie brackets is
used.

(5.4) Proposition. Let T be the stopping time defined in Proposition 5.3. Then

for each v € 9B(0,1), there exist r > 0 (not depending on v) and an integer i
with 1 <1 < d with

wp 1)IP(/OT(ZsVi(XS) ) < s) = o(e") (5.6)

u€B(v,r)NdB(0,
as € — 0 for all p > 2.

Proof. Let v € 9B(0,1) and choose U € S,, and N = B(v,r) N 9B(0,1) such
that the conclusion of Proposition 5.3 holds. If m = 1, then U = Vj, for
some io. Otherwise U = [Vj,, U] for some U € S;n—1 and some io.

If U= ijl ajaj and V:L = Z]d.:l Uijaj, then

d d
[Vi, ﬁ] = Z (Z(vijajak — ajaj’l)ik))ak~
k=1 Jj=1
Ui(X:) = a;(X.), and by Ito’s formula,
Za ai(Xs) 0dX! = Zajal Dvk(Xs) o dWE.

We have by (3.5),
dZs = —Zsv' o dWs,

that is,
dZui(s Z Zom (8)0ivmi (Xs) 0 dWE.

By the product formula,

A(Z2.T(X))0) = d( Y 2u(s)Tx))
22;&.( o dU;(X. +ZUZ ) 0 dZei(s)
= ZZ" Zajai(x\)ujk(x\) o dWk
—Zaz Zzgm Bivm(X) 0 AW
_ZZ{Z& )0;a:(X.)vjk(X.)

— ay (XS)Zgi(S)aj’Uik(Xs)} [¢] dWSk

_ZZZgl V[V, Uls(X5) 0 dWE.
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In order to apply Lemma 5.2, we need to see what this looks like in
terms of Ité integrals. By (3.5) and the fact that [Vi,U] is smooth, the
product formula tells us that d(Zu(s)[Vi,U}i(Xs)) can be written in the
form }7. Avir;(s) dW{ + Buir(s) ds, where Ay (s)| is bounded by e1]Z.| for
all 1,4, k, and j. The definition of Stratonovich integral then implies

~ ~ 1
d(Z.U(X.))e) = Zk: Z2i(8) Vi, U)i(X) dWE + 5 Z;A“kk(s).
We thus have for any u

d((Z:U(X0) u) =Y Z[Vi, U)(Xs) - wdW¥ + Dy ds,
k

where [D;| < c2|Zs| and ¢z is independent of u. Let Ci(s) = Z:[Va, U)(Xs) -u
and G, = Z,U(X,) - u. Recall |Z, — I| <1/2 if s <T. By Proposition 5.3(a),
|Cx(s)| and |Ds| are bounded by cs, a constant not depending on u, if s < T.
Then

T
P(/ Gids<52°) (5.7)
0
T T T
S]P’(/ Gfds<£20,/ \C’S|2d526)+}}”</ |Cs\2ds<6).
0 0 0

By our choice of T and r and the definition of U,

IP’(/OT ICL2 ds < 5) < ]P’(/OT(ZS[Vimﬁ] u)? < 5) = o(e?)

for all p. By Lemma 5.2, the first term on the right-hand side of (5.7) is
o(gP) for all p. Therefore

IP’(/OTngs<5) = o(e?/?)

for all p, hence o(e?) for all p.

We therefore have (5.4) with the condition U € S,, replaced by the
condition U € S,,—1. Repeating m times, we have (5.4) with the condition
U € Sn replaced by U € S1, which gives the conclusion. O

(5.5) Proposition. Let X; and T be as in Propositions 5.8 and 5.4 and suppose
(5.6) holds. Then I'7' € LP for all p.

