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PREFACE

The interplay of probability theory and partial differential equations
forms a fascinating part of mathematics. Among the subjects it has in-
spired are the martingale problems of Stroock and Varadhan, the Harnack
inequality of Krylov and Safonov, the theory of symmetric diffusion pro-
cesses, and the Malliavin calculus. When I first made an outline for my
previous book Probabilistic Techniques in Analysis, I planned to devote a
chapter to these topics. I soon realized that a single chapter would not do
the subject justice, and the current book is the result.

The first chapter provides the probabilistic machine needed to drive
the subject, namely, stochastic differential equations. We consider existence,
uniqueness, and smoothness of solutions and stochastic differential equa-
tions with reflection.

The second chapter is the heart of the subject. We show how many
partial differential equations can be solved by simple probabilistic expres-
sions. The Dirichlet problem, the Cauchy problem, the Neumann problem,
the oblique derivative problem, Poisson’s equation, and Schrödinger’s equa-
tion all have solutions that are given by appropriate probabilistic expres-
sions. Green functions and fundamental solutions also have simple proba-
bilistic representations.

If an operator has smooth coefficients, then equations with these op-
erators will have smooth solutions. This theory is discussed in Chapter III.
The chapter is largely analytic, but probability allows some simplification
in the arguments.

Chapter IV considers one-dimensional diffusions and the correspond-
ing second-order ordinary differential equations. Every one-dimensional dif-
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fusion can be derived from Brownian motion by changes of time and scale.
What is covered in the first four chapters is mostly classical and well

known. The next four chapters discuss material that has appeared only in
much more specialized places.

Chapter V concerns operators in nondivergence form. After some
preliminaries, the discussion turns to the Harnack inequality of Krylov and
Safonov and then to approximating operators with nonsmooth coefficients
by those with smooth coefficients. Even in the nonsmooth case, solutions
to these equations will have at least some regularity.

Chapter VI concerns the existence and uniqueness of the martingale
problem for operators in nondivergence form. If the coefficients are contin-
uous, there exists only one process corresponding to a given operator. A
similar assertion can be made in certain other cases.

In Chapter VII we turn to divergence form operators. Our main
goals are to derive Moser’s Harnack inequality, upper and lower bounds for
the heat kernel, and path properties of the associated processes.

Finally, in Chapter VIII we consider two different approaches to the
Malliavin calculus. We show how each one can be used to prove a version
of Hörmander’s theorem.

In this book we consider only linear second-order elliptic and parabol-
ic operators. This is not to imply that probability has nothing to say about
nonlinear or higher-order equations, but these topics are not discussed in
this book.

It is assumed that the reader knows some probability theory; the first
chapter of Bass [1] (referenced in this book by “PTA”) is more than suffi-
cient. References are given for the theorems from probability and analysis
that are required.

Each chapter ends with some notes that describe where I obtained
the material and suggestions for further reading. These are not meant to
be a history of the subject and are totally inadequate for that purpose.

Most of the material covered has previously been the subject of
courses I have given at the University of Washington, and I would like to
thank the students who attended and pointed out errors. In addition, I
would like to give special thanks to Heber Farnsworth and Davar Khosh-
nevisan, who read through the text and made valuable suggestions. Partial
support for this project has been provided by the National Science Foun-
dation.

Some notation

We will let B(x, r) denote the open ball in Rd with center x and
radius r. We use | · | for the Euclidean norm of points of Rd, for the norm
of vectors, and for the norm of matrices. To be more precise, let ei denote
the unit vector in the xi direction. If v =

∑d
i=1 biei and A is a matrix, then
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|v| =
( d∑

i=1

b2
i

)1/2
, |A| = sup

|v|=1
|Av|.

The inner product in Rd of x and y will be written x · y. If A is a matrix,
then AT denotes the transpose of a. Kronecker’s delta δij is 1 if i = j and
0 otherwise. The complement of a set B is denoted Bc.

∂t is an abbreviation for ∂/∂t and ∂i an abbreviation for ∂/∂xi.
The Lp norm of a function f will be denoted ‖f‖p. We define the Fourier
transform of a function f by

f̂(ξ) =
∫

Rd

eiξ·xf(x) dx.

A smooth function is one such that the function and its partial derivatives
of all orders are continuous and bounded. The notation 1A represents the
function or random variable that takes the value 1 on the set A and 0 on
the complement of A.

If Xt is a stochastic process and A a Borel subset of Rd, we write

TA = T (A) = inf{t > 0 : Xt ∈ A}
and

τA = τ(A) = inf{t > 0 : Xt /∈ A}
for the first hitting time and first exit time of A, respectively.

The letter c with a subscript indicates a constant whose exact value
is unimportant. We renumber in each theorem, lemma, proposition, and
corollary.

The reference PTA refers to Bass [1].

Seattle, Washington Richard F. Bass
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5. Hörmander’s theorem . . . . . . . . . . . . . . . . . 208
6. An alternative approach . . . . . . . . . . . . . . . . 215
7. Notes . . . . . . . . . . . . . . . . . . . . . . . . 221

BIBLIOGRAPHY . . . . . . . . . . . . . . . . . . . . . . . 223

INDEX . . . . . . . . . . . . . . . . . . . . . . . . . . . 229



This page intentionally left blank



I
STOCHASTIC DIFFERENTIAL
EQUATIONS

The partial differential equations we will consider have solutions that
can be represented as functionals of certain stochastic processes. In this
chapter we will construct these processes and examine some of their prop-
erties.

The processes we study are the solutions to stochastic differential
equations (SDEs). After a section of notation and definitions, in Section 2
we discuss what a SDE is and what it means to be a pathwise solution to
a SDE. Proposition 2.1 provides the first link between SDEs and PDE.

In Section 3 we prove that pathwise solutions exist and are unique
if the coefficients of the SDE are Lipschitz. Under less regularity of the
coefficients there are other notions of existence and uniqueness that are
appropriate; see Section 4.

For each point x there will be a different solution to the SDE for
the process starting at x. Taken together these solutions will form a strong
Markov process; this is discussed in Section 5.

Stronger conclusions can be reached when the dimension is one.
These are demonstrated in Section 6, whereas in Section 7 a number of
examples are given.

The core material of this chapter is completed in Section 8, where
some basic estimates of solutions to SDEs are given, e.g., the support theo-
rem (Theorem 8.5). The reader who is eager to get to applications to partial
differential equations could read Sections 2 through 5 and Section 8 and
then proceed to Chapter II.

Section 9 is concerned with the Stratonovich integral and Section 10
with flows. Although flows make a brief reappearance in Chapter III, these
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two sections are needed only for the Malliavin calculus in Chapter VIII.
Sections 11 and 12 are about SDEs where there is reflection on the

boundary of some domain. Section 11 describes the framework and Section
12 gives a proof of pathwise uniqueness. The reader who is not interested
in the Neumann problem or the oblique derivative problem may safely skip
Sections 11 and 12.

1. Preliminaries

We start by introducing some notation and recalling a few basic
definitions. A filtration is an increasing collection of σ-fields Ft, 0 ≤ t ≤ ∞,
that are right continuous and complete: ∩ε>0Ft+ε = Ft for all t and N ∈ Ft
for all t whenever P(N) = 0. A processXt is a martingale if for each t and s < t

the random variable Xt is integrable and adapted to Ft and E [Xt | Fs] = Xs

a.s. The process Xt is a local martingale if there exist stopping times Tn ↑ ∞
such that XTn∧t is a martingale for each n. A process is a semimartingale
if it is the sum of a local martingale and a process that is locally of finite
bounded variation (i.e., finite bounded variation on every interval [0, t]).
We will be dealing almost exclusively with continuous processes, so unless
stated otherwise, all of our processes will have continuous paths. If Xt is
a local martingale, the quadratic variation of X is the unique increasing
continuous process 〈X〉t such that X2

t − 〈X〉t is a local martingale. If Xt =
Mt + At, where Mt is a local martingale and At has paths of locally finite
bounded variation, then 〈X〉t is defined to be 〈M〉t. If X and Y are two
semimartingales, we define

〈X,Y 〉t =
1
2

(
〈X + Y 〉t − 〈X〉t − 〈Y 〉t

)
.

A one-dimensional Brownian motion adapted to Ft is a process Wt

with continuous paths such that Wt is adapted to {Ft} and if s < t, then
Wt−Ws is independent of Fs and has the law of a mean zero normal random
variable with variance t − s. Recall 〈W 〉t = t. A d-dimensional Brownian
motion is a d-dimensional process whose components are independent one-
dimensional Brownian motions.

If Mt is a local martingale, Ht is adapted to the filtration {Ft}, and∫ t
0
H2
s d〈M〉s < ∞ for all t, we define the stochastic integral Nt =

∫ t
0
Hs dMs to

be the local martingale such that 〈N,L〉t =
∫ t
0
Hs d〈M,L〉s for all martingales

Lt adapted to {Ft}. If Nt =
∫ t
0
Hs dMs, then 〈N〉t =

∫ t
0
H2
s d〈M〉s. Recall that

if Hs(ω) = F (ω)1[a,b](s) where F is Fa measurable, then
∫ t

0

Hs dMs = F (ω)[Mt∧b(ω) −Mt∧a(ω)];

we extend this construction to more general Hs by linearity and taking
limits in L2.
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For Xt = Mt + At a semimartingale,
∫ t
0
Hs dXs is defined by

∫ t

0

Hs dXs =
∫ t

0

Hs dMs +
∫ t

0

Hs dAs,

where the first integral on the right is a stochastic integral and the second
integral on the right is a Lebesgue-Stieltjes integral.

If Xt is a semimartingale and f ∈ C2(R), Itô’s formula is the equation

f(Xt) − f(X0) =
∫ t

0

f ′(Xs) dXs +
1
2

∫ t

0

f ′′(Xs) d〈X〉s. (1.1)

If Xt = (X1
t , . . . , X

d
t ) is a d-dimensional semimartingale, that is, a process in

Rd, each of whose components is a semimartingale, the higher-dimensional
analogue of Itô’s formula says that if f ∈ C2(Rd),

f(Xt) − f(X0) (1.2)

=
∫ t

0

d∑

i=1

∂if(Xs) dXi
s +

1
2

∫ t

0

d∑

i,j=1

∂ijf(Xs) d〈Xi, Xj〉s.

Throughout this book we write ∂i for ∂/∂xi and ∂ij for ∂2/∂xi∂xj . If X and
Y are real-valued semimartingales, the product formula is

XtYt = X0Y0 +
∫ t

0

Xs dYs +
∫ t

0

Ys dXs + 〈X,Y 〉t. (1.3)

Doob’s inequality ([PTA, Theorem I.4.7]) says that if Mt is a right-
continuous martingale and p > 1, there exists a constant c1 = c1(p) such
that

E sup
s≤t

|Ms|p ≤ c1(p)E |Mt|p. (1.4)

We will use the Burkholder-Davis-Gundy inequalities ([PTA, Theorem
I.6.8]), which say that for p > 0 there exist constants c1(p) such that if Mt

is a continuous martingale and T a stopping time, then

E sup
s≤T

|Ms|p ≤ c1(p)E 〈M〉p/2T . (1.5)

Lévy’s theorem ([PTA, Theorem I.5.9]) is the following: suppose Mt is
a continuous local martingale with 〈M〉t = t for all t; then Mt is a Brownian
motion.

There is a higher-dimensional analogue of this ([PTA, Corollary
I.5.10]). If Xt is a d-dimensional process, each of whose coordinates is a
continuous local martingale, and 〈Xi, Xj〉t = δijt, then Xt is a d-dimensional
Brownian motion.

A consequence of Lévy’s theorem is the following. If Mt is a con-
tinuous local martingale with 〈M〉∞ = ∞, then Mt is a time change of a
Brownian motion. See [PTA, Theorem I.5.11] for a proof.
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The Girsanov theorem ([PTA, Theorem I.6.4]) is the result that if Xt

and Mt are continuous martingales under P with M0 = 0 P-a.s. and we
define a new probability measure Q by setting the restriction of dQ/dP to
Ft to be exp(Mt − 〈M〉t/2), then Xt − 〈X,M〉t is a martingale under Q and
the quadratic variation of Xt is the same under P and Q.

2. Pathwise solutions

LetWt be a one-dimensional Brownian motion. We will be concerned
with the stochastic differential equation (SDE)

dXt = σ(Xt) dWt + b(Xt) dt, X0 = x. (2.1)

This is a shorthand way of writing

Xt = x +
∫ t

0

σ(Xs) dWs +
∫ t

0

b(Xs) ds. (2.2)

Here σ and b are measurable real-valued functions. We will say (2.1) or
(2.2) has a solution if there exists a continuous adapted processXt satisfying
(2.2). Xt is necessarily a semimartingale. Later on we will talk about various
types of solutions, so to be more precise, we say that Xt is a pathwise solution.
We say that we have pathwise uniqueness for (2.1) or (2.2) if whenever Xt

and X ′
t are two solutions, then there exists a set N such that P(N) = 0 and

for all ω /∈ N , we have Xt = X ′
t for all t.

The definitions for the higher-dimensional analogues of (2.1) and
(2.2) are the same. Let σij be measurable functions for i, j = 1, . . . , d and bi
measurable functions for i = 1, . . . , d. Let Wt be a d-dimensional Brownian
motion. We consider the equation

dXt = σ(Xt) dWt + b(Xt) dt, X0 = x, (2.3)

or equivalently, for i = 1, . . . , d,

Xi
t = xi +

∫ t

0

d∑

j=1

σij(Xs) dW j
s +

∫ t

0

bi(Xs) ds. (2.4)

Here Xt = (X1
t , . . . , X

d
t ) is a semimartingale on Rd.

The connection between stochastic differential equations and partial
differential equations comes about through the following theorem, which is
simply an application of Itô’s formula. Let σT denote the transpose of the
matrix σ and let a be the matrix σσT . Let C2(Rd) be the functions on Rd

whose first and second partial derivatives are continuous and let L be the
operator on C2(Rd) defined by

Lf(x) =
1
2

d∑

i,j=1

aij(x)∂ijf(x) +
d∑

i=1

bi(x)∂if(x). (2.5)
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(2.1) Proposition. Suppose Xt is a solution to (2.3) with σ and b bounded and
measurable and let f ∈ C2(Rd). Then

f(Xt) = f(X0) + Mt +
∫ t

0

Lf(Xs) ds, (2.6)

where

Mt =
∫ t

0

d∑

i,j=1

∂if(Xs)σij(Xs) dW j
s (2.7)

is a martingale.

Proof. Since the components of the Brownian motion Wt are independent,
we have d〈W k,W �〉t = 0 if k �= �. Therefore

d〈Xi, Xj〉t =
∑

k

∑

�

σik(Xt)σjl(Xt) d〈W k,W �〉t

=
∑

k

σik(Xt)σTkj(Xt) dt = aij(Xt) dt.

We now apply Itô’s formula:

f(Xt) = f(X0) +
∑

i

∫ t

0

∂if(Xs) dXi
s +

1
2

∫ t

0

∑

i,j

∂ijf(Xs) d〈Xi, Xj〉s

= f(X0) + Mt +
∑

i

∫ t

0

∂if(Xs)bi(Xs) ds

+
1
2

∫ t

0

∑

i,j

∂ijf(Xs)aij(Xs) ds

= f(X0) + Mt +
∫ t

0

Lf(Xs) ds. �

We will say that a process Xt and an operator L are associated if Xt

satisfies (2.3) for L given by (2.5) and a = σσT . We call the functions b the
drift coefficients of Xt and of L, and we call σ and a the diffusion coefficients
of Xt and L, respectively.

3. Lipschitz coefficients

We now proceed to show existence and uniqueness for the SDE
(2.1) when the coefficients σ and b are Lipschitz continuous. For nota-
tional simplicity, we first consider the case where the dimension is one.
Recall that a function f is Lipschitz if there exists a constant c1 such that
|f(x) − f(y)| ≤ c1|x− y| for all x, y.
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(3.1) Theorem. Suppose σ and b are Lipschitz and bounded. Then there exists
a pathwise solution to the SDE (2.1).

Proof. We use Picard iteration. Define X0(t) ≡ x and define inductively

Xi+1(t) = x +
∫ t

0

σ(Xi(s)) dWs +
∫ t

0

b(Xi(s)) ds (3.1)

for i = 0, 1, . . . Note

Xi+1(t) −Xi(t) =
∫ t

0

[σ(Xi(s)) − σ(Xi−1(s))] dWs (3.2)

+
∫ t

0

[b(Xi(s)) − b(Xi−1(s))] ds.

Let gi(t) = E [sups≤t |Xi+1(s) −Xi(s)|2].
If Ft denotes the first term on the right-hand side of (3.2), then by

Doob’s inequality (1.4),

E sup
s≤t

F 2
s ≤ c1E

∫ t

0

|σ(Xi(s)) − σ(Xi−1(s))|2 ds (3.3)

≤ c2

∫ t

0

E |Xi(s) −Xi−1(s)|2 ds

≤ c2

∫ t

0

gi−1(s) ds.

If Gt denotes the second term on the right-hand side of (3.2), then by the
Cauchy-Schwarz inequality,

E sup
s≤t

G2
s ≤ E

(∫ t

0

|b(Xi(s)) − b(Xi−1(s))| ds
)2

(3.4)

≤ E t

∫ t

0

|b(Xi(s)) − b(Xi−1(s))|2ds

≤ c3t

∫ t

0

E |Xi(s) −Xi−1(s)|2 ds

≤ c3t

∫ t

0

gi−1(s) ds.

So (3.2), (3.3), (3.4), and the inequality (x + y)2 ≤ 2x2 + 2y2 tell us that
there exists A such that

gi(t) ≤ 2E sup
s≤t

F 2
s + 2E sup

s≤t
G2
s ≤ A(1 + t)

∫ t

0

gi−1(s) ds. (3.5)

Since σ and b are bounded, arguments to those in the derivation of
(3.3) and (3.4) show that g0(t) is bounded by B(1 + t) for some constant B.
Iterating (3.5),
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g1(t) ≤ A

∫ t

0

B(1 + s) ds ≤ AB(1 + t)2/2

for all t, so

g2(t) ≤ A

∫ t

0

(AB(1 + s)2)/2 ds ≤ A2B(1 + t)3/3!

for all t. By induction,

gi(t) ≤ AiB(1 + t)i+1/(i + 1)!

Hence
∑∞

i=0 gi(t)
1/2 < ∞. Fix t and define the norm

‖Y ‖ = (E sup
s≤t

|Ys|2)1/2. (3.6)

We then have that

‖Xn −Xm‖ ≤
m−1∑

i=n

gi(t)1/2 → 0

if m > n and m,n → ∞. Therefore Xn is a Cauchy sequence with respect
to this norm. It is clear that there is a process X such that ‖Xn −X‖ → 0
as n → ∞. For each t, we can look at a subsequence so that sups≤t |X(s) −
Xnj (s)| → 0 a.s., which implies that X(s) has continuous paths. Letting
i → ∞ in (3.1), we see that X(s) satisfies (2.2). �


For use in Chapter VIII we need the following corollary.

(3.2) Corollary. If p ≥ 2, then for all t ≥ 0, E sups≤t |Xn(s) − Xs| → 0 as
n → ∞.

Proof. Let
gi(t) = E sup

s≤t
|Xi+1(s) −Xi(s)|p.

In place of (3.3) we use the Burkholder-Davis-Gundy inequalities (1.5). Let
Ft and Gt be as in the proof of Theorem 3.1. Suppose t0 > 0 and we consider
t ≤ t0. We then write

E sup
s≤t

|Fs|p ≤ c2E
[∫ t

0

|σ(Xi(s)) − σ(Xi−1(s))|2 ds
]p/2

≤ c3(t0)E
∫ t

0

|σ(Xi(s)) − σ(Xi−1(s))|p ds

≤ c4E

∫ t

0

|Xi(s) −Xi−1(s)|p ds

≤ c4

∫ t

0

gi−1(s) ds,
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and in place of (3.4)

E sup
s≤t

|Gs|p ≤ E
(∫ t

0

|b(Xi(s)) − b(Xi−1(s))| ds
)p

≤ c5(t0)E
∫ t

0

|b(Xi(s)) − b(Xi−1(s))|p ds

≤ c6E

∫ t

0

|Xi(s) −Xi−1(s)|p ds

≤ c6

∫ t

0

gi−1(s) ds.

With these changes and the inequality (x + y)p ≤ 2p−1xp + 2p−1yp when
x, y > 0, we have as before that gi(t) ≤ AiB(1 + t)i+1/(i + 1)! We conclude
that

∑m−1
i=n gi(t)1/p → 0 as m,n → ∞. This shows that Xn converges to X

in Lp. �


Uniqueness will be shown next. We first examine a portion of the
proof that is known as Gronwall’s lemma, since this elementary lemma will
be used repeatedly in what follows.

(3.3) Lemma. (Gronwall’s lemma) Suppose g : [0,∞) → R is bounded on each
finite interval, is measurable, and there exist A and B such that for all t

g(t) ≤ A + B

∫ t

0

g(s) ds. (3.7)

Then g(t) ≤ AeBt for all t.

Proof. Iterating the inequality for g,

g(t) ≤ A + B

∫ t

0

[
A + B

∫ s

0

g(r) dr
]
ds

≤ A + ABt + B2
∫ t

0

∫ s

0

[
A + B

∫ r

0

g(q) dq
]
ds dt

= A + ABt + AB2t2/2 + B3
∫ t

0

∫ s

0

∫ r

0

g(q) dq dr ds

≤ · · · .
Since g is bounded on [0, t], say by C, then

∫ t

0

g(s) ds ≤ Ct,

∫ t

0

∫ s

0

g(r) dr ds ≤
∫ t

0

Cs ds ≤ Ct2/2!,

and so on. Hence
g(t) ≤ AeBt + BnCtn/n!

for each n. Letting n → ∞ completes the proof. �
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(3.4) Theorem. Suppose σ and b are Lipschitz and bounded. Then the solution
to the SDE (2.1) is pathwise unique.

Proof. Suppose Xt and X ′
t are two pathwise solutions to (2.1). Let

g(t) = E sup
s≤t

|Xs −X ′
s|2.

Since Xt and X ′
t both satisfy (2.1), their difference satisfies

Xt −X ′
t = Ht + It,

where

Ht =
∫ t

0

[σ(Xs) − σ(X ′
s)] dWs, It =

∫ t

0

[b(Xs) − b(X ′
s)] ds.

As in the proof of Theorem 3.1, there exist c1 and c2 such that

E sup
s≤t

H2
s ≤ c1

∫ t

0

g(s) ds, E sup
s≤t

I2
s ≤ c2t

∫ t

0

g(s) ds.

Hence, if t0 is a positive real and t ≤ t0, there exists a constant c3 depending
on t0 such that

g(t) ≤ 2E sup
s≤t

H2
s + 2E sup

s≤t
I2
s ≤ c3

∫ t

0

g(s) ds.

By Lemma 3.3, g(t) = 0 for t ≤ t0. Since t0 is arbitrary, uniqueness is proved.
�


It is often useful to be able to remove the boundedness assumption
on σ and b. We still want σ and b to be Lipschitz, so this can be phrased
as follows.

(3.5) Theorem. Suppose σ and b are Lipschitz and there exists a constant c1
such that

|σ(x)| + |b(x)| ≤ c1(1 + |x|).
Then there exists a pathwise solution to (2.1) and the solution is pathwise unique.

Proof. Let σn and bn be bounded Lipschitz functions that agree on [−n, n]
with σ and b, respectively, and let Xn

t be the solution to (2.1) with σ and
b replaced by σn and bn, respectively. Let Tn = inf{t : |Xn

t | ≥ n}.
Note

Xn
t = Xm

t if t ≤ Tm ∧ Tn. (3.8)

To see this, set g(t) = E sups≤t0∧Tm∧Tn |Xn
s − Xm

s |2 and proceed as in the
proof of Theorem 3.4.

Set Xt = Xn
t for t ≤ Tn. We will show Tn → ∞ a.s. Once we have

this, the existence and uniqueness of the solution to (2.1) follow easily from
(3.8) and Theorems 3.1 and 3.4.
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Let gn(t) = E sups≤t∧Tn |Xn
s |2. Fix t0 > 0. Then as in the proof of

Theorem 3.1, for t ≤ t0

E sup
s≤t∧Tn

(Xn
s )2 ≤ c2|x|2 + c2E

∫ t

0

σn(Xn
s )2 ds

+ c3t0E

∫ t

0

bn(Xn
s )2 ds

≤ c2|x|2 + c4 + c5E

∫ t

0

|Xn
s |2 ds,

or

gn(t) ≤ c2|x|2 + c4 + c5

∫ t

0

gn(s) ds,

where c2, c4, and c5 do not depend on n. By Gronwall’s lemma, gn(t) ≤
(c2|x|2 + c4)ec5t for t ≤ t0. Using Chebyshev’s inequality,

P(Tn < t0) = P( sup
s≤t0∧Tn

|Xn
s | ≥ n)

≤ E sup
s≤t0∧Tn

|Xn
s |2/n2 ≤ gn(t0)/n2 → 0

as n tends to infinity. Since Tn ↑ by (3.8) and t0 is arbitrary, the result
follows. �


We remark that as a consequence of the above proof, Xt = Xn
t if

Tn > t, so Xt does not explode, that is, Xt does not tend to infinity in finite
time.

We have considered the case of R-valued processes for simplicity, but
with only trivial changes the proofs work when the state space is Rd (and
even infinite dimensions if properly formulated), so we can state

(3.6) Theorem. Suppose d ≥ 1 and suppose σ and b are Lipschitz. Then the
SDE (2.3) has a pathwise solution and this solution is pathwise unique.

In the above, we required σ and b to be functions of Xt only. Only
cosmetic changes are required if we allow σ and b to be functions of t and
Xt and consider

dXt = σ(t,Xt) dWt + b(t,Xt) dt. (3.9)

4. Types of uniqueness

When the coefficients σ and b fail to be Lipschitz, it is sometimes
the case that (2.1) may not have a pathwise solution at all, or it may not
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be unique. We define some other notions of existence and uniqueness that
are useful. We now assume that the dimension of the state space may be
larger than one.

We say a strong solution exists to the SDE (2.3) if given the Brownian
motion Wt there exists a process Xt satisfying (2.3) such that Xt is adapted
to the filtration generated byWt. A weak solution exists if there exists a pair of
processes (Xt,Wt) such thatWt is a Brownian motion and the equation (2.3)
holds. There is weak uniqueness holding if whenever (Xt,Wt) and (X ′

t,W
′
t )

are two weak solutions, then the joint laws of the processes (X,W ) and
(X ′,W ′) are equal. When this happens, we also say that the solution to
(2.3) is unique in law.

Let us explore some of the relationships between the various defini-
tions just given. Pathwise existence and the existence of a strong solution
are very close, differing only in unimportant measurability concerns. If the
solution to (2.3) is pathwise unique, then weak uniqueness holds. For the
proof, see Yamada and Watanabe [1]. In the case that σ and b are Lipschitz,
the proof is much simpler.

(4.1) Proposition. Suppose σ and b are Lipschitz. Then the solution to (2.3) is
a strong solution. Weak uniqueness holds for (2.3).

Proof. For notational simplicity we consider the case of dimension one. The
Picard iteration in Theorem 3.1 and the definition via stopping times in
Theorem 3.4 preserve measurability, so the solution constructed in these
two theorems is adapted to the filtration generated byWt. Thus the solution
is a strong solution.

Suppose (Xt,Wt) and (X ′
t,W

′
t ) are two solutions to (2.1). Let X ′′

t be
the process that is constructed from W ′

t analogously to how Xt was con-
structed fromWt, namely, by Picard iteration and stopping times. It follows
that (X,W ) and (X ′′,W ′) have the same law. By the pathwise uniqueness,
X ′′ = X ′, so the result follows. �


There is a generalization of the argument of Proposition 4.1 that is
not as well known as it deserves to be. Here we are not assuming that σ

and b are Lipschitz.

(4.2) Theorem. Suppose the matrix σ has an inverse that is bounded. Suppose σ
and b are bounded and measurable. If (2.3) has a strong solution and the solution
to (2.3) is weakly unique, then pathwise uniqueness holds for (2.3).

Proof. Let a Brownian motion Wt be given, and let X be a strong solution
to (2.3). Suppose X ′ is another solution to (2.3). We must show Xt = X ′

t

for all t a.s.
X is a strong solution, which implies that there exists a function

F on the space of continuous functions so that X = F (W ) a.s. Let Mt =
Xt−

∫ t
0
b(Xs) ds, so that Wt =

∫ t
0
σ−1(Xs) dMs. Hence Wt is measurable with
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respect to the filtration generated by the semimartingale X. Similarly, W
is adapted to the filtration generated by X ′. Since weak uniqueness holds,
X is equal to X ′ in law. It follows that the pair (X,W ) is equal in law to
the pair (X ′,W ). Thus X ′ = F (W ) a.s. as well. The conclusion follows from
combining: X ′ = F (W ) = X a.s. �


We now give an example to show that weak uniqueness might hold
even if pathwise uniqueness does not. Let σ(x) be equal to 1 if x ≥ 0 and
−1 otherwise. We take b to be identically 0. We consider solutions to

Xt =
∫ t

0

σ(Xs) dWs. (4.1)

Weak uniqueness holds since Xt must be a martingale, and the quadratic
variation of X is d〈X〉t = σ(Xt)2 dt = dt; by Lévy’s theorem (Section 1),
Xt is a Brownian motion. Given a Brownian motion Xt and letting Wt =∫ t
0
σ−1(Xs) dXs where σ−1 = 1/σ, then again by Lévy’s theorem, Wt is a

Brownian motion; thus weak solutions exist.
On the other hand, pathwise uniqueness does not hold (so no strong

solution exists). To see this, let Yt = −Xt. We have

Yt =
∫ t

0

σ(Ys) dWs − 2
∫ t

0

1{0}(Xs) dWs. (4.2)

The second term on the right has quadratic variation 4
∫ t
0

1{0}(Xs) ds, which
is equal to 0 almost surely because X is a Brownian motion. Therefore the
second term on the right of (4.2) equals 0 almost surely, or Y is another
pathwise solution to (4.1).

This example is not satisfying because one would like σ to be positive
and even continuous if possible. Such examples exist, however; see Barlow
[1]. See also the earlier example of Tsirelson [1].

5. Markov properties

One of the more important applications of SDEs is to Markov pro-
cesses. A Markov process is one where the probability of future events
depends on the past history only through the present position. In order to
be more precise, we need to introduce some notation. Rather than having
one probability measure and a collection of processes, it is more convenient
to have one process and a collection of measures.

Define Ω′ to be the set of all continuous functions from [0,∞) to Rd.
We define Zt(ω) = ω(t) for ω ∈ Ω′. We call Zt the canonical process. Suppose
that for each starting point x the SDE (2.3) has a solution that is unique in
law. Let us denote the solution by X(x, t, ω). For each x define a probability
measure Px on Ω′ so that
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Px(Zt1 ∈A1, . . . , Ztn ∈ An)

= P(X(x, t1, ω) ∈ A1, . . . , X(x, tn, ω) ∈ An)

whenever t1, . . . , tn ∈ [0,∞) and A1, . . . , An are Borel sets in Rd. The measure
Px is determined on the smallest σ-field containing these cylindrical sets.
Let G00

t be the σ-algebra generated by Zs, s ≤ t. We complete these σ-fields
by considering all sets that are in the Px completion of G00

t for all x. (This is
not quite the same as the completion with respect to Px, but it will be good
enough for our purposes.) Finally, we obtain a right continuous filtration
by letting F ′

t = ∩ε>0G00
t+ε. We then extend Px to F ′

∞.
One advantage of Ω′ is that it is equipped with shift operators θt :

Ω′ → Ω′ defined by θt(ω)(s) = ω(t + s). Another way of writing this is
Zt ◦ θs = Zt+s. For stopping times T we set θT (ω) = θT (ω)(ω).

The strong Markov property is the assertion that

E x[Y ◦ θT | F ′
T ] = E

ZT [Y ], a.s. (Px) (5.1)

whenever x ∈ Rd, Y is bounded and F ′
∞ measurable, and T is a finite stop-

ping time. The Markov property holds if the above equality holds whenever
T is a fixed (i.e., nonrandom) time. If the strong Markov property holds,
we say (Px, Zt) is a strong Markov process.

As in the discussion in [PTA, Section I.3], to prove the strong Markov
property it suffices to show

E x[f(ZT+t) | F ′
T ] = E

ZT f(Zt), a.s. (Px) (5.2)

for all x ∈ Rd, f a bounded and continuous function on Rd, and T a bounded
stopping time. See also [PTA, Section I.3] for some examples of how to
interpret (5.1).

It turns out that if pathwise uniqueness holds for (2.3) for every x,
then (Px, Zt) form a strong Markov process. However, aside from techni-
calities involving regular conditional probabilities, it is no more difficult to
prove that weak uniqueness also implies the strong Markov property. We
will have need of this stronger result and we now proceed to its proof.

Let T be a bounded stopping time. A regular conditional probability
for E [ · | FT ] is a kernel QT (ω, dω′) such that
(i) QT (ω, ·) is a probability measure on Ω′ for each ω;
(ii) for each F ′

∞ measurable set A, QT (·, A) is a F ′
∞ measurable random

variable;
(iii) for each F ′

∞ measurable set A and each F ′
T measurable set B,

∫

B

QT (ω,A) P(dω) = P(A ∩B).

Regular conditional probabilities need not always exist, but if the probabil-
ity space is regular enough, as Ω′ is, then they do. We defer the proof until
Theorem 5.2.
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We have the equation

Zt = Z0 +
∫ t

0

σ(Zr) dWr +
∫ t

0

b(Zr) dr, (5.3)

where Wr is a Brownian motion, not necessarily the same as the one in
(2.3). If we let Z̃t = ZT+t and W̃t = WT+t −WT , it is plausible that W̃ is a
Brownian motion with respect to the measure QT (ω, ·) for almost every ω.
We show this below in Proposition 5.3. We write (5.3) with t replaced by
T + t and then write (5.3) with t replaced by T . Taking the difference and
using a change of variables, we obtain

Z̃t = Z̃0 +
∫ t

0

σ(Z̃r) W̃r +
∫ t

0

b(Z̃r) dr. (5.4)

(5.1) Theorem. Suppose the solution to (2.3) is weakly unique for each x. Then
(Px, Zt) is a strong Markov process.

Proof. Fix x and let QT denote the regular conditional probability for E
x[· |

F ′
T ]. Except for ω in a null set, under QT (ω, ·) we have from (5.4) and

Proposition 5.3 that Z̃ is a solution to (2.3) with starting point Z̃0 = ZT .
So if EQT denotes the expectation with respect to QT , the uniqueness in
law tells us that

EQT f(Z̃t) = E
ZT f(Zt), a.s. (Px).

On the other hand,

EQT f(Z̃t) = EQT f(ZT+t) = E
x[f(ZT+t) | F ′

T ], a.s. (Px),

which proves (5.2). �


It remains to prove that regular conditional probabilities exist and that
under QT the process W̃ is a Brownian motion.

(5.2) Theorem. Suppose (Ω,F ,P) is a probability space, G ⊂ F , and Ω is a
complete and separable metric space. Then a regular conditional probability for
P(· | G) exists.

Proof. We can embed Ω in [0, 1]∞, a compact set (see, for example, [PTA,
the proof of Theorem I.7.4]). Let {fj} be a countable collection of linearly
independent uniformly continuous functions on Ω whose closure is dense in
the class of uniformly continuous functions on Ω; let us assume f1 ≡ 1.

Let gj = E [fj | G]. If r1, . . . , rn are rationals with r1f1 + · · · rnfn ≥ 0, let

N(r1, . . . , rn) = {ω : r1g1(ω) + · · · rngn(ω) < 0}.