Proof. Recall the definition of It from (3.9). Since Y, and o(X,) are in L?
for all p, to show I'7' € LP for all p, it suffices to show A~* € L? for all p,
where )\ is the smallest eigenvalue of I''. Now

M= inf ol
v€AB(0,1)
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So we need to show

r (ZVi(X.)- )% ds < &) = ofe”
Pt | Z s<e)=ol)

for all p. This probability is bounded by

f Zs d
P(,_nf | / Z Vi(Xe) v ds <),

We consider only ¢ < 1. The map v — f S (ZVi(Xs) - v)?ds is a
quadratic form, say v — v Qu, where Q depends on w. For s < T, we have
|Zs — I| < 1/2 and |Xs — 20| < 1/2, so by the definition of T in (5.5), the
entries of Q are bounded, say by R. We can cover dB(0,1) by finitely many
balls with centers v; and radii r A (¢/dR), and no more than ¢;e~¢ such balls
will be needed. Note that

(0 =) Q- )] < R Jo — o[

So if ¥TQu < ¢ for some v € 8B(0,1), choose one of the points v; with
|v —v;| < e/dR, and then v] Qu; < 2 + 2 < 4e for some j. Therefore

f (ZsVi(X 2d
Pt | Z <)
T
<cie? sup]P’(/ Z(ZS%(XS) ;) ds < 45).
J 0

This will be o(e?) for all p. O

We can now state and prove Hérmander’s theorem.

(5.6) Theorem. Suppose X; solves (4.3) with the V; smooth and Vo = 0. Suppose
S(xo) spans RY. Then there exists a bounded C* function f such that

P (X1 EA)=/f(y)dy
A

Proof. Since S(zo) spans R?, then S (x0) spans R? for some integer m. By
Propositions 5.3 through 5.5, I'T' € LP for all p. By Proposition 3.4, the
theorem follows. ]
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6. An alternative approach

In this section we give an alternative approach to the theorem that if
the inverse of the Malliavin covariance matrix is in L? for all p, then X; has
a smooth density. This approach uses the Ornstein-Uhlenbeck operator.

(6.1) Lemma. If Lf(z) = f"(z) — xf'(z), m(dz) = (271')71/2671)2/2 dz, and f

and g are smooth, then

/ g(Lf) mide) = / 1 m(d) / F(Lg) m(de). (6.1)

Proof. Since f and g are smooth, £f is bounded by a constant times 1+ |z|,
2 .
whereas e /2 f’ tends to 0 rapidly as |z| — oco. We have

/ o(ef) mide) = / 9(@)(e 2 (@) da,

and the first equality follows by integration by parts. The second equality
follows from the first by interchanging the roles of f and g. O

(1/2)Lf(z) is the operator corresponding to the Ornstein-Uhlenbeck
operator. The above lemma says that £ is self-adjoint with respect to m(dz).

If we define Lf(z) = Af(z)—z-Vf(z), f and g are smooth, and m(dz) =
2
(2m)~#2e~1=17/2 4z is a measure on R?, the same proof shows

/ 9(Lf) m(da) = / Vf - Vgmids) = / f(Lgym(d).  (6.2)

‘We also observe that

L(fg)(z) = g(x)Lf(x) +2V f(z) - Vg(z) + f(z)Lg(x). (6.3)
If f=(f1,...,fs): R? - R? is smooth and u € C*(R?),

d

V(uo f)(x Zauof (z)Vfj(z)  and (6.4)

d
Llwo f)@) =Y (dyuo ) @)V fi(z) - V()

ij=1

+Z diuo f)(x)Lfi(z).

We now define a Hilbert space # that is contained in C[0, 1], where
here C[0,1] is the set of continuous functions with domain [0, 1] and values
in R%. Let
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= {f € C[0,1] : f is absolutely continuous,

/01 7 ©F dt < o0, £(0) = a0 }.

Observe that f’:[0,1] — R?. Define

() = (£ 90 = / P g W dt. (6.5)
0

If f € H, we can extend the deﬁnltlon of ( f, w) to Brownian paths W;.
Note that if w € H, then (f,w fo . So if W; is a Brownian
motion, define

1
W.(w)) = / ) - dWy. (6.6)
0
This is defined only up to almost sure equivalence.

Clearly H is dense in {f € C[0,1] : f(0) = mo} under the supremum
norm. If F: C[0,1] — R is a smooth functional, let us define D,,F(h) as in
Section 1 and define

=Y Du(DuF(h))(hi) = Y (DuF (hi)){w, hi), (6.7)

where {h;} is an orthonormal basis for #. This definition applies to w € H,
but by the above remark, we can extend it to Brownian motion paths W;. It
turns out that definition of £LF is independent of the choice of orthonormal
basis (see Ikeda and Watanabe [1]), but we do not need this fact.