Clearly, P(N(r1, . . . , rn)) = 0. Let N1 be the union of all such N(r1, . . . , rn)
with n ≥ 1, the rj rational. Then N1 ∈ G and P(N1) = 0.
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Fix ω ∈ Ω−N1. Define a functional L on the finite linear combinations
of the fj by L(f) = t1g1(ω)+· · ·+tngn(ω) if f = t1f1+· · ·+tnfn. We claim L is
a positive linear functional. If f = t1f1 + · · ·+ tnfn ≥ 0 and ε > 0 is rational,
then there exists rational r1, . . . , rn such that r1f1 + . . . + rnfn ≥ −ε, or
(r1+ε)f1+r2f2+· · ·+rnfn ≥ 0. Since ω /∈ N1, then (r1+ε)g1+r2g2+· · ·+rngn ≥
0. Letting ε → 0, it follows that t1g1 + · · · + tngn ≥ 0. Since L(f1) = 1, L can
be extended to a positive linear functional on the closure of the collection
of finite linear combinations of the fj . Any uniformly continuous function
on Ω can be extended uniquely to Ω, so L can be considered as a positive
linear functional on C(Ω). By the Riesz representation theorem, there exists
a probability measure Q(ω, ·) such that L(f) =

∫
f(ω′)Q(ω, dω′).

The mapping ω → L(f) is measurable with respect to F for each finite
linear combination of the fj , hence for all uniformly continuous functions
on Ω by a limit argument. If B ∈ G,

∫

B

[∫

(t1f1 + · · · + tnfn)(ω′)Q(ω, dω′)
]
P(dω)

=
∫

B

(t1g1 + · · · + tngn)(ω)P(dω)

=
∫

B

(t1f1 + · · · + tnfn)(ω)P(dω)

or
∫
f(ω′)Q(ω, dω′) is a version of E [f |G] if f is a finite linear combination

of the fj . By a limit argument, the same is true for all f that are of the
form f = 1A with A ∈ F .

Let Gni be a sequence of balls of radius 1/n (with respect to the metric
of Ω) contained in Ω and covering Ω. Choose in such that P(∪i≤inGni) >

1 − 1/n2n. The set Hn = ∩n≥1 ∪i≤in Gni is totally bounded; let Kn be the
closure of Hn in Ω. Since Ω is complete, Kn is complete and totally bounded,
and hence compact, and P(Kn) ≥ 1 − 1/n. So

E [Q(·,∪nKn);Ω −N1] ≥ E [Q(·,Kn);Ω −N1] = P(Kn) → 1,

or Q(ω,∪nKn) = 1 a.s. Let N2 be the null set for which this fails. Thus for
ω ∈ Ω − (N1 ∪N2), we see that Q(ω, dω′) is a probability measure on Ω. For
ω ∈ N1 ∪ N2, let Q(ω, ·) = P(·). This Q is the desired regular conditional
probability. �


Finally, we have

(5.3) Proposition. Let Zt be a weak solution to (5.3), T a bounded stopping
time. Let QT be the regular conditional probability for E

x[· | F ′
T ]. Then, except

for a P-null set of ω, under QT (ω, ·), ZT+t is a weak solution to (5.3) starting
from ZT for almost every ω.
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Proof. The principal step in the proof is to show that if W̃t = WT+t −WT ,
then under QT (ω, ·) the process W̃ is a Brownian motion, except for a P-
null set of ω. QT is a probability measure on Ω′, so W̃ is continuous. Let
t1 < · · · < tn and

N(u2, . . . , un, t1, . . . , tn)

=
{
ω : EQT exp

(
i

n∑

j=2

uj · (WT+tj −WT+tj−1)
)

�= exp
( n∑

j=2

|uj |2(tj − tj−1)/2
)}

.

Here · denotes the dot product in Rd. By the strong Markov property for
Wt, this is a null set with respect to P. Let N be the union of all such
N(u1, . . . , un, t1, . . . , tn) for n ≥ 1, u1, . . . , un rational, and t1 < . . . < tn ra-
tional. By continuity, if ω /∈ N , then the finite dimensional distributions of
W̃ under QT (ω, ·) are those of a Brownian motion. By the continuity of W̃ ,
under QT , W̃ is a Brownian motion, except for a null set of ωs.

That the process ZT+t starts from ZT under QT (ω, ·) for almost every
ω is left to the reader. �


By a slight abuse of notation, we will say (Px, Xt) is a strong Markov
family when (Px, Zt) is a strong Markov family.

6. One-dimensional case

Although we have often looked at the case where the state space is R

instead of Rd for the sake of simplicity of notation, everything we have done
so far has been valid in Rd for any d. We now look at some stronger results
that hold only in the one-dimensional case.

(6.1) Theorem. Suppose b is bounded and Lipschitz. Suppose there exists a
continuous function ρ : [0,∞) → [0,∞) such that ρ(0) = 0,

∫
0+

ρ−2(u) du = ∞,
and σ is bounded and satisfies

|σ(x) − σ(y)| ≤ ρ(|x− y|)
for all x and y. Then the solution to (2.1) is pathwise unique.

Proof. Let an ↓ 0 be selected so that
∫ an−1

an
du/ρ2(u) = n. Let hn be contin-

uous, supported in (an, an−1), 0 ≤ hn(u) ≤ 2/nρ2(u), and
∫ an−1

an
hn(u) du = 1

for each n. Let gn be such that gn(0) = g′
n(0) = 0 and g′′

n = hn. Note
|g′
n(u)| ≤ 1 and g′

n(u) = 1 if u ≥ an−1, hence gn(u) ↑ u for u ≥ 0.
Let Xt and X ′

t be two solutions to (2.1). The function gn is in C2 and is
0 in a neighborhood of 0. We apply Itô’s formula to gn((ε2 + |Xt −X ′

t|2)1/2)
and let ε → 0 to obtain
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gn(|Xt −X ′
t|) = martingale +

∫ t

0

g′
n(|Xs −X ′

s|)[b(Xs) − b(X ′
s)] ds

+
1
2

∫ t

0

g′′
n(|Xs −X ′

s|)[σ(Xs) − σ(X ′
s)]

2 ds.

We take the expectation of the right-hand side. The martingale term has 0
expectation. The next term has expectation bounded by

c1

∫ t

0

E |Xs −X ′
s| ds.

The final term on the right-hand side is bounded in expectation by

1
2
E

∫ t

0

2
n(ρ|Xs −X ′

s|)2 (ρ|Xs −X ′
s|)2 ds ≤ t

n
.

Letting n → ∞,

E |Xt −X ′
t| ≤ c1

∫ t

0

E |Xs −X ′
s| ds.

By Gronwall’s lemma, E |Xt − X ′
t| = 0 for each t. By the continuity of Xt

and X ′
t, we deduce the uniqueness. �


We shall see in Chapter IV that the integral condition on ρ cannot
be weakened. There are, however, other related theorems. If σ is bounded
below and is of finite quadratic variation, then pathwise uniqueness holds.
See Rogers and Williams [1] for a presentation of this result.

A proof similar to that of Theorem 6.1 gives a useful comparison theo-
rem. Suppose σ satisfies the conditions in Theorem 6.1. Suppose Xt satisfies
(2.1) with b Lipschitz. Suppose Yt is a continuous semimartingale satisfying
dYt ≥ σ(Yt) dWt + B(Yt) dt, Y0 = y. This means

Yt ≥ Y0 +
∫ t

0

σ(Ys) dWs +
∫ t

0

B(Ys) ds.

(6.2) Theorem. Suppose X and Y are as described. If b(z) ≤ B(z) for all z and
x ≤ y, then Xt ≤ Yt almost surely for all t.

Proof. Let hn and gn be as in the proof of Theorem 6.1. Since x ≤ y, then
gn(x− y) = 0, and we have

gn(Xt − Yt) ≤ martingale +
∫ t

0

g′
n(Xs − Ys)[b(Xs) −B(Ys)] ds

+
1
2

∫ t

0

g′′
n(Xs − Ys)[σ(Xs) − σ(Ys)]2 ds.

As before, the expectation of the third term is less than t/n, which tends to
0 an n → ∞. The expectation of the second term on the right is bounded
by
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E

∫ t

0

g′
n(Xs − Ys)[b(Xs) − b(Ys)] ds

+ E

∫ t

0

g′
n(Xs − Ys)[b(Ys) −B(Ys)] ds

≤ c1E

∫ t

0

1[0,∞)(Xs − Ys)|Xs − Ys| ds

≤ c1E

∫ t

0

(Xs − Ys)+ ds.

Letting n → ∞,

E (Xt − Yt)+ ≤ c1

∫ t

0

E (Xs − Ys)+ ds.

Gronwall’s lemma implies E (Xt − Yt)+ = 0 for all t. Using the continuity of
the paths of Xt and Yt completes the proof. �


Regarding weak uniqueness of one-dimensional SDEs, we will see later
(Chapter IV) that weak uniqueness holds if σ and b are bounded and mea-
surable and σ is bounded below.

7. Examples

Ornstein-Uhlenbeck process. The Ornstein-Uhlenbeck process is the solution
to the SDE

dXt = dWt − Xt

2
dt, X0 = x. (7.1)

The existence and uniqueness follow from Theorem 3.5, so (Px, Xt) is a
strong Markov process.

The equation (7.1) can be solved explicitly. Rewriting it and using the
product rule,

et/2 dWt = et/2 dXt + et/2
Xt

2
dt = d[et/2Xt],

or

Xt = e−t/2x + e−t/2
∫ t

0

es/2 dWs. (7.2)

Since the integrand of the stochastic integral is deterministic, it follows
that Xt is a Gaussian process and the distribution of Xt is that of a normal
random variable with mean e−t/2x and variance equal to e−t ∫ t

0
es ds = 1 −

e−t.
If we let Yt =

∫ t
0
es/2 dWs and Vt = Y (log(t + 1)), then Yt is a mean

0 continuous Gaussian process with independent increments, and hence so
is Vt. Since the variance of Vu − Vt is

∫ log(u+1)

log(t+1)
es ds = u − t, then Vt is a

Brownian motion. Hence Xt = e−t/2x + e−t/2V (et − 1). This representation
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of an Ornstein-Uhlenbeck process in terms of a Brownian motion is useful
for, among other things, calculating the exit probabilities of a square root
boundary; see Bass and Burdzy [1].

Bessel processes. A Bessel process of order ν ≥ 0 will be defined to be a
nonnegative solution of the SDE

dXt = dWt +
ν − 1
2Xt

dt, X0 = x. (7.3)

Let us first prove the existence of a finite solution. Define

dXn
t = dWt +

[(
n ∧ ν − 1

2Xn
t

)
1(Xn

t
>0) + n1(Xn

t
≤0)

]
dt, Xn

0 = x.

By Theorem 6.2, Xn
t ≥ Xm

t for all t if n ≥ m. Let Xt = supnX
n
t . To see that

Xt is finite, use Itô’s formula for f(z) = z2 to obtain

E (Xn
t∧TN )2

= x2 + E (t ∧ TN )

+ 2E

∫ t∧TN

0

[(
nXn

s ∧ ν − 1
2

)
1(Xn

s >0) + nXn
s 1(Xn

s ≤0)

]
dt

≤ x2 + t + 2E

∫ t∧TN

0

ν − 1
2

dt

≤ x2 + νt,

where TN = inf{t : |Xt| ≥ N}. Letting N → ∞ and then n → ∞, Fatou’s
lemma tells us that EX2

t < ∞. In particular,
∫ t
0

(ν− 1)/(2Xs) ds < ∞ a.s., or
Xt is a semimartingale.

Next we show Xt ≥ 0 a.s. Suppose ε > 0. If bn is a nonnegative contin-
uous function that is equal to n for x ≤ 0, equal to 0 for x > 1/n, bounded
above by n, and bn(x) ≤ (ν − 1)/2x for all positive x, then

f(x) =
∫ t

0

exp
(
− 2

∫ x

0

bn(y) dy
)
dx

solves
1
2
f ′′(x) + bn(x)f ′(x) = 0

(cf. the scale function of Chapter IV). If

dY n
t = dWt + bn(Yt) dt, Y0 = x,

Theorem 6.2 tells us that Xt ≥ Xn
t ≥ Y n

t for all t a.s. By Itô’s formula,
f(Y n

t ) is a martingale. Hence

P(Xt hits − ε before N)

≤ P(f(Y n
t ) hits − (e2nε − 1)/2n before 2N),
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which tends to 0 as n → ∞ by [PTA, Corollary I.4.10]. Since N is arbitrary,
then P(Xt hits − ε) = 0.

It is easy to see that the Xt we constructed satisfies (7.3).
We now have existence; let us turn to uniqueness. If Yt = X2

t , then

dYt = 2Xt dWt + (ν − 1) dt + dt,

or
dYt = 2(Y +

t )1/2 dWt + ν dt. (7.4)

The solution to (7.4) is unique by Theorem 6.1 because |x1/2 − y1/2| ≤
ρ(|x − y|) with ρ(z) = z1/2. Thus there is only one nonnegative solution to
(7.3). We also have the existence of a solution to (7.4) by using the existence
of a solution to (7.3). The process Yt that solves (7.4) is also of considerable
importance and is known as the square of a Bessel process.

The squares of Bessel processes possess a useful additive property.

(7.1) Proposition. Suppose Xi
t is the square of a Bessel process of order νi

starting at xi, i = 1, 2, and X1
t and X2

t are independent. Then X1
t + X2

t is the
square of a Bessel process of order ν1 + ν2 starting at x1 + x2.

Proof. If dXi
t = (Xi

t)1/2 dW i
t + νi dt, i = 1, 2, let Wt be defined by

dWt =
(

X1
t

X1
t + X2

t

)1/2
dW 1

t +
(

X2
t

X1
t + X2

t

)1/2
dW 2

t .

By Lévy’s theorem (Section 1), Wt is a Brownian motion. Noting

(X1
t + X2

t )1/2 dWt = (X1
t )1/2 dW 1

t + (X2
t )1/2 dW 1/2

t ,

the result follows by summing the SDEs for X1
t and X2

t . �


From (7.3), a Bessel process of order 1 is the same as the absolute value
of a Brownian motion. By the use of Proposition 7.1, then, the modulus of
a d-dimensional Brownian motion is the same as a Bessel process of order
d.

Bessel processes have the same scaling properties as Brownian motion.
That is, if Xt is a Bessel process of order ν started at x, then aXa−2t is a
Bessel process of order ν started at ax. In fact, from (7.3),

d(aXa−2t) = a dWa−2t + a2 ν − 1
2aXa−2t

d(a−2t),

and the assertion follows from the uniqueness and the fact that aW (a−2t)
is again a Brownian motion.

Bessel processes are useful for comparison purposes, and so the follow-
ing is worth recording.
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(7.2) Proposition. Suppose Xt is a Bessel process of order ν.
(i) If ν > 2, Xt never hits 0 and |Xt| → ∞ a.s.
(ii) If ν = 2, Xt hits every neighborhood of 0 infinitely often, but never hits 0.
(iii) If 0 < ν < 2, Xt hits 0 infinitely often.
(iv) If ν = 0, then Xt hits 0 and then remains at 0 thereafter.

When we say that Xt hits 0, we consider only times t > 0.

Proof. When ν = 2, Xt has the same law as a 2-dimensional Brownian
motion, and (ii) follows from the corresponding facts about 2-dimensional
Brownian motion. Suppose ν �= 2; by Itô’s formula, (Xt)2−ν is a martingale.
Assertions (i) and (iii) now follow from the same proof as [PTA, Theorem
I.5.8]. Similarly, a Bessel process of order 0 hits 0. If Xt is such a process
and Yt = X2

t , then dYt = Y
1/2
t dWt. Starting from 0, Yt ≡ 0 is evidently a

solution, so by the uniqueness any solution starting at 0 must remain at 0
forever; (iv) now follows by the strong Markov property. �


Brownian bridge. Brownian motion conditioned to be at 0 at time 1 is called
Brownian bridge. Brownian bridge has the same law as Wt − tW1. To see
this, the covariance of Wt − tW1 and W1 is 0; hence they are independent.
Therefore the law of Wt conditional on W1 being 0 is the same as the law of
Wt−tW1+tW1 conditional onW1 being 0, which isWt−tW1 by independence.

We will see shortly that Brownian bridge can be represented as the
solution of a SDE

dXt = dWt − Xs

1 − s
dt, X0 = 0. (7.5)

Although Theorem 3.5 does not apply because the drift term depends on s

as well as the position Xs, the same proof as that of Theorem 3.5 guarantees
uniqueness and existence for the solution of (7.5) for s ≤ t for any t < 1 (cf.
remark following Theorem 3.6). As with the Ornstein-Uhlenbeck process,
(7.5) may be solved explicitly. We have

dWt = dXt +
Xt

1 − t
dt = (1 − t) d

[
Xt

1 − t

]
,

or

Xt = (1 − t)
∫ t

0

dWs

1 − s
.

Thus Xt is a continuous Gaussian process with mean 0. The variance of Xt

is

(1 − t)2
∫ t

0

(1 − s)−2 ds = t− t2,

the same as the variance of Brownian bridge. A similar calculation shows
that the covariance of Xt and Xs is the same as the covariance of Wt − tW1

and Ws − sW1. Hence the law of Xt and Brownian bridge are the same.
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Linear equations. The equation dXt = AXt dWt + BXt dt may be written
dXt = Xt dYt, where Yt = AWt + Bt, and then it is well known that the
solution is Xt = X0 exp(Yt − 〈Y 〉t/2). Let us here consider the more general
equation

dXt = dHt + Xt dYt, (7.6)

where Yt is a semimartingale Mt + At with d〈M〉t/dt and dAt/dt bounded.
Again we can write an explicit solution, and existence and uniqueness are
easy under our assumptions on At and Mt. We have the following.

(7.3) Proposition. Suppose Yt is as above and Xt is the solution to (7.6) with
X0 ≡ 1. Suppose Ht is bounded, of bounded variation, and adapted. Then the
solution to

dZt = dHt + Zt dYt

is given by

Zt = Xt

∫ t

0

X−1
s dHs.