(6.2) Proposition. If F and G are smooth functionals, then

E [(LF)(W.)GW.)] = ~-E ZDWF )Dw G (hi)
=E [((CG)( W) F(W.)].
Proof. First, suppose

F(w) = f({w, h1), ..., {(w, hn)) (6.8)

and
G(w) = g(<w7h1>7 ) <w7hn>)7

where f and g are smooth. The map w — (w, h;) is a linear functional on
C0,1]. Let us calculate D, ({w, h;))(h). We have

/h;-(w+sh)/7/h;~w':€/h§~h'dt:s<h,hi>.
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So D, ({w, h;)) (k) = (h, h;).
By the chain rule and the orthogonality of the h;,

(ha) = 0; f((w, ), (w, hn)) Do ({0, hj)) (hi)

= 0 f(w, ), .., (w, ha)) (i, hy)

= &f((w, h1>7 ey <w, hn>)

Similarly,
Dy(DwF(hi))(hi)) = Oii f({w, ha), ..., (w, b)),

and so

= Zaiif(<w’h1>7“‘7<w>h">) (69)

= 0w, h), - (w, ).

The quantities (W, h;) = [ h;-dW are stochastic integrals with respect
to Brownian motion with integrands that are deterministic functions, so are
mean 0 Gaussian random variables with variance fol |Rj12dt = (hi,hi) =1
Similarly, the covariance of (W, h;) and (W, h;) is given by

1 1 1
COV(/ h;.dm/ h;-~dW>:/ by B dt = (hiyhy) =0
0 0 0

if ¢ # j. Therefore (W, h;) are i.i.d. mean 0 variance 1 normal random vari-
2
ables. Let m, (dz) = (2r)""/?¢71*"/2dz be a probability measure on R".
Then for H : R" —» R,
E [H(W,h1),..., /H T1,. .., Tn) Ma(de). (6.10)

Combining (6.9) and (6.10), we have
E[((LF)(W)GW)]

= /(Af —z-Vf)(z1,...,zn)g(x1,. .., Tn) mp(dz).

y (6.2), this is equal to
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- /Vf(rl, cosZn) - Vg(z1,. .., ) mn(dx)

—/Zaif(a:l, ey Zn)0ig(x1, . . ., Tn) Man (dx)
-E [Zaimw, )y (W R )Org (W, )., (W, )]

[ZDWF ) DwG(h; )},

as required. The second equality follows by reversing the roles of F' and G.
Finally, smooth functionals of

1
Wiy W, ) = (/1[%] dW,...,/ o] dW)
(0]

can be obtained as limits of functionals of the form (6.8), and by a limit
procedure, we have the proposition for all smooth functionals. O

If F and G are LP-smooth functionals on C[0,1] for all p, then the
conclusion of Proposition 6.2 applies to F' and G by a straightforward limit
argument.

If F,G: C[0,1] — R? are LP-smooth functionals, let
=Y F(h)G (). (6.11)
k=1

(6.3) Proposition. If u € C*(R?) and F = (FM, ..., F(9): C[0,1] — R? are
LP-smooth functionals, then

Dw (uo F)( Zaqu Dw F9(h),
L(uo F)( Z diju0 F(W)((Dw FW, Dy FW)Y)
1,5=1

—|—Z&UOF WHLFD (W), and

L:(F(i)F(j)) _ (L:F(l)( ))F(J)(W) + 2<<DWF(Z>7 DwF(j)>>
+ FOW)LFY (W)).

Proof. The proof follows for smooth F from (6.3) and (6.4) by summing over
h;. Taking a limit gives the result for LP-smooth functionals. O
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(6.4) Theorem. Suppose F is LP-smooth and let
Aij = ((Dw F, Dy FY)).

If A=Y € LP for all p, then F has a C* density: there exists f € C™ such that

P(F e A) = / f(z) dz, ACR
A

Proof. As in (3.15), Dw (A7) = —A™*(DwA)A™ . Similarly, since 0 = £(I) =
L(AATY,

LAY = =A"HLA)AT +2((A7 ' Dw A, A~ (Dw A)A™H)).