Proof. Since Xt = exp(Yt − 〈Y 〉t/2), then Xt > 0 for all t. By the product
formula and the fact that

∫ t
0
X−1
s dHs is of bounded variation,

dZt = Xt(X−1
t dHt) +

(∫ t

0

X−1
s dHs

)
(dXt).

Since dXt = Xt dYt, the right-hand side is dHt + Zt dYt, as desired. �


The solutions to linear SDEs have moments of all orders. We prove a
slightly stronger statement. The proof is very similar to that of Theorem
3.5.

(7.4) Proposition. Suppose

dXt = At dWt + Bt dt, X0 = x0,

where |At|, |Bt| ≤ c1(1 + |Xt|). Then for all p ≥ 2 and t0 > 0 there exists c2(p, t0)
such that

E sup
s≤t0

|Xs|p ≤ c2(p, t0).

Proof. Let Tn = inf{t : |Xt| ≥ n} and let gn(t) = E sups≤t∧Tn |Xs|p. By
the Burkholder-Davis-Gundy inequalities (1.5), Doob’s inequality, and the
triangle inequality,

E sup
s≤t∧Tn

|Xs|p ≤ c3E
(∫ t∧Tn

0

A2
s ds

)p/2
+ c4E

(∫ t∧Tn

0

|Bs| ds
)p

≤ c5E

∫ t∧Tn

0

|As|p ds + c5E

∫ t∧Tn

0

|Bs|p ds

≤ c6 + c6E

∫ t∧Tn

0

|Xs|p ds,
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or

gn(t) ≤ c6 + c6

∫ t

0

gn(s) ds.

By Gronwall’s lemma, gn(t) ≤ c6e
c6t ≤ c6e

c6t0 , where c6 is independent of n.
Letting n → ∞ and using Fatou’s lemma completes the proof. �


8. Some estimates

We collect a few facts and estimates about solutions to SDEs that we
will need later.

(8.1) Proposition. Suppose Xt solves (2.3) with σ and b bounded. There exist
c1 and c2 depending only on |σ| such that

P(sup
s≤t

|Xs −X0| > λ + ‖b‖∞t) ≤ c1 exp(−c2λ2/t).

Proof. Since | ∫ t
0
b(Xs) ds| ≤ ‖b‖∞t, our result will follow if we show that for

each i,

P
(

sup
s≤t

∣
∣
∣

∫ s

0

∑

j

σij(Xr) dW j
r

∣
∣
∣ > λ/

√
d
)
≤ c3 exp(−c4λ2/dt). (8.1)

The martingale
∫ t
0

∑
j
σij(Xr) dW j

r has quadratic variation bounded by
∫ t
0
|σσT (Xr)| dr, and (8.1) follows by [PTA, Exercise I.8.13]. �


We will need to know that Xt exits from bounded domains with prob-
ability one. Suppose Xt solves (2.3).

(8.2) Proposition. Suppose Xt solves (2.3) and σ, b, and σ−1 are bounded. If
N > 0, then P(|Xt| exits B(0, N)) = 1.

Proof. Without loss of generality, we may assume the process starts at 0.
Let a(x) = (σσT )11(x). We look at the first component of Xt:

dX1
t =

d∑

j=1

σ1j(Xt) dW j
t + b1(Xt) dt.

Let Mt be the martingale term; Mt has quadratic variation

d〈M〉t =
∑

j,k

σ1j(Xt)σ1k(Xt) d〈W j ,W k〉t

=
∑

j

(σ1jσ
T
j1)(Xt) dt = a(Xt) dt
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since d〈W j ,W k〉t = δjk dt, where δjk is 1 if j = k and 0 otherwise. Since σ−1

is bounded, a ≥ c1 for some constant c1. If we let Bt = inf{u : 〈M〉u ≥ t},
then W̃t = MBt is a continuous martingale with quadratic variation equal
to t; hence by Lévy’s theorem (Section 1), W̃t is a Brownian motion. So
X1
Bt

is a semimartingale of the form W̃t +
∫ t
0
es ds, where es is bounded (cf.

[PTA, Theorem I.5.11)]. Let us define a new probability measure Q by

dQ/dP = exp
(
−

∫ t

0

es dW̃s − 1
2

∫ t

0

e2s ds
)

on Ft. By the Girsanov transformation (see Section 1),

X1
Bt

= W̃t +
∫ t

0

es ds

= W̃t −
〈∫ ·

0

(−es) dW̃s, W̃
〉

t

is a martingale under Q. Moreover, its quadratic variation under Q is the
same as its quadratic variation under P, namely, t. By Lévy’s theorem (Sec-
tion 1), X1

Bt
is a Brownian motion under Q. Therefore X1

Bt
exits [−N,N ],

Q-a.s. Since P and Q are equivalent measures, under P the process X1
Bt

also
exits [−N,N ] a.s. Since d〈M〉t/dt is bounded above and below, it follows
that X1

t exits [−N,N ] a.s. �


An important property of Xt is that it satisfies a support theorem.
Suppose Xt satisfies (2.3). We suppose that σ, σ−1, and b are bounded, but
we impose no other smoothness conditions. Let a = σσT .

(8.3) Lemma. Suppose Yt = Mt+At is a continuous semimartingale with dAt/dt
and d〈M〉t/dt bounded above by c1 and d〈M〉t/dt bounded below by c2 > 0. If ε > 0
and t0 > 0, then

P(sup
s≤t0

|Ys| < ε) ≥ c3,

where c3 > 0 depends only on c1, c2, ε, and t0.

Proof. Let Bt = inf{u : 〈M〉u > t}. ThenWt = MBt is a continuous martingale
with quadratic variation equal to t; hence by Lévy’s theorem (Section 1),
Wt is a Brownian motion. If Zt = YBt = Wt+Et, then Et =

∫ t
0
es ds for some

es bounded by c4, where c4 depends only on c1 and c2. Our assertion will
follow if we can show

P( sup
s≤c1t0

|Zs| < ε) ≥ c3.

We now use Girsanov’s theorem. Define a probability measure Q by

dQ/dP = exp
(
−

∫ t0

0

es dWs − 1
2

∫ t0

0

e2s ds
)

on Ft0 . Under P, Wt is a martingale, so under Q we have that
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Wt −
〈∫ ·

0

(−es) dW,W
〉

t
= Wt +

∫ t

0

es ds

is a martingale with the same quadratic variation asW has under P, namely,
t. Then under Q, Zt is a Brownian motion. By a well known property of
Brownian motion (see [PTA, Proposition I.6.5]),

Q( sup
s≤c1t0

|Zs| < ε) ≥ c5,

for c5 depending only on ε and c1t0. So if C is the event {sups≤c1t0 |Zs| < ε},

c5 ≤ Q(C) =
∫

C

(dQ/dP) dP ≤
(
E (dQ/dP)2

)1/2(
P(C)

)1/2

by the Cauchy-Schwarz inequality. The proof is concluded by noting that
dQ/dP has a second moment depending only on c4 and t0. �


We use this lemma to obtain an analogous result for Xt.

(8.4) Theorem. Let ε ∈ (0, 1), t0 > 0. There exists c1 depending only on the
upper bounds of σ, b, and σ−1 such that

P(sup
s≤t0

|Xs −X0| < ε) ≥ c1.

Proof. For notational simplicity assume X0 = 0. Let y = (ε/4, 0, . . . , 0). Ap-
plying Itô’s formula with f(z) = |z − y|2 and setting Vt = |Xt − y|2, then
V0 = (ε/4)2 and

dVt = 2
∑

i

(Xi
t − yi) dXi

t +
∑

i

d〈Xi〉t.

If we set Yt equal to Vt for t ≤ inf{u : |Vu| > (ε/2)2} and equal to some
Brownian motion for t larger than this stopping time, then Lemma 8.3
applies and

P(sup
s≤t0

|Vs − V0| ≤ (ε/8)2) = P(sup
s≤t0

|Ys − Y0| ≤ (ε/8)2) ≥ c2.

By the definition of y and Vt, this implies with probability at least c2 that
Xt stays inside B(0, ε). �


We can now prove the support theorem for Xt.

(8.5) Theorem. Suppose σ and b are bounded, σ−1 is bounded, x ∈ Rd,and Xt

satisfies (2.3) with X0 = x. Suppose ψ : [0, t] → Rd is continuous with ψ(0) = x

and ε > 0. There exists c1, depending only on ε, t, the modulus of continuity of
ψ, and the bounds on b and σ such that
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P(sup
s≤t

|Xs − ψ(s)| < ε) ≥ c1.

This can be phrased as saying the graph of Xs stays inside an ε-tube
about ψ. By this we mean, if Gεψ = {(s, y) : |y − ψ(s)| < ε, s ≤ t}, then
{(s,Xs) : s ≤ t} is contained in Gεψ with positive probability.

Proof. We can find a differentiable function ψ̂ such that ψ̂(0) = x and the
ε/2 tube about ψ̂ (which is G

ε/2

ψ̂
in the above notation) is contained in

Gεψ, the ε-tube about ψ. So without loss of generality, we may assume ψ is
differentiable with a derivative bounded by a constant, say c2.

Define a new probability measure Q by

dQ/dP = exp
(
−

∫ t

0

ψ′(s)σ−1(Xs) dWs − 1
2

∫ t

0

|ψ′(s)σ−1(Xs)|2 ds
)

on Ft. We see that

〈
−

∫ ·

0

ψ′(s)σ−1(Xs) dWs, X
〉

=
〈
−

∫ ·

0

ψ′(s)σ−1(Xs) dWs,

∫ ·

0

σ(Xs) dWs

〉

= −
∫ t

0

ψ′(s) ds = −ψ(t) + ψ(0).

So by the Girsanov theorem (Section 1), under Q each component of Xt

is a semimartingale and Xi
t −

∫ t
0
bi(Xs) ds− ψi(t) is a martingale for each i.

Furthermore, if

Ŵt =
∫ t

0

σ−1(Xt) [dXt − b(Xt) dt− ψ′(t) dt],

each component of Ŵ is a continuous martingale, and a calculation shows
that d〈Ŵ i, Ŵ j〉t = δij dt under Q. Therefore Ŵ is a d-dimensional Brownian
motion under Q. Since

d(Xt − ψ(t)) = σ(Xt) dŴt + b(Xt) dt,

then by Theorem 8.4,

Q(sup
s≤t

|Xs − ψ(s)| < ε) ≥ c3.

Very similarly to the last paragraph of the proof of Lemma 8.3, we conclude

P(sup
s≤t

|Xs − ψ(s)| < ε) ≥ c4. �
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We show how Xt scales. By the scaling property of Brownian motion, if
Wt is a Brownian motion and a > 0, then W̃t = aWt/a2 is again a Brownian
motion.

(8.6) Proposition. Suppose Xt solves (2.3). If a > 0, W̃t = aWt/a2 , σa(x) =
σ(a−1x), and ba(x) = a−1b(a−1x), then Yt = aXt/a2 solves

dYt = σa(Yt) dW̃t + ba(Yt) dt, Y0 = aX0.

Proof. We write

Yt = aXt/a2 = aX0 +
∫ t/a2

0

aσ(Xs) dWs +
∫ t/a2

0

ab(Xs) ds

= aX0 +
∫ t

0

aσ(Xr/a2) dWr/a2 +
∫ t

0

a−1b(Xr/a2) dr

= aX0 +
∫ t

0

σa(Yr) dW̃r +
∫ t

0

ba(Yr) dr. �

9. Stratonovich integrals

For stochastic differential geometry and for the Malliavin calculus, the
Stratonovich integral is more convenient than the Itô integral. If X and Y

are continuous semimartingales, the Stratonovich integral, denoted
∫ t
0
Xs◦dYs,

is defined by ∫ t

0

Xs ◦ dYs =
∫ t

0

Xs dYs +
1
2
〈X,Y 〉t.

Both the beauty and the difficulty of Itô’s formula are due to the
quadratic term. The change of variables for the Stratonovich integral avoids
this.

(9.1) Theorem. Suppose f ∈ C3 and X is a continuous semimartingale. Then

f(Xt) = f(X0) +
∫ t

0

f ′(Xs) ◦ dXs.

Proof. By Itô’s formula applied to the function f and the definition of the
Stratonovich integral, it suffices to show that

〈f ′(X), X〉t =
∫ t

0

f ′′(Xs)d〈X〉s. (9.1)
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Applying Itô’s formula to the function f ′, which is in C2,

f ′(Xt) = f ′(X0) +
∫ t

0

f ′′(Xs) dXs +
1
2

∫ t

0

f ′′′(Xs) d〈X〉s,

from which (9.1) follows immediately. �


If X and Y are continuous semimartingales and we apply the change
of variables formula with f(x) = x2 to X + Y and X − Y , we obtain

d(Xt + Yt)2 = 2(Xt + Yt) ◦ d(Xt + Yt)

and
d(Xt − Yt)2 = 2(Xt − Yt) ◦ d(Xt − Yt).

Summing and then dividing by 4, we have the product formula for Stratono-
vich integrals

XtYt = X0Y0 +
∫ t

0

Xs ◦ dYs +
∫ t

0

Ys ◦ dXs. (9.2)

The Stratonovich integral
∫
Hs ◦ dXs can be represented as a limit of

Riemann sums.

(9.2) Proposition. Suppose {s0, . . . , sn} are partitions of [0, t] whose mesh size
tends to 0 and Hs is a continuous semimartingale. Then

∫ t
0
Hs ◦ dXs is the limit

in probability of
n−1∑

i=0

Hsi + Hsi+1

2
(Xsi+1 −Xsi).

Proof. We write the sum as
∑

Hsi(Xsi+1 −Xsi) +
1
2

(Hsi+1 −Hsi)(Xsi+1 −Xsi).

The first sum tends to
∫ t
0
Hs dXs while by [PTA, Theorem I.4.2] the second

sum tends to (1/2)〈H,X〉t. �


10. Flows

Let X(x, t, ω) denote the solution to

dXt = σ(Xt) dWt + b(Xt) dt, X0 = x.

If σ and b are Lipschitz, then X(x, t) will be continuous in x.

(10.1) Theorem. If σ and b are Lipschitz, then there exist versions of X(x, t)
that are jointly continuous in x and t a.s.
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Two processes X(x, t) and X ′(x, t) are versions of each other if for each x

and t we have P(X(x, t) �= X ′(x, t)) = 0. The null set may depend on x and
t.

Proof. We have

X(x, t) −X(y, t) = x− y +
∫ t

0

[σ(X(x, s)) − σ(X(y, s))] dWs (10.1)

+
∫ t

0

[b(X(x, s)) − b(X(y, s))] ds.

Let t0 > 0. Suppose M is the Lipschitz constant of σ, that is, |σ(x)−σ(y)| ≤
M |x− y| for all x and y. If Ft denotes the stochastic integral, p is a positive
integer, and t ≤ t0, by the Burkholder-Davis-Gundy inequalities,

E sup
s≤t

|Fs|2p ≤ c1E
[∫ t

0

(
σ(X(x, s)) − σ(X(y, s))

)2
ds

]p

≤ c1M
2pE

(∫ t

0

|X(x, s) −X(y, s)|2 ds
)p

≤ c2E

∫ t

0

|X(x, s) −X(y, s)|2p ds.

The expression involving the b terms is handled similarly (cf. proof of The-
orem 3.1). So we have, with g(t) = E sups≤t |X(x, s) −X(y, s)|2p, that

g(t) ≤ c3|x− y|2p + c4

∫ t

0

g(s) ds, t ≤ t0.

By Gronwall’s lemma,

E sup
s≤t0

|X(x, s) −X(y, s)|2p ≤ c5|x− y|2p. (10.2)

Recall Kolmogorov’s theorem: if E |Yt − Ys|p ≤ c6|t − s|1+ε for some
ε > 0 and all s, t ≥ 0, then {Yt, t ∈ D} is uniformly continuous a.s. Here D

is the dyadic rationals; see, e.g., [PTA, Theorem I.3.11]. The same proof
shows that one is not required to have the index set be [0,∞). If E |Yx −
Yy|p ≤ c7|x − y|d+ε for x, y ∈ Rd, then {Yx, x ∈ D} is uniformly continuous,
where here D is the collection of points in Rd all of whose coordinates are
dyadic rationals. The proof also shows that we may replace | · | by any
metric or norm. If we use the norm ‖Y ‖ = sups≤t0 |Ys|, then (10.2) says that
E ‖X(x, ·) −X(y, ·)‖2p ≤ c5|x− y|2p. So taking p large enough, the extension
to Rd of Kolmogorov’s theorem implies that {X(x, ·), x ∈ D} is uniformly
continuous a.s. Define X̃(x, t) = lims→tX(x, s). Then X̃ is jointly continuous
in x and t a.s. In view of (10.2), X̃(x, ·) = X(x, ·) a.s., and in particular X̃

is a solution to the same SDE that X is. X̃ is the desired version. �


The collection of processes X(x, t) is called a flow.



30 I STOCHASTIC DIFFERENTIAL EQUATIONS

If σ and b are smoother functions, then X(x, t) will be smoother in x.
Let us suppose for now that we are in dimension one. If in (10.1) we divide
both sides by x− y, let y → x, and use the chain rule, formally we obtain

dX(x, t)/dx

= 1 +
∫ t

0

σ′(X(x, s))(dX(x, s)/dx) dWs

+
∫ t

0

b′(X(x, s))(dX(x, s)/dx) ds.

To make this more precise, suppose σ and b are in C2 and are bounded with
bounded first and second derivatives and consider the SDE

dYt = σ′(X(x, t))Yt dWt + b′(X(x, t))Yt dt, Y0 = 1. (10.3)

(10.2) Theorem. A pathwise solution to (10.3) exists and is unique. The so-
lution has moments of all orders. If (DX)(x, t) denotes the solution, versions of
(DX)(x, t) exist that are jointly continuous in x and t.

Proof. Let us prove uniqueness of (10.3). Let t0 > 0 and N > 0. If Yt
and Y ′

t are two solutions and TN = inf{t : |Yt| or |Y ′
t | ≥ N}, let g(t) =

E sups≤t∧TN |Ys − Y ′
s |2. Observe

d(Yt − Y ′
t ) = σ′(X(x, t))(Yt − Y ′

t ) dWt + b′(X(x, t))(Yt − Y ′
t ) dt,

so as in Section 3, g(t) ≤ c1
∫ t
0
g(s) ds, if t ≤ t0, hence g(t) = 0. Since t0 and

N are arbitrary, this proves uniqueness.
Existence can also be proved by similar modifications to the proofs in

Section 3.
Let t ≤ t0. If p is a positive integer and TN = inf{t : |Yt| ≥ N}, by the

inequalities of Burkholder-Davis-Gundy,

E sup
s≤t∧TN

|Ys|p ≤ c2 + c3E
(∫ t∧TN

0

(σ′(X(x, s)))2Y 2
s ds

)p/2

+ c4E
(∫ t∧TN

0

|b′(X(x, s))| |Ys| ds
)p

≤ c2 + c5E

∫ t∧TN

0

|Ys|p ds.

By Gronwall’s lemma, E sups≤t∧TN |Ys|p ≤ c6, where c6 depends on t0 but
not N . Letting N → ∞ proves the moment assertion.

We now turn to the proof of the existence of jointly continuous versions.
We obtain an estimate on E |(DX)(x, t)−(DX)(y, t)|p. Writing the SDE that
(DX)(x, t)− (DX)(y, t) satisfies, the stochastic integral term can be written
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∫ t

0

[σ′(X(x, s))−σ′(X(y, s))](DX)(x, s) dWs

+
∫ t

0

[(DX)(x, s) −DX(y, s)]σ′(X(y, s)) dWs.

The pth moment of the second integral can be bounded by

c7‖σ′‖p∞
∫ t

0

|(DX)(x, s) −DX(y, s)|p ds

if t ≤ t0. The pth moment of the first integral can be bounded by

c8

∫ t

0

E |σ′(X(x, s)) − σ′(X(y, s))|p|(DX)(x, s)|p ds

≤ c8

∫ t

0

(E |σ′(X(x, s)) − σ′(X(y, s))|2p)1/2(E |(DX)(x, s)|2p)1/2 ds

≤ c9

∫ t

0

‖σ′‖p∞(E |X(x, s) −X(y, s)|2p)1/2 ds

≤ c10|x− y|p

if t ≤ t0, using (10.2). The terms involving b′ can be handled similarly. Using
Gronwall’s lemma,

E |(DX)(x, t) − (DX)(y, t)|p ≤ c11|x− y|p, t ≤ t0.

We then follow the proof of Theorem 10.1 to obtain the joint continuity. �


We now prove the differentiability of X(x, t).

(10.3) Theorem. Suppose the dimension of the state space is one and σ and b

are in C2 and are bounded with bounded first and second derivatives. For each x,

X(x, t) −X(y, t) =
∫ x

y

(DX)(z, t) dz, a.s.

Proof. For simplicity we take b ≡ 0. Let

Z(x, t) = X(x, t) −
∫ x

0

(DX)(z, t) dz.

Our goal is to show that Z is constant in x.
Write Z(x, t) − Z(y, t) = Ft + Gt + Ht, where

Ft =
∫ t

0

[
σ(X(x, s)) − σ(X(y, s)) − σ′(X(x, s))(X(x, s) −X(y, s))

]
dWs,

Gt =
∫ t

0

σ′(X(x, s))(Z(x, s) − Z(y, s)) dWs,

Ht =
∫ t

0

[∫ x

y

(DX)(z, s)(σ′(X(z, s)) − σ′(X(x, s))) dz
]
dWs.
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Let t0 > 0. The integrand in Ft is bounded by

‖σ′′‖∞(X(x, s) −X(y, s))2,

so by Doob’s inequality and Hölder’s inequality, for t ≤ t0,

E sup
s≤t

F 2
s ≤ c1E

∫ t

0

|X(x, s) −X(y, s)|4 ds,

which is less than c2|x− y|4 by (10.2). We have

E sup
s≤t

G2
s ≤ c3‖σ′‖2

∞

∫ t

0

E |Z(x, s) − Z(y, s)|2 ds.

The integrand in Ht is bounded by

‖σ′′‖∞

∫ x

y

|(DX)(z, s)| |X(z, s) −X(x, s)| dz,

so for t ≤ t0,

E sup
s≤t

H2
s

≤ c4

∫ t

0

E

∣
∣
∣

∫ x

y

(DX)(z, s)(X(z, s) −X(x, s)) dz
∣
∣
∣
2
ds

≤ c4

∫ t

0

|x− y|E
∫ x

y

|(DX)(z, s)|2|X(z, s) −X(x, s)|2 dz ds

≤ c4|x− y|
∫ t

0

∫ x

y

[(E ((DX)(z, s))4)1/2(E |X(z, s) −X(x, s)|4)1/2] dz ds

≤ c5|x− y|
∫ x

y

|z − x|2 dz

≤ c6|x− y|4,
using (10.2) and Hölder’s inequality. Therefore by Gronwall’s lemma,

E sup
s≤t

|Z(x, t) − Z(y, t)|2 ≤ c7|x− y|4.

We now show that Z is constant in x. Let λ > 0. For n > 0, let xi =
x + i(y − x)/n.

P(|Z(x,t) − Z(y, t)| > λ)

≤ P(∃i ≤ n : |Z(xi+1, t) − Z(xi, t)| > λ/n)

≤ n sup
i≤n

P(|Z(xi+1, t) − Z(xi, t)| > λ/n)

≤ n sup
i≤n

E |Z(xi+1, t) − Z(xi, t)|2
(λ/n)2

≤ c8n
(|y − x|/n)4

(λ/n)2
.
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Since n is arbitrary, the left-hand side must be 0. Since λ is arbitrary,
Z(x, t) = Z(y, t) a.s. Thus Z is constant in x ∈ D, the dyadic rationals. By
the continuity of Z in x, Z is constant. This implies the result. �


As has often before been the case, we have taken the case of dimension
one for simplicity of notation only. The above proofs were constructed so
that they work for any dimension; the principal difference in higher dimen-
sions is describing the derivative. If Xt is d-dimensional, we must consider
the d partial derivatives of each of the d components. Thus (DX) becomes
a d× d matrix, and it is the solution to

(DX)(x, t) = I +
∫ t

0

d∑

k=1

(DX)(x, s)σ′
k(X(x, s)) dW k

s (10.4)

+
∫ t

0

(DX)(x, s)b′(X(x, s)) ds,

where I is the identity matrix, b′ is the matrix whose m, j entry is ∂mbj , and
σ′
k is the matrix whose m, j entry is ∂mσjk. (DX)lj represents the partial
derivative in the lth direction of Xj(x, t).

As in the case of dimension one, the same proof for higher dimensions
shows

(10.4) Proposition. Suppose σ and b are in C2 and are bounded with bounded
first and second derivatives. For all t0 > 0 and p ≥ 2, there exists c1(p, t0)
independent of x such that

E sup
s≤t0

|DX(x, s)|p ≤ c1(p, t0).

Not surprisingly, if σ and b have further smoothness, then X(x, t) will
have higher derivatives. If σ and b are C∞, then X(x, t) will be C∞ in x also.

One can also show (see Ikeda and Watanabe [1]) that the map x →
X(x, t) is one-to-one and onto Rd.

11. SDEs with reflection

If Yt is a Brownian motion on the line, then a consequence of Itô’s
formula ([PTA, (I.6.30)]) says that

|Yt| = Wt + Lt, (11.1)

where Wt is another Brownian motion and Lt is a continuous nondecreasing
process that increases only when |Yt| is at 0; this is known as Tanaka’s
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formula. Equation (11.1) can be viewed as an SDE for which existence and
uniqueness can be proved.

(11.1) Theorem. Let Wt be a Brownian motion. There exists a nonnegative
continuous process Xt and a continuous nondecreasing process Lt that increases
only when Xt equals 0 such that

Xt = Wt + Lt. (11.2)

If X ′
t is another nonnegative continuous process satisfying X ′

t = Wt + L′
t, where

L′
t increases only when X ′

t = 0, then Xt = X ′
t and Lt = L′

t a.s.

Proof. We first prove existence. Let Lt = sups≤t(−Ws) and Xt = Wt + Lt.
Clearly Xt ≥ 0. When Lt increases, then −Wt = Lt, or Xt = 0.

To prove uniqueness, since Xt ≥ 0, then Lt ≥ Ls ≥ −Ws if s ≤ t,
so Lt ≥ sups≤t(−Ws). Lt increases only when Xt = 0; when this happens,
Lt = −Wt. Hence we must have Lt = sups≤t(−Ws). The same argument
applies to L′

t. Therefore Lt = L′
t, which implies the theorem. �


We call Xt reflecting Brownian motion and Lt the local time (at 0) of Xt.

The simplest case of a diffusion in Rd with reflection, d ≥ 2, is the
following. Let D be the upper-half space, let Yt = (Y 1

t , . . . , Y
d
t ) be standard

d-dimensional Brownian motion, and let Lt be the local time of |Y d
t |. Then

Xt = (Y 1
t , . . . , Y

d−1
t , |Y d

t |) is reflecting Brownian motion with normal reflection
in D. If |Y d

t | = W̃t + Lt, then Xt solves the stochastic differential equation

dXt = dWt + ν(Xt) dLt, Xt ∈ D, (11.3)

where Wt = (Y 1
t , . . . , Y

d−1
t , W̃t) is a d-dimensional Brownian motion, ν(x) ≡

(0, . . . , 0, 1) is the inward pointing unit normal vector, and Lt is a continuous
nondecreasing process that increases only when Xt is on the boundary of
D. The equation (11.3) is an example of what is known as the Skorokhod
equation.

The process that solves (11.3) is reflecting Brownian motion with nor-
mal reflection in D. To consider oblique reflection, we replace ν, the inward
pointing normal, by a different vector. Let v be a vector such that v · ν > 0.
Thus the vector v started at a point on ∂D points into D. Consider the
SDE

dXt = dWt + v(Xt) dLt, Xt ∈ D, (11.4)

where Wt is a d-dimensional Brownian motion and Lt is a continuous non-
decreasing process that grows only when Xt is on ∂D. We call Xt reflecting
Brownian motion with constant oblique reflection.

It is easy to give an explicit solution to (11.4). Let

Lt =
1
vd

sup
s≤t

(−W d
s ), and Xd

t = W d
t + vdLt.
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As we saw in the proof of Theorem 11.1, Lt increases only when Xd
t is at

0, which is when Xt is in ∂D. Also, Xd
t ≥ 0 for all t, so Xt ∈ D. We then set

Xi
t = W i

t + viLt, i = 1, . . . , d− 1.

It is clear that Xt solves (11.4).
We now describe the general Skorokhod equation in C2 domains. A

C2 domain D ⊆ Rd is one where for each x ∈ D there exists rx > 0, a C2

function ϕx : Rd−1 → R, and an orthonormal coordinate system CSx such
that

D∩B(x, rx)

= {y = (y1, . . . , yd) in CSx : yd > ϕx(y1, . . . , yd−1)} ∩B(x, rx).

In other words, locally the domain D looks like the region above a C2

function.
Let D be a C2 domain, σ be matrix-valued, b vector-valued, Wt a

standard d-dimensional Brownian motion, and v(x) defined on ∂D such
that v(x) · ν(x) > 0 for all x ∈ ∂D. Here ν(x) is the inward pointing unit
normal vector at x. Then the Skorokhod equation is the SDE

dXt = σ(Xt) dWt + b(Xt) dt + v(Xt) dLt, X0 = x0, (11.5)

where Xt ∈ D for all t, x0 ∈ D, and Lt is a continuous nondecreasing process
that increases only when Xt ∈ ∂D.

In many cases one can say more about Lt. For example, one can de-
scribe it as the local time on the boundary corresponding to a measure on
∂D that is mutually absolutely continuous with respect to surface measure
on ∂D. See Bass and Hsu [1] for more details in the case of Brownian mo-
tion in Lipschitz domains and Stroock and Varadhan [1] for more general
diffusions in C2 domains. See also Sections II.6 and III.7.

We now make some assumptions on D,σ, b, and v that guarantee a
good tightness estimate. Let us assume that b, σ, σ−1, and v are bounded,
D is a C2 domain, and

inf
x∈∂D

ν(x) · v(x) > 0.

Let us start with the case where D is the upper-half space H.

(11.2) Proposition. With D = H, the upper-half space, σ, b, and v satisfying
the above, and Xt a solution to (11.5), if ε, t0 > 0, there exists λ such that

P(sup
s≤t0

|Xs −X0| > λ) < ε.

Proof. Let λ′ and c1 be positive reals to be chosen in a moment and let
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B1 = {sup
s≤t0

|Xs −X0| > λ′},

B2 = {sup
s≤τ

Xd
s > c1λ

′},

B3 = {sup
s≤t0

|Xs −X0| > 2λ},

where τ is the time to exit B(x0, λ
′). B2 is the event that Xd

t will be larger
than c1λ

′ before Xt exits B(x0, λ
′). We will first show there exists c1 < 1/2

such that if λ′ is large enough,

P(B1 ∩Bc
2) ≤ 3/4. (11.6)

Let Yt =
∫ t
0
σ(Xs) dWs +

∫ t
0
b(Xs) ds. By Proposition 8.1, there exists λ′

such that the probability that |Yt| exceeds λ′/2 before time t0 is less than
1/2. Suppose the event B1 holds and also sups≤t0 |Ys| ≤ λ′/2. Then we must
have | ∫ τ

0
v(Xs) dLs| greater than or equal to λ′/2. Since |v| is bounded by a

constant c2, Lτ ≥ λ′/2c2. Since vd is bounded below by a constant c3,
∫ τ

0

vd(Xs) dLs ≥ c3
2c2

λ′.

Provided λ′ is large enough, the probability that the dth coordinate of Yt
exceeds c3λ′/4c2 before time t0 is less than 1/4. If sups≤t0 Y

d
s ≤ c3λ

′/4c2 and
τ ≤ t0, the dth coordinate of Xτ − x0 must be greater than c3λ

′/4c2. Hence,
letting c1 = (c3/4c2) ∧ (1/2),

P(B1 ∩Bc
2) ≤ P(sup

s≤t0
|Ys| ≥ λ′/2) + P(sup

s≤t0
Y d
s > c3λ

′/4c2, τ ≤ t0)

≤ 3/4.

If P(Bc
1) ≥ 1/8, then clearly P(Bc

3) ≥ 1/8. Suppose P(Bc
1) < 1/8. Then by

(11.6), P(B2) ≥ 1/8. In this case we use Theorem 8.4 with ε = c1λ
′/2 and the

strong Markov property at time τ to see that there is positive probability
that sups≤t0 |Xs −X0| < 2λ′, and hence there exists c4 such that

P(Bc
3) ≥ P(Bc

3 ∩B2) ≥ c4P(B2) ≥ c4/8. (11.7)

Letting c5 = (c4 ∧ 1)/8, we deduce

P(Bc
3) ≥ c5.

We now iterate. Choose n such that (1− c5)n < ε and set λ = 2nλ′. Let
U0 = 0 and let Ui+1 = inf{t > Ui : |Xs −XUi | ≥ 2λ′}. What we have shown is
that P(U1 < t0) ≤ 1− c5. Note that XU1+t −XU1 is again a solution to (11.5)
starting at XU1 , and recall that Wt+U1 −WU1 is independent of FU1 . So the
same argument with the same constants shows that

P(U2 − U1 < t0 | FU1) ≤ 1 − c5.

Then
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P(U1 ≤ U2 ≤ t0) = E [P(U2 − U1 ≤ t0 | FU1);U1 ≤ t0]

≤ (1 − c5)P(U1 ≤ t0) ≤ (1 − c5)2.

Repeating,
P(U1 ≤ U2 ≤ · · · ≤ Un ≤ t0) ≤ (1 − c5)n < ε,

which proves the proposition. �


A similar argument allows us also to conclude under the above hy-
potheses that, given ε, λ > 0, there exists t0 such that

P(sup
s≤t0

|Xs − x0| > λ) ≤ ε. (11.8)

We now obtain the tightness estimate we want.

(11.3) Proposition. Suppose λ, ε > 0, D is a C2 domain, Xt solves (11.5), and
σ, b,and v satisfy the hypotheses above. Then there exists t0 such that

P(sup
s≤t0

|Xs − x0| > λ) ≤ ε.

Proof. Without loss of generality we may take λ smaller so that λ < rx0 ,
where rx0 is the radius that arises in the definition of a C2 domain. We may
therefore assume that D is the region above a C2 function ϕx0 . Suppose
x0 = (x1

0, . . . , x
d
0). Since λ < rx0 , if we modify ϕx0 outside of the ball in Rd−1

of radius rx0 with center at (x1
0, . . . , x

d−1
0 ) so that it has compact support,

there again is no loss of generality.
We now map D onto the upper-half space H by the map

y �→ (y1, . . . , yd−1, yd − ϕx0(y1, . . . , yd−1)).

It is easy to see that Xt is transformed into another process X̃t that satisfies
the Skorokhod equation with parameters σ̃, b̃, ṽ, and L̃t, and that, moreover,
these parameters satisfy bounds of the same type as σ, b, v and Lt. Here it
is important that D be a C2 domain, so that ϕx0 is a C2 function.

By Proposition 11.2, we have an estimate of the type we want for X̃t.
Since the map taking D onto H has a bounded Jacobian matrix with a
bounded inverse, we obtain the estimate we want for Xt also. �


12. SDEs with reflection: pathwise results

In this section we present some results on pathwise existence and
uniqueness of the Skorokhod equation due to Lions and Sznitman [1].

Suppose D is a bounded C2 domain. Suppose σ and b are Lipschitz, v
is C2 on ∂D, and v(x) · ν(x) > 0 for all x ∈ ∂D.
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(12.1) Theorem. There exists a solution to (11.5). If Xt and X ′
t are two solu-

tions to (11.5), then Xt = X ′
t a.s. for all t.

To give an idea of how the proof goes, we will prove uniqueness in the
special case that b ≡ 0 and v(x) = ν(x) for all x ∈ ∂D. We will also suppose
ϕ : Rd−1 → R is a bounded C2 function with compact support, and that

D = {(y1, . . . , yd) : yd > ϕ(y1, . . . , yd−1)}. (12.1)

We refer the reader to Lions and Sznitman [1] for the general case and the
proof of existence.

Let ψ be a C2 function on R taking values in [−2, 2], ψ(x) = x if |x| ≤ 1,
and ψ(x) �= 0 if x �= 0. Let Φ : Rd → R be defined by

Φ(y1, . . . , yd) = ψ(yd − ϕ(y1, . . . , yd−1)).

(12.2) Proposition. (a) ∇Φ · ν is bounded below by a constant c1 > 0 on ∂D.
(b) There exists c2 such that if x ∈ ∂D and y ∈ D, then

(y − x) · ν(x) + c2|x− y|2 ≥ 0. (12.2)

Proof. Both (a) and (b) follow from our assumptions on ν and the fact that
D is the region above a bounded C2 function. �


Let us suppose we have two continuous semimartingales Xt, X ′
t and

Yt = x0 +
∫ t

0

σ(Xs) dWs +
∫ t

0

ν(Ys) dLs, Yt ∈ D (12.3)

Y ′
t = x0 +

∫ t

0

σ(X ′
s) dWs +

∫ t

0

ν(Y ′
s ) dL′

s, Y ′
t ∈ D,

where Ls and L′
s are continuous nondecreasing processes that increase only

when Yt ∈ ∂D and Y ′
t ∈ ∂D, respectively.

The key to uniqueness and also an important step in existence is the
following.

(12.3) Proposition. Let t0 ≥ 0. There exists c1 such that if t ≤ t0,

E sup
s≤t

|Ys − Y ′
s |4 ≤ c1

∫ t

0

E sup
s≤r

|Xs −X ′
s|4 dr.

Proof. Let Vt = exp(−c2Φ(Yt) − c2Φ(Y ′
t )), where c2 will be chosen later. By

the product formula and Itô’s formula,
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Vt|Yt − Y ′
t |2

= 2
∫ t

0

Vs(Ys − Y ′
s ) · d(Ys − Y ′

s ) +
∫ t

0

Vs d〈Y − Y ′〉s

− c2

∫ t

0

Vs|Ys − Y ′
s |2 d(Φ(Y ) + Φ(Y ′))s

+
1
2
c22

∫ t

0

Vs|Ys − Y ′
s |2 d〈Φ(Y ) + Φ(Y ′)〉s

= I1(t) + I2(t) + I3(t) + I4(t).

Since Φ is bounded, then Vt is bounded above and below. We have

I1(t) = 2
∫ t

0

Vs(Ys − Y ′
s )[σ(Xs) − σ(X ′

s)] dWs

+ 2
∫ t

0

Vs(Ys − Y ′
s ) · ν(Ys) dLs − 2

∫ t

0

Vs(Ys − Y ′
s ) · ν(Y ′

s ) dL′
s

= 2I11(t) + 2I12(t) + 2I13(t),

and by Doob’s inequality,

E sup
s≤t

I11(s)2 ≤ c3E I11(t)2 ≤ c4E

∫ t

0

|Ys − Y ′
s |2|Xs −X ′

s|2 ds

≤ c5

∫ t

0

E |Ys − Y ′
s |4 ds + c5

∫ t

0

E |Xs −X ′
s|4 ds. (12.4)

Next,

I2(t) =
∫ t

0

Vs[σ(Xs) − σ(X ′
s)] [σ(Xs) − σ(X ′

s)]
T ds,

so

E sup
s≤t

I2(s)2 ≤ c6E
(∫ t

0

|Xs −X ′
s|2 ds

)2

≤ c7t0E

∫ t

0

|Xs −X ′
s|4 ds. (12.5)

Looking at the third term, let D2Φ be the matrix whose i, j entry is ∂ijΦ.
Then
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I3(t) = −c2
∫ t

0

Vs|Ys − Y ′
s |2∇Φ(Ys)σ(Xs) dWs

− c2

∫ t

0

Vs|Ys − Y ′
s |2∇Φ(Ys) · ν(Ys) dLs

− c2

∫ t

0

Vs|Ys − Y ′
s |2 trace (σ(Xs)TD2Φ(Ys)σ(Xs)) ds

− c2

∫ t

0

Vs|Ys − Y ′
s |2∇Φ(Y ′

s )σ(X ′
s) dWs

− c2

∫ t

0

Vs|Ys − Y ′
s |2∇Φ(Y ′

s ) · ν(Y ′
s ) dL′

s

− c2

∫ t

0

Vs|Ys − Y ′
s |2 trace (σ(X ′

s)
TD2Φ(Y ′

s )σ(X ′
s)) ds

= −c2I31(t) − c2I32(t) − c2I33(t) − c2I34(t) − c2I35(t) − c2I36(t),

and similarly to (12.4) and (12.5),

E sup
s≤t

[I31(s)2+I33(s)2 + I34(s)2 + I36(s)2]

≤ c8

∫ t

0

E |Ys − Y ′
s |4 ds. (12.6)

For the last term,

I4(t) = c22

∫ t

0

Vs|Ys − Y ′
s |2[∇Φ(Ys) + ∇Φ(Y ′

s )]

× [σ(Xs) + σ(X ′
s)][σ(Xs) + σ(X ′

s)]
T [∇Φ(Ys) + ∇Φ(Y ′

s )]T ds,

so
E sup

s≤t
I4(s)2 ≤ c9E

∫ t

0

|Ys − Y ′
s |4 ds. (12.7)

The key observation is the following. Lt increases only when Ys ∈ ∂D.
So

2I12(t) − c2I32(t)

=
∫ t

0

Vs[2(Ys − Y ′
s ) · ν(Ys) − c2|Ys − Y ′

s |2∇Φ(Ys) · ν(Ys)] dLs.

This is less than or equal to 0 by Proposition 12.2 provided c2 is taken large
enough. Similarly,

2I13(t) − c2I35(t) ≤ 0.

Hence by (12.4)–(12.7),

E sup
s≤t

|Ys − Y ′
s |4 ≤ c10E

[
sup
s≤t

(Vs|Ys − Y ′
s |2)

]2

≤ c11E

∫ t

0

sup
s≤r

|Ys − Y ′
s |4 dr

+ c11E

∫ t

0

sup
s≤r

|Xs −X ′
s|4 dr.
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The proposition now follows by Gronwall’s lemma. �


Uniqueness follows easily from Proposition 12.3.

(12.4) Theorem. If Xt and X ′
t are two solutions to (11.5), then Xt = X ′

t a.s.

Proof. We have (12.3) holding with Yt = Xt and Y ′
t = X ′

t. So from Proposi-
tion 12.3,

E sup
s≤t

|Xs −X ′
s|4 ≤ c1

∫ t

0

E sup
s≤r

|Xs −X ′
s|4 dr,

and the conclusion follows by Gronwall’s lemma. �


We remark that if we let Px denote the law of Xt when X0 = x, then
just as in Section 5, (Px, Xt) forms a strong Markov process.

13. Notes

The preliminary material (Section 1) can be found in a large number
of places. See, for example, [PTA, Chapter 1], Ikeda and Watanabe [1],
or Revuz and Yor [1]. The majority of the rest of the chapter is covered
in Ikeda and Watanabe [1] or Protter [1]. Section 5 is from Stroock and
Varadhan [2]. Sections 11 and 12 follow Lions and Sznitman [1]. Theorem
4.2 is due to Girsanov; our account is taken from Knight [1]. An argument
similar to that of Proposition 11.2 appeared in Kwon [1].
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II
REPRESENTATIONS OF
SOLUTIONS

This chapter is concerned with giving probabilistic representations of
the solutions to PDEs. Throughout we will be assuming that the given
PDE has a solution, the solution is unique, and the solution is sufficiently
regular. In the next chapter we will use a mixture of PDE and probabilistic
techniques – primarily the former – to show that such solutions exist.

Suppose a process Xt is associated to an operator L as in Section 1.2.
The solution to many PDEs involving L can be written very simply in
terms of the expected values of certain functionals of Xt. In Section 1 we
discuss Poisson’s equation, in Section 2 the Dirichlet problem, in Section 3
the Cauchy problem, and in Section 4 the (real) Schrödinger equation.

For an operator L given by (1.1), the second-order terms are the key
ones. We show in Section 5 how the Girsanov transformation can be used
to dispense with first-order terms.

In Section 6 we look at reflecting boundary conditions. Both the Neu-
mann problem and many cases of the oblique derivative problem have so-
lutions that can be represented probabilistically in terms of SDEs with
reflections.

Many useful quantities from PDE have probabilistic interpretations.
Examples include fundamental solutions and the Green function; see Sec-
tion 7.

In Section 8 we examine the relationships between fundamental solu-
tions and adjoint operators and between invariant measures and adjoint
operators.
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1. Poisson’s equation

Let

Lf(x) =
1
2

d∑

i,j=1

aij(x)∂ijf(x) +
d∑

i=1

bi(x)∂if(x). (1.1)

Throughout this chapter, unless stated otherwise, we assume the aij and
bi are bounded and at least C1. We also assume that the operator L is
uniformly strictly elliptic. An operator L is strictly elliptic if for each x there
exists Λ(x) such that

d∑

i,j=1

aij(x)yiyj ≥ Λ(x)
d∑

i=1

y2
j y = (y1, . . . , yd) ∈ Rd. (1.2)

The operator L is uniformly strictly elliptic or uniformly elliptic if Λ can be
chosen to be independent of x. We also call the matrix a strictly elliptic if
(1.2) holds and uniformly elliptic if (1.2) holds with Λ(x) not depending on
x. We also assume throughout that the dimension d is greater than or equal
to 3.

We emphasize that the uniform ellipticity of L is used in Sections 1–
4 only to show that the exit times of the domains we consider are finite
a.s. For many nonuniformly elliptic operators, it is often the case that the
finiteness of the exit times is known for other reasons, and the results of
Sections 1–4 then apply to equations involving these operators.

Suppose σ is a matrix such that a = σσT and each component of σ is
bounded and in C1. Let Xt be the solution to

Xt = x +
∫ t

0

σ(Xs) dWs +
∫ t

0

b(Xs) ds. (1.3)

We will write (Px, Xt) for the strong Markov process corresponding to σ

and b.

We consider first Poisson’s equation in Rd. Suppose λ > 0 and f is a
C1 function with compact support. Poisson’s equation is

Lu(x) − λu(x) = −f(x), x ∈ Rd. (1.4)

(1.1) Theorem. Suppose u is a C2 solution to (1.4) such that u and its first and
second partial derivatives are bounded. Then

u(x) = E
x

∫ ∞

0

e−λtf(Xt) dt.

Proof. Let u be the solution to (1.4). By Itô’s formula,

u(Xt) − u(X0) = Mt +
∫ t

0

Lu(Xs) ds,
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where Mt is a martingale. By the product formula,

e−λtu(Xt) − u(X0) =
∫ t

0

e−λsdMs +
∫ t

0

e−λsLu(Xs) ds

− λ

∫ t

0

e−λsu(Xs) ds.

Taking E
x expectation and letting t → ∞,

−u(x) = E
x

∫ ∞

0

e−λs(Lu− λu)(Xs) ds.

Since Lu− λu = −f , the result follows. �


Let us now let D be a nice bounded domain, e.g., a ball. Poisson’s
equation in D requires one to find a function u such that Lu− λu = −f in
D and u = 0 on ∂D, where f ∈ C2(D) and λ ≥ 0. Here we can allow λ to
be equal to 0. Recall that by Proposition I.8.2, the time to exit D, namely,
τD = inf{t : Xt /∈ D}, is finite almost surely.

(1.2) Theorem. Suppose u is a solution to Poisson’s equation in a bounded
domain D that is C2 in D and continuous on D. Then

u(x) = E
x

∫ τD

0

e−λsf(Xs) ds.

Proof. The proof is nearly identical to that of Theorem 1.1. By Proposition
I.8.2, τD < ∞ a.s. Let Sn = inf{t : dist (Xt, ∂D) < 1/n}. By Itô’s formula,

u(Xt∧Sn) − u(X0) = martingale +
∫ t∧Sn

0

Lu(Xs) ds.

By the product formula,

E xe−λ(t∧Sn)u(Xt∧Sn) − u(x)

= E
x

∫ t∧Sn

0

e−λsLu(Xs) ds− E
x

∫ t∧Sn

0

e−λsu(Xs) ds

= −E
x

∫ t∧Sn

0

e−λsf(Xs) ds.

Now let n → ∞ and then t → ∞ and use the fact that u is 0 on ∂D. �
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2. Dirichlet problem

Let D be a ball (or other nice bounded domain) and let us consider
the solution to the Dirichlet problem: given f a continuous function on ∂D,
find u ∈ C(D) such that u is C2 in D and

Lu = 0 in D, u = f on ∂D. (2.1)

(2.1) Theorem. The solution to (2.1) satisfies

u(x) = E
xf(XτD ).

Proof. By Proposition I.8.2, τD < ∞ a.s. Let Sn = inf{t : dist (Xt, ∂D) < 1/n}.
By Itô’s formula,

u(Xt∧Sn) = u(X0) + martingale +
∫ t∧Sn

0

Lu(Xs) ds.

Since Lu = 0 inside D, taking expectations shows

u(x) = E
xu(Xt∧Sn).

We let t → ∞ and then n → ∞. By dominated convergence, we obtain
u(x) = E

xu(XτD ). This is what we want since u = f on ∂D. �


There are some further facts that can be deduced from Theorem 2.1.
One is the maximum principle: if x ∈ D,

sup
D

u ≤ sup
∂D

u. (2.2)

This follows from
u(x) = E

xf(XτD ) ≤ sup
∂D

f.

There is a sort of converse of Theorem 2.1.

(2.2) Proposition. Let f be continuous on ∂D and suppose v(x) = E
xf(XτD )

is continuous on D and C2 on D. Suppose the coefficients of L are continuous.
Then Lv = 0 on D.

Proof. By the strong Markov property at time τB(x,r), the time to exit B(x, r),
we have v(x) = E

xv(Xτ(B(x,r))) if r is small enough that B(x, r) ⊆ D. By
Itô’s formula,

v(Xt∧τ(B(x,r))) = v(X0) + martingale +
∫ t∧τ(B(x,r))

0

Lv(Xs) ds.

Taking expectations and letting t → ∞,
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E
xv(Xτ(B(x,r))) = v(x) + E

x

∫ τ(B(x,r))

0

Lv(Xs) ds,

so E
x
∫ τ(B(x,r))

0
Lv(Xs) ds = 0. Dividing by E

xτ(B(x, r)), letting r → 0, and
using the continuity of Lv implies that Lv(x) = 0. �


We have already supposed that u is a solution to the Dirichlet prob-
lem and hence continuous up to the boundary. We will see later on that
for domains satisfying an exterior cone condition, we automatically have
E
xf(XτD ) continuous up to the boundary.

If Lv = 0 in D, we say v is L-harmonic in D.

3. Cauchy problem

We are primarily interested in elliptic PDEs, but the related parabolic
partial differential equation ∂tu = Lu is often of interest. Here ∂tu denotes
∂u/∂t.

Suppose for simplicity that the function f is a continuous function with
compact support. The Cauchy problem is to find u such that u is bounded,
u is C2 with bounded first and second partial derivatives in x, u is C1 in t

for t > 0, and

∂tu(x, t) = Lu(x, t), t > 0, x ∈ Rd,

u(x, 0) = f(x), x ∈ Rd. (3.1)

(3.1) Theorem. The solution to (3.1) satisfies

u(x, t) = E
xf(Xt).

Proof. Fix t0 and let Mt = u(Xt, t0 − t). The solution u to (3.1) is known to
be C2 in x and C1 in t for t > 0 (see Friedman [1]). Note ∂t[u(x, t0 − t)] =
−(∂tu)(x, t0 − t). By Itô’s formula on Rd × [0, t0),

u(Xt, t0 − t) = martingale +
∫ t

0

Lu(Xs, t0 − s) ds

+
∫ t

0

(−∂tu)(Xs, t0 − s) ds.

Since ∂tu = Lu, Mt is a martingale, and E
xM0 = E

xMt0 . On the one hand,

E xMt0 = E
xu(Xt0 , 0) = E

xf(Xt0),

while on the other,

E xM0 = E
xu(X0, t0) = u(x, t0).
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Since t0 is arbitrary, the result follows. �


For bounded domains D, the Cauchy problem is to find u such that
∂t = Lu on D, u(x, 0) = f(x) for x ∈ D, and u(x, t) = 0 for x ∈ ∂D. The
solution is given by

u(x, t) = E
x[f(Xt); t < τD],

where τD is the exit time of D. The proof is very similar to the case of Rd.

4. Schrödinger operators

We next look at what happens when one adds a potential term, that
is, when one considers the operator

Lu(x) + q(x)u(x). (4.1)

This is known as the Schrödinger operator, and q(x) is known as the potential.
Equations involving the operator in (4.1) are considerably simpler than the
quantum mechanics Schrödinger equation because here all terms are real-
valued.

If Xt is the diffusion corresponding to L in the sense of Section I.2,
then solutions to PDEs involving the operator in (4.1) can be expressed in
terms of Xt by means of the Feynman-Kac formula. To illustrate, let D be a
nice bounded domain, e.g., a ball, q a C2 function on D, and f a continuous
function on ∂D; q+ denotes the positive part of q.

(4.1) Theorem. Let D, q, f be as above. Let u be a C2 function on D that agrees
with f on ∂D and satisfies Lu + qu = 0 in D. If

E
x exp

(∫ τD

0

q+(Xs) ds
)
< ∞,

then
u(x) = E

x
[
f(XτD )e

∫ τD

0
q(Xs) ds

]
. (4.2)

We remark that the case when q is a negative constant has been dealt with
in Section 1.

Proof. Let Bt =
∫ t∧τD
0

q(Xs) ds. By Itô’s formula and the product formula,

eB(t∧τD)u(Xt∧τD ) = u(X0) + martingale +
∫ t∧τD

0

u(Xr)eBr dBr

+
∫ t∧τD

0

eBr d[u(X)]r.

Taking E
x expectation,
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E
xeB(t∧τD)u(Xt∧τD ) = u(x) + E

x

∫ t∧τD

0

eBru(Xr)q(Xr) dr

+ E
x

∫ t∧τD

0

eBrLu(Xr) dr.

Since Lu + qu = 0,
E
xeB(t∧τD)u(Xt∧τD ) = u(x).

If we let t → ∞ and use the exponential integrability of q+, the result
follows. �


The existence of a solution to Lu+qu = 0 in D depends on the finiteness

of E xe

∫ τD

0
q+(Xs) ds, an expression that is sometimes known as the gauge; see

Chung and Zhao [1].
Even in one dimension with D = (0, 1) and q a constant function, the

gauge need not be finite. By [PTA, (II.4.30)] with x = 1/2, Px(τD > t) ≥
ce−π2t/2 for t sufficiently large. Hence

E
x exp

(∫ τD

0

q ds
)

= E
xeqτD

=
∫ ∞

0

qeqtPx(τD > t) dt;

this is infinite if q ≥ π2/2.

A very similar proof to that of Theorem 4.1 shows that under suitable
assumptions on q, g, and D, the solution to Lu+qu = −g in D with boundary
condition u = 0 on ∂D is given by

u(x) = E
x
[∫ τD

0

g(Xs)e
∫ s

0
q(Xr) dr

ds
]
. (4.3)

There is also a parabolic version of Theorem 4.1. The equation ∂tu =
Lu + qu with initial condition u(x, 0) = f(x) is solved by

u(x, t) = E
x
[
f(Xt)e

∫ t

0
q(Xs) ds

]
. (4.4)

When q ≤ 0, there is a way of interpreting the right-hand sides of (4.2)
through (4.4). We consider (4.4). Let At =

∫ t
0

(−q)(Xs) ds; this is an additive
functional (cf. [PTA, (II.3.38)]). Let Y be a random variable that has a
distribution which is exponential with parameter 1 and that is independent
of Xt, and let S = inf{t : At > Y }. Let us change the state space from Rd to
Rd ∪{∆}, where ∆ is an isolated point; we extend any function on Rd to be
0 at ∆. Let X̂t = Xt if t < S and set X̂t = ∆ for t ≥ S. We then can write
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E
x
[
f(Xt)e−At

]
= E

x

∫ ∞

0

f(Xt)e−s1(At∈ds)

= E
x

∫ ∞

0

∫ ∞

s

e−y dy f(Xt)1(At∈ds)

= E
x

∫ ∞

0

∫ y

0

f(Xt)1(At∈ds)e
−y dy

= E
x

∫ ∞

0

∫ y

0

f(Xt)1(At∈ds)1(Y ∈dy)

= E
x

∫ Y

0

f(Xt)1(At∈ds)

= E
x[f(Xt);At < Y ] = E

xf(X̂t). (4.5)

This is usually phrased by saying the process X̂t proceeds until the random
clock At exceeds Y , at which time X̂t is killed and is immediately transported
to the cemetery ∆.

5. Girsanov transformation

Let L be as in (1.1) and define

L′f(x) =
d∑

i,j=1

aij(x)∂ijf(x),

that is, the operator L with the first-order terms omitted. Solutions to
PDEs involving L can be written in terms of the diffusion corresponding to
L′ (and vice versa). As an example to illustrate this, we consider Poisson’s
equation in Rd. One can obtain analogous results for the Dirichlet problem
and the Cauchy problem.

(5.1) Theorem. Suppose each coordinate of σ is bounded and in C2, σ−1 is
bounded, and a = σσT . Suppose Xt is the solution to

dXt = σ(Xt) dWt,

and u is a solution to Lu − λu = −f in Rd such that u and its first and second
partial derivatives are bounded. Then

u(x) = E
x

∫ ∞

0

e−λtf(Xt)Mt dt,

where

Mt = exp
(∫ t

0

ρ(Xs) dWs − 1
2

∫ t

0

|ρ(Xs)|2 ds
)
,

and ρ = b(σT )−1.
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Proof. Let Nt =
∫ t
0
ρ(Xs) dWs so that Mt = exp(Nt − 〈N〉t/2) is a martingale

with M0 = 1. Define a new probability measure Q by setting dQ/dPx = Mt

on Ft. By Girsanov’s theorem (see Section I.1), if Yt is a martingale under
Px, then Yt − 〈N,Y 〉t is a martingale under Q, and 〈Y 〉t is the same under
both probability measures.

We apply this to Xi
t . This process is a martingale under Px, so Xi

t −
〈N,Xi〉t is a martingale under Q. A calculation shows

d〈N,Xi〉t =
d∑

j=1

ρj(Xs) d〈W j , Xi〉t

=
d∑

j=1

ρj(Xs)σij(Xs) ds = bi(Xs) ds.

The quadratic variation of Xi is the same under both Px and Q, and by a
polarization argument (cf. [PTA, (I.4.14)]), the mixed quadratic variations
〈Xi, Xj〉 are as well. If Ŵt is defined by

dŴt = σ−1(Xt) (dXt − b(Xt) dt),

we conclude that Ŵt is a continuous martingale under Q with 〈Ŵ i, Ŵ j〉t =
δij dt, hence a Brownian motion under Q (see Section I.1).

We then can write

dXi
t =

d∑

j=1

σ(Xt) dŴ j
t + bi(Xt) dt,

and so Xt under Q is associated to the operator L. Hence by Theorem 1.1,

u(x) = E Q

∫ ∞

0

e−λtf(Xt) dt =
∫ ∞

0

e−λtE Qf(Xt) dt.

By the definition of Q, this is
∫ ∞

0

e−λtE x[f(Xt)Mt)] dt. �

6. The Neumann and oblique derivative problems

Suppose D is a bounded smooth domain. The Neumann problem for
D is the following: given f a smooth function on ∂D, find u ∈ C(D) such
that u is C2 on D and

Lu = 0 in D, ∂u/∂ν = f on ∂D, (6.1)
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where ν(x) denotes the inward pointing unit normal vector at x ∈ ∂D. For
the Neumann problem to have a solution, side conditions need to be im-
posed. For example, if L = ∆, the Laplacian, we must have

∫
∂D

f(y)σ(dy) =
0, where σ(dy) is surface measure on ∂D. To see this, by Green’s first identity
([PTA, Theorem II.3.10]) with v = 1,

0 =
∫

D

1∆u +
∫

D

∇1 · ∇u =
∫

D

1 (∂u/∂ν) dσ =
∫

∂D

f dσ.

To avoid dealing with side conditions, let us introduce a smooth compact
subset K of D and require instead of (6.1) that

Lu = 0 in D −K, ∂u/∂ν = f on ∂D, u = 0 on K. (6.2)

Suppose Xt satisfies

dXt = σ(Xt) dWt + b(Xt) dt + ν(Xt) dLt, Xt ∈ D, X0 = x0, (6.3)

where Wt is d-dimensional Brownian motion, Lt is a nondecreasing contin-
uous process that increases only when Xt ∈ ∂D, σ and b are smooth, D is a
bounded C2 domain, a = σσT is uniformly elliptic, and

Lu(x) =
1
2

∑

i,j

aij(x)∂iju(x) +
∑

i

bi(x)∂iu(x), x ∈ D.

By Section I.12, we have existence and uniqueness of Xt, and we can con-
struct a strong Markov family (Px, Xt), x ∈ D.

We will see in Chapter III that the solution to (6.2) is smooth.

(6.1) Theorem. Suppose TK , the hitting time to K, is finite a.s. and E
xLTK <

∞ for all x. The solution to (6.2) satisfies

u(x) = −E
x

∫ TK

0

f(Xs) dLs.

Proof. By Itô’s formula,

u(Xt∧TK ) = u(X0) + martingale +
∫ t∧TK

0

Lu(Xs) ds

+
∫ t∧TK

0

(∇u · ν)(Xs) dLs.

Note ∇u · ν = ∂u/∂ν = f . We take expectations with respect to Px and then
let t → ∞. Since u = 0 on K and Lu = 0 in D, we obtain

0 = u(x) + E
x

∫ TK

0

f(Xs) dLs. �
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The assumptions that TK < ∞ a.s. and E
xLTK < ∞ actually turn out

to be superfluous, but we do not prove that here.

We remark that if f satisfies the appropriate side conditions, we can
avoid the introduction of K and write the solution to (6.1) as u(x) =
− limt→∞ E

x
∫ t
0
f(Xs) dLs. See Bass and Hsu [1] for a proof in the case that

L is the Laplacian.

The oblique derivative problem is similar. We consider only a special
case: we let v be a smooth vector field on ∂D with v(y) · ν(y) > 0 for all
y ∈ ∂D and we consider the problem

Lu = 0 in D, ∂u/∂v = f on ∂D, u = 0 on K, (6.4)

where ∂u/∂v denotes ∇u · v. (More general boundary conditions can be
handled.) We will see in Chapter III that the solution to (6.4) is smooth.
We now let Xt be the solution to (6.3) where ν is replaced by v. The same
proof as that in Theorem 6.1 proves

(6.2) Theorem. The solution to (6.4) satisfies

u(x) = −E
x

∫ TK

0

f(Xs) dLs.

7. Fundamental solutions and Green functions

The function p(t, x, y) is the fundamental solution for L if the solution to

∂tu = Lu, u(x, 0) = f(x) (7.1)

is given by

u(x, t) =
∫

p(t, x, y)f(y) dy

for all continuous f with compact support. We have seen that the solution
is also given by E

xf(Xt). So
∫

p(t, x, y)f(y) dy = E
xf(Xt) =

∫

f(y)Px(Xt ∈ dy).

Thus the fundamental solution is the same as the transition density for the
associated process.

An operator L in a nice domain D has a Green function GD(x, y) if
GD(x, y) = 0 if either x or y is in ∂D and the solution to
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Lu = f in D, u = 0 on ∂D

is given by

u(x) = −
∫

GD(x, y)f(y) dy

when f is continuous. We have also seen that the solution is given by

u(x) = −E
x

∫ τD

0

f(Xs) ds.

Thus GD(x, y) is the same as the occupation time density for Xt. That
is, GD(x, y) is the Radon-Nikodym derivative of the measure µ(A) =
E
x
∫ τD
0

1A(Xs) ds with respect to Lebesgue measure. See [PTA, Section II.3]
for a discussion of the Laplacian case.

8. Adjoints

The adjoint operator to L is the operator

L∗f(x) =
d∑

i,j=1

∂ij
(
aij(x)f(x)

)
−

d∑

i=1

∂i
(
bi(x)f(x)

)
. (8.1)

The reason for the name is that
∫

Rd

f(x)Lg(x) dx =
∫

Rd

g(x)L∗f(x) dx,

as integrations by parts show, provided f and g satisfy suitable regularity
conditions. The adjoint operator corresponds to the process that is the dual
of Xt. Roughly speaking, the dual of Xt is the process run backwards: Xt0−t;
see Haussmann and Pardoux [1].

Suppose p(t, x, y) is the fundamental solution for L and let

Ptf(x) =
∫

p(t, x, y)f(y) dy.

Let q(t, x, y) = p(t, y, x). Let us suppose that the coefficients of L are smooth
and that p(t, x, y) has bounded derivatives in x, y, and t for each t > 0.

(8.1) Proposition. The fundamental solution for L∗ is q(t, x, y).

Proof. Let g be continuous and nonnegative and let

v(x, t) =
∫

q(t, x, y)g(y) dy.

So if f is continuous and nonnegative,
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∫

f(x)v(x, t) dx =
∫ ∫

f(x)p(t, y, x)g(y) dy dx =
∫

Ptf(y)g(y) dy.

When t = 0, Ptf(y) = f(y), or
∫

f(x)v(x, 0) dx =
∫

f(x)g(x) dx.

This implies g = v(·, 0) a.e.
By Itô’s formula,

Ptf(x) − f(x) = E
x

∫ t

0

Lf(Xs) ds =
∫ t

0

PsLf(x) ds.

So ∂tPtf = PtLf , and hence we have
∫

f(x)∂tv(x, t) dx = ∂t

(∫

f(x)v(x, t) dx
)

= ∂t

(
Ptf(y)g(y) dy

)

=
∫

PtLf(y)g(y) dy.

Now ∫

Pth(y)g(y) dy =
∫ ∫

p(t, y, x)h(x)g(y) dx dy

=
∫

h(x)v(x, t) dx.

So ∫

f(x)∂tv(x, t) dx =
∫

Lf(x)v(x, t) dx

=
∫

f(x)L∗v(x, t) dx.

Hence ∂tv(x, t) = L∗v(x, t) for almost every x. We will see later on that the
fundamental solution to L∗ is continuous, so we have equality everywhere.

�


By integrating over t from 0 to ∞, provided the Green function exists,
then the Green function for L∗ is GD(y, x).

Examining the proof of [PTA, Proposition II.4.1] lends credence to the
assertion that q(t, x, y) = p(t, y, x) is the transition density of Xt0−t, and so
the adjoint operator L∗ corresponds to the process Xt run backwards in
time. This is not quite true, but something close to it is; see Haussmann
and Pardoux [1] for details.

A measure µ is invariant for a strong Markov family if E
µf(Xt) =∫

f(x)µ(dx) for all t and all bounded and continuous f , where E
µf(Xt) =
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∫
E
yf(Xt)µ(dy). We continue to assume the same regularity as in the pre-

ceding proposition.

(8.2) Proposition. Suppose there exists a nonnegative solution v to L∗v = 0.
Let µ(dx) = v(x) dx. Then µ is invariant for the process associated to L.
Proof. Let f be continuous and let u(x, t) = E

xf(Xt). Then

0 =
∫

u(x, t)L∗v(x) dx =
∫

Lu(x, t)v(x) dx =
∫

∂tu(x, t)v(x) dx.

This implies that

E µf(Xt) =
∫

E xf(Xt)µ(dx) =
∫

u(x, t)v(x) dx

is a constant function of t. Letting t → 0,

E µf(Xt) =
∫

E
xf(Xt)µ(dx) →

∫

f(x)µ(dx),

so E
µf(Xt) =

∫
f(x)µ(dx) for all t. �


9. Notes

For further information see Durrett [1], Dynkin [1], Pinsky [1], and
Stroock and Varadhan [2].

There are certain quasilinear elliptic operators that can be interpreted
probabilistically. See Dynkin [2], Chen, Williams, and Zhao [1], LeGall [1],
and Funaki [1].



III
REGULARITY OF SOLUTIONS

In order to apply the results of Chapter II we need to know that solu-
tions to Poisson’s equation, the Dirichlet problem, etc. exist with sufficient
smoothness provided we make suitable assumptions on the coefficients of
the operator L and on the domain D. That is the purpose of this chapter.

In addition, in much of this book we will be interested in elliptic oper-
ators whose coefficients are not overly regular. We will often obtain them as
limits of operators with more regular coefficients. We therefore will need to
show that equations whose operators have smooth coefficients have smooth
solutions.

Section 1 is an introduction to the method of variation of parameters.
Section 2 contains a discussion of the Hölder and weighted Hölder norms
and a derivation of some bounds on the second derivatives of potentials.
In Section 3 we show that the diffusions we are interested in have a nice
regularity property near the boundary of smooth domains.

Sections 4 and 5 establish the regularity of solutions of Poisson’s equa-
tion and the Dirichlet problem. In Section 4 we use variation of parameters
and the estimates of Sections 2 and 3 to study Poisson’s equation. Section 5
combines the results of Sections 3 and 4 to obtain the existence of a solution
to the Dirichlet problem.

Section 6 points out how the methods of the previous sections extend
to cover the cases of higher order derivatives, of two dimensions, and of first
and zero order terms.

Section 7 details the modifications necessary to deal with the Neumann
problem and the oblique derivative problem.

Section 8 is another application of variation of parameters to Poisson’s
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equation, whereas Section 9 shows how flows can be used to study the
Cauchy problem.

1. Variation of parameters

One of the most common means of proving regularity of solutions of
PDEs is that of variation of parameters. This is also known as the parametrix
method or the perturbation method. The basic idea is simple. If a and b are
real numbers, rλ = (λ− a)−1, sλ = (λ− (a + b))−1, and |brλ| < 1, then

sλ =
1

λ− a− b
=

( 1
λ− a

)( 1
1 − b/(λ− a)

)

= rλ
1

1 − brλ
= rλ(1 + brλ + (brλ)2 + · · ·).

Now let A and B be linear operators, Rλ = (λ − A)−1. If ‖BRλ‖ < 1
with respect to some norm ‖ · ‖, then the sum

Sλ = Rλ + RλBRλ + RλBRλBRλ + · · · (1.1)

converges with respect to this norm, and formally, if we apply λ− (A + B)
to Sλ, we obtain the identity operator, or Sλ = (λ− (A + B))−1. The series
in (1.1) is known as a Neumann series, after Carl Neumann.

Suppose A is the infinitesimal generator of a semigroup Pt, that is,

Af =
d(Ptf)
dt

∣
∣
∣
t=0

for a suitable class of fs. There is an analogous formula to (1.1) for the
semigroup corresponding to A + B; see Leviatan [1].

Rather than worrying about domains of the operators A and A+B, we
will instead show in a concrete situation how variation of parameters may
be used to obtain regularity results.

In our first and principal application of variation of parameters, we will
take λ = 0 and A = (1/2)∆ on a ball B. Rλ becomes the Green operator GB
defined by

GBf(x) =
∫

f(y)gB(x, y) dy, (1.3)

where gB is the Green function for Brownian motion on B. We will consider
L defined by

Lf(x) =
1
2

d∑

i,j=1

aij(x)∂ijf(x),

where the aij are Hölder continuous and strictly elliptic, and we will set

B = L − 1
2
∆.
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We thus need estimates on BGBf in a suitable norm, and these will arise
from estimates on ∂ijGBf .

Let d ≥ 3 and let Uf be the Newtonian potential of f , that is

Uf(x) =
∫

u(x, y)f(y) dy, u(x, y) = c0|x− y|2−d, (1.4)

where c0 = Γ ((d/2)−1)/(2π)d/2 is chosen so that (1/2)∆Uf = −f for smooth
f (see [PTA, Section II.3] for a discussion of potentials). We know

Uf(x) = E
x

∫ ∞

0

f(Xt) dt, GBf(x) = E
x

∫ τB

0

f(Xt) dt,

where τB is the first exit time from B. Let us write

PBf(x) =
∫

f(y)Px(XτB ∈ dy); (1.5)

this is the harmonic extension of f to B. By the strong Markov property,

Uf(x) = GBf(x) + E
x

∫ ∞

τB

f(Xt) dt

= GBf(x) + E
x
E
X(τB)

∫ ∞

0

f(Xt) dt

= GBf(x) + E
xUf(XτB ).

We then have
GBf(x) = Uf(x) − PB(Uf)(x), (1.6)

and we thus need bounds on ∂ijUf and ∂ijPB(Uf).

2. Weighted Hölder norms

In order to apply variations of parameters, we first need to find a
suitable norm ‖ · ‖ to work with. The main one we use is the weighted
Hölder norm ‖ · ‖WH .

Our strategy is first to consider the Cα norm and to obtain estimates on
∂ijUf . Then we introduce what we call the scaled Hölder norm and again
examine ∂ijUf . We next estimate PBf under the Cα and scaled Hölder
norms. From these and (1.6), we deduce bounds on ∂ijGBf with respect to
the scaled Hölder norm. In (2.6) we define the weighted Hölder norm. The-
orem 2.4 contains the main result of this section, a bound on the weighted
Hölder norm of ∂ijGBf . The remainder of the section discusses some related
results that will be needed later in this chapter.

We start with the Cα norm. If f is a real-valued function on a Borel
set B, define
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‖f‖Cα(B) = sup
x∈B

|f(x)| + sup
x,y∈B

|f(x) − f(y)|
|x− y|α . (2.1)

We make the convention that 0/0 = 0 in a ratio such as the last term of
(2.1). When B = Rd, we write ‖f‖Cα .

Recall (see [PTA, Theorem II.3.14]) that if d ≥ 3, f ∈ Cα, the support
of f is contained in B(0, 2), and Uf is the Newtonian potential of f , then for
all i, j we have that ∂ijUf ∈ Cα and there exists a constant c1 independent
of f such that

‖∂ijUf‖Cα(B(0,1)) ≤ c1‖f‖Cα . (2.2)

Let us introduce another norm that we will use only temporarily, the
scaled Hölder norm. Fix α and define

‖f‖SH(x0,R) = sup
x∈B(x0,R)

|f(x)| + Rα sup
x,y∈B(x0,R)

|f(x) − f(y)|
|x− y|α .

(2.1) Proposition. Suppose R ≤ 1, the support of f is contained in B(x0, 2R),
and f is Cα on B(x0, 2R). There exists c1 independent of f and R such that

‖∂ijUf‖SH(x0,R) ≤ c1‖f‖SH(x0,2R).

Proof. This follows from (2.2) by a scaling argument. Suppose without loss of
generality that x0 = 0. Let g(x) = f(xR). Then the support of g is contained
in B(0, 2), ‖g‖∞ = ‖f‖∞, and

|g(x) − g(y)| = |f(xR) − f(yR)| ≤ ‖f‖Cα |x− y|αRα.

Note that

Ug(x) = c0

∫

|x− y|2−dg(y) dy = R−dc0

∫

|x− (z/R)|2−df(z) dz

= R−2c0

∫

|xR− z|2−df(z) dz = R−2Uf(xR).

Then Uf(x) = R2Ug(x/R) and hence ∂ijUf(x) = ∂ijUg(x/R). If u = x/R,

|∂ijUf(x)| = |∂ijUg(u)| ≤ c2‖g‖Cα(B(0,1)) ≤ c2‖f‖SH(x0,R).

If v = y/R,

Rα|∂ijUf(x) − ∂ijUf(y)| = Rα|∂ijUg(u) − ∂ijUg(v)|
≤ c2R

α|u− v|α‖g‖Cα(B(0,1))

≤ c2|x− y|α‖f‖SH(x0,2R). �

If B = B(0, 1) is the unit ball, let PBf denote the harmonic extension
of f (with respect to the Laplacian) on B. That is, if f is a continuous
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function on ∂B, then PBf is the function in B such that ∆PBf = 0 in B

and PBf agrees with f on the boundary. See [PTA, Section II.1].

(2.2) Proposition. Suppose f ∈ Cα on B(0, 2). Then PBf ∈ Cα on B and there
exists c1 independent of f such that

‖PBf‖Cα(B) ≤ c1‖f‖Cα .

Proof. Clearly |PBf(x)| ≤ ‖f‖∞. PBf is actually C∞ in B ([PTA, Proposition
II.1.3]), so the difficulty is obtaining an estimate on the Cα norm. Let ε > 0
and let fε be a C1 function such that

‖f − fε‖∞ ≤ c2ε
α‖f‖Cα , ‖∇fε‖∞ ≤ c2ε

α−1‖f‖Cα . (2.3)

We will construct such an fε in a moment.
Then

|PBf(x) − PBf(y)| ≤ |PBf(x) − PBfε(x)| + |PBf(y) − PBfε(y)|
+ |PBfε(x) − PBfε(y)|.

Observe that

|PBf(x) − PBfε(x)| = |PB(f − fε)(x)| ≤ ‖f − fε‖∞ ≤ c2ε
α‖f‖Cα ,

and similarly with x replaced by y. Also,

|PBfε(x) − PBfε(y)| =
∫ |y−x|

0

∂tPBfε

(
x + t

y − x

|y − x|
)
dt

≤ |y − x| ‖∇PBfε‖∞ = |y − x| ‖PB(∇fε)‖∞

≤ |y − x| ‖∇fε‖∞ ≤ c2|y − x|εα−1‖f‖Cα ,

since PB(∂ig) = ∂i(PBg) inside B for all i. If we take ε = |y − x|, combining
gives the required estimate.

It remains to construct fε. Let ϕ(x) be C∞ with compact support,
nonnegative, and with integral 1. Let ϕε(x) = ε−dϕ(x/ε) and fε = f ∗ ϕε.
Then

|f(x) − fε(x)| =
∣
∣
∣

∫

[f(x) − f(x− y)]ϕε(y) dy
∣
∣
∣

=
∣
∣
∣

∫

[f(x) − f(x− εy)]ϕ(y) dy
∣
∣
∣

≤ εα‖f‖Cα

∫

|y|αϕ(y) dy ≤ c3ε
α‖f‖Cα .

By integration by parts and the fact that ϕ has compact support,
∫
∂iϕ(y) dy

= 0. So
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|∂ifε(x)| =
∣
∣
∣

∫

f(x− y)∂iϕε(y) dy
∣
∣
∣

=
∣
∣
∣

∫

[f(x− y) − f(x)]∂iϕε(y) dy
∣
∣
∣

= ε−1
∣
∣
∣

∫

[f(x− εy) − f(x)]∂iϕ(y) dy
∣
∣
∣

≤ εα−1‖f‖Cα

∫

|y|α∂iϕ(y) dy ≤ c3ε
α−1‖f‖Cα ,

which is the other half of (2.3). �


Let PB(x0,R)f denote the harmonic extension to the interior of B(x0, R)
of a function f on the boundary. As in Proposition 2.2, if f is Cα on B(x0, R),
then PB(x0,R)f is Cα on B(x0, R), and

‖PB(x0,R)f‖SH(x0,R) ≤ c1‖f‖SH(x0,R). (2.4)

Let GBf be the Green potential of f with respect to the domain B. By
(1.6)

GBf = Uf − PB(Uf). (2.5)

(2.3) Proposition. If f is Cα on B(x0, R), then GB(x0,R)f is in C2+α on
B(x0, R) and there exists c1 independent of f such that

‖∂ijGB(x0,R)f‖SH(x0,R) ≤ c1‖f‖SH(x0,R).

Proof. Observe that GB(x0,R)f(x) = E
x
∫ τB(x0,R)
0

f(Ws) ds, where Wt is a
Brownian motion and τB(x0,R) is the exit time from B(x0, R); see [PTA, Sec-
tion II.3]. Therefore GB(x0,R)f depends only on the values of f in B(x0, R);
hence without loss of generality we may assume the support of f is con-
tained in B(x0, 2R) and ‖f‖SH(x0,2R) ≤ c2‖f‖SH(x0,R). Since

∂ijGB(x0,R)f = ∂ijUf − PB(x0,R)(∂ijUf),

the result follows from (2.4) and Proposition 2.1. �


We now introduce the weighted Hölder norm we are interested in. Let
us write dx for dist (x, ∂B). Define

‖f‖WH = sup
x∈B

d2
x|f(x)| + sup

x,y∈B
[dx ∧ dy]2+α

|f(x) − f(y)|
|x− y|α . (2.6)

If ‖f‖WH < ∞, we will say f ∈ WH.

(2.4) Theorem. There exists c1 such that

‖∂ijGBf‖WH ≤ c1‖f‖WH .
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Proof. Let x0 ∈ B and let R = dx0/6. For x ∈ B(x0, R/2), analogously to
(1.6),

GBf(x) = GB(x0,R)f(x) + PB(x0,R)(GBf)(x).

Then
|∂ijGBf(x)| ≤ |∂ijGB(x0,R)f(x)| + |∂ijPB(x0,R)(GBf)(x)|

≤ c2‖f‖SH(x0,R)

= c2 sup
x′∈B(x0,R)

|f(x′)|

+ c2R
α sup
x′,y′∈B(x0,R)

|f(x′) − f(y′)|
|x′ − y′|α .

So
d2
x|∂ijGBf(x)| ≤ c2‖f‖WH .

Similarly,

[dx ∧ dy]2+α
|∂ijGBf(x) − ∂ijGBf(y)|

|x− y|α ≤ c3‖f‖WH . �

We will also need the following proposition.

(2.5) Proposition. If f ∈ Cα and g ∈ WH, then

‖fg‖WH ≤ ‖f‖Cα‖g‖WH .

Proof. This follows easily from the inequality

|f(x)g(x) − f(y)g(y)| ≤ |f(x)| |g(x) − g(y)| + |g(y)| |f(x) − f(y)|. �

Besides the inequality in Theorem 2.4 for the weighted Hölder norm,
we also have an analogous inequality for the Cα norm.

(2.6) Proposition. If f ∈ Cα(B), then ∂ijGBf ∈ Cα(B) and there exists c1
independent of f such that

‖∂ijGBf‖Cα(B) ≤ c1‖f‖Cα(B).

Proof. We can extend f to have support in B(0, 2) such that ‖f‖Cα ≤
c2‖f‖Cα(B). By (2.2) and Proposition 2.2, ∂ijUf ∈ Cα, hence ∂ij(PB(Uf))
∈ Cα(B), and

‖∂ijUf‖Cα ≤ c3‖f‖Cα , ‖∂ijPB(Uf)‖
Cα(B) ≤ c4‖f‖Cα .

Taking the difference and using (2.5) proves our result. �


Finally, we will need an estimate on harmonic extensions.
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(2.7) Proposition. If ϕ is bounded on ∂B, then ∂ijPBϕ ∈ WH and there exists
a constant c1 independent of ϕ such that

‖∂ijPBϕ‖WH ≤ c1‖ϕ‖L∞(∂B).

Proof. Let x ∈ B, R = dx/6. It suffices to consider the case where dy ≥ dx
and y ∈ B(x,R). It is well known ([PTA, Corollary II.1.4]) that in B(x,R),

‖h‖L∞(B(x,R)) ≤ c2
R2 ‖ϕ‖L∞(B(x,R)), ‖∇h‖∞ ≤ c2

R3 ‖ϕ‖∞,

where h = ∂ijPBϕ. Then

|h(y) − h(x)| ≤
(

sup
B(x,R)

|∇h|
)
|y − x|

≤ c2
R3R

1−α|y − x|α ‖ϕ‖∞

= c2R
−(2+α)|y − x|α ‖ϕ‖∞.

The proposition follows easily from this. �


3. Regularity of hitting distributions

Our main goal in this section is Theorem 3.4, which says that under
suitable regularity conditions on Xt and D, the function H(x) = E

xϕ(XτD )
is continuous on D if ϕ is continuous on ∂D. Here τD is the time to exit D.

We begin by studying regularity of the boundary. Our first two results
lead to a condition in terms of cones for a point x of ∂D to be such that
starting at x the process leaves D immediately. A cone will be a translate
and rotation of the open set {(x1, . . . , xd) : x2

1 + · · · + x2
d−1 < αx2

d} for some
α.

(3.1) Proposition. Suppose Xt satisfies (I.2.3), σ, b, and σ−1 are bounded, D
is a domain, x ∈ ∂D, and there exists a cone V contained in Dc with vertex x.
Then Px(τD = 0) > 0.

Proof. Without loss of generality, take x = 0. Let ψ be a curve starting at 0
and entering the interior of V by time 1, and take ε small enough so that
B(ψ(1), ε) ⊆ V . By the support theorem, P(X1 ∈ V ) ≥ c1.

We now use scaling. Let Xa
t = aXt/a2 . By Proposition I.8.6, Xa

t sat-
isfies an SDE of the same form as (I.2.3), and if σa and ba are the cor-
responding coefficients, then σa and ba satisfy the same bounds as σ and
b provided a > 1. So by the support theorem (with the same ψ and ε),
P(Xa

t enters V before time 1) ≥ c1. This implies, since a cone is invariant
under scaling, that

P(τD < a−2) ≥ P(Xt enters V before time a−2) ≥ c1.
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Finally, we let a → ∞. �


Let us now suppose in addition that σ and b are smooth enough so that
the solutions to (I.2.3) form a strong Markov process and Pxn converges
weakly to Px whenever xn → x. A sufficient condition is that σ(x) and b(x)
be Lipschitz in x: by Theorem I.10.1, X(xn, t) converges to X(x, t) almost
surely, and weak convergence follows. Later, in Chapter VI, we will see that
in fact it is sufficient that b be bounded and σ be bounded, strictly elliptic,
and continuous.

A domain D satisfies the external cone condition if for all x ∈ ∂D, there
exists a cone V whose vertex is at x and which lies in Dc.

(3.2) Corollary. Suppose (Px, Xt) is a strong Markov process, where σ and b

are as above. For all x, Px(τD = 0) = 1.

Proof. Since Pxn converges weakly to Px whenever xn → x, then

Ptf(xn) = E
xnf(Xt) → E

xf(Xt) = Ptf(x)

if f is bounded and continuous. So if f is bounded and continuous, then Ptf

is also. This and the proofs in [PTA, Section I.3] (see in particular Theorem
I.3.4, Proposition I.3.5, and Corollary I.3.6 of that book) show that the
Blumenthal 0-1 law ([PTA, Corollary I.3.6)] holds for (Px, Xt), that is, sets
in F0+ must have probability 0 or 1. By Proposition 3.1, Px(τD = 0) > 0,
and hence the probability must be 1. �


The map Xt(ω) → ϕ(XτD (ω)) is not necessarily continuous on C[0,∞),
even when ϕ is continuous. To handle such functionals, we need the following
theorem from Billingsley [1].

(3.3) Theorem. Suppose Pn converges weakly to P, where Pn and P are proba-
bility measures on a metric space S. Suppose h maps S to another metric space S′

and E = {x ∈ S : h is not continuous at x}. If P(E) = 0, then Pnh
−1 converges

weakly to Ph−1.

Proof. Let F be closed in S′. It suffices to show ([PTA, Theorem I.7.2]) that

lim sup
n

Pnh
−1(F ) ≤ Ph−1(F ). (3.1)

Suppose x /∈ E. If x is a limit point of h−1(F ), then since h is continuous
at x, we see that h(x) is a limit point of F . Because F is closed, h(x) ∈ F ,
or x ∈ h−1(F ). This shows that

h−1(F ) ⊆ E ∪ h−1(F ).

Since Pn converges weakly to P and P(E) = 0,
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lim sup
n

Pn(h−1(F )) ≤ lim sup
n

Pn(h−1(F )) ≤ P(h−1(F ))

≤ P(h−1(F )) + P(E) = P(h−1(F )),

which is (3.1). �


The application we have in mind is the following.

(3.4) Theorem. Let Xt, D be as above. Suppose ϕ is a continuous function on
∂D and H(x) = E

xϕ(XτD ). Then H is continuous on D and agrees with ϕ on
∂D.

Proof. That H agrees with ϕ on ∂D follows from Corollary 3.2. Suppose
xn, x ∈ D with xn → x. Let Ω be the space of continuous paths, let Xt(ω) =
ω(t), and define a mapping h : Ω → R by h(ω) = ϕ(XτD (ω)). Observe that h
is not continuous at ω only if Xt hits ∂D but does not immediately thereafter
enter (D)c, that is, if T(D)c ◦ θT∂D > 0, where θt denotes the shift operators
defined in Section I.5. By the strong Markov property,

Px(T(D)c ◦ θT∂D > 0) = E
x
PX(T∂D)(T(D)c > 0).

By Corollary 3.2, Py(T(D)c > 0) = 0 for y ∈ ∂D. Hence h is continuous on Ω

except for a set of probability 0. By Theorem 3.3, Pxnh−1 converges weakly
to Pxh−1, that is, if f is a continuous bounded function on R, then

∫

f(y) Pxnh−1(dy) →
∫

f(y) Pxh−1(dy). (3.2)

Note
Pxh−1(A) = Px(h−1(A)) =

∫

1h−1(A)(y) Px(dy)

=
∫

1A(h(y)) Px(dy).

By a limit argument,
∫

f(y) Pxh−1(dy) =
∫

f(h(y)) Px(dy),

and similarly with Px replaced by Pxn . Let f be a continuous