If Q is LP-smooth for all p, then from Proposition 6.3 and the definition of
A, we have
E[A™"((Dw F, Dw (uo F)))Q] (6.12)
=E[A™ ((DwF, Dw F))(Vu o F)Q]
=E[A " A(Vuo F)Q]
=E[(Vuo F)Q].

We also have
L(F(uo F)) = F(L(uo F)) + (LF)(uwo F) + 2((DwF, Dw(uo F))).  (6.13)
So from (6.13) and Proposition 6.2,

E[A™"((Dw F, Dw (uo F)))Q] (6.14)
_ %IE (A {L(F(uo F)) - FL(uo F) - (LF)(uo F)}Q]

_ %1{«: [(F)(wo F)L(A™'Q) — (uo F)L(AT FQ)

— (uo F)AT'Q(LF)]
=E[(uo F)R(Q))],

where .
R(Q) = {FL(AT'Q) = LIAT'FQ) — AT'Q(LF)}. (6.15)
Recall that e; is the unit vector in the z; direction. So (6.12) and (6.14)
imply
E (90 F)Q) = E [(wo F){e: - RQ)}].

From our assumptions, we conclude R(Q) is in L? for all p, so taking Q = 1,
IE (Do F]| < e ull.

If we now take Q = e; - R(1) and repeat,
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E [0;iu0 F] = E[(dyu 0 F){e, - RO}
—E(uo F)e: - (R(e; - R(D}:

Again our assumptions imply R(e; - R(1)) € L? for all p; hence
IE [0 0 FI| < csulloc-

We continue by induction to obtain our result for the higher-order partials.
We then apply Proposition 3.1. O

We want to apply Theorem 6.4 to obtain Theorem 3.6. We saw in
Section 2 that if F® = Xi, then each F® is LP-smooth. It remains to
calculate

<<DwF(i)7 DwF(j)>>.

(6.5) Proposition. We have

(DwFY, Dw FD)) = (VilvYT ).
Proof. Recall from (3.12) that
1
Dw X1 (h) = Yl/ Zoo (X )R (s) ds.
0

This means

d

DwXi() = 3 Vi) [ Zuals)one (X 00)c(5) s

a,b,c=1

Now if A® is R%-valued and defined by

/ZYw Zav(5)0ve(Xs) ds,

a,b=1

then
1 d
| 3oy igeds = )
0 c=1

So
Dw X1 (hi) Dw X3 (hi) = (A", hi) (A7 hy).

Since {hs} is an orthonormal basis, we obtain
D (AL AT ) = (A7, A7),
k=1

‘We then have
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d

o = [ty wyas= [ 3oy as

c=1

d 1
=y / Y (1) Z()0 (X0 )]ie[Y (1) Z()o(X,)e ds
c=1 0

_ / (Vs Zeo (X ))[Ys Z(8)o(X)] Yy ds.
Therefore

tiF“)(hk)DwF(”(hk) = {Y1 {/l Zeo(Xe)o(X) 'z ds} YlT} .

k=1

i
‘We thus obtain
Aij = ((DwF®, Dw FP)) = (VY )y, (6.16)

as required. O

(6.6) Corollary. If I'T' € LP for all p, then F has a C* density.

Proof. Since Y; ' = Z; and both Y; and Z; are in L” for all p, we have from
(6.16) that A™' is in L? for all p if and only if I'7" is in L? for all p. Now
apply Theorem 6.4. O

7. Notes

Two approaches evolved from Malliavin’s seminal work (see, e.g., Malli-
avin [1]): the Girsanov approach pioneered by Bismut [1] and the Ornstein-
Uhlenbeck operator approach developed by Stroock [1]. We have only looked
at one application of the Malliavin calculus. For much more, see the book
by Nualart [1] and the references therein.

For Sections 1 through 3 we followed Bichteler and Fonken [1] and
Norris [1]. Sections 4 and 5 are based on Norris [1]. Section 6 is derived
from Tkeda and Watanabe [1].
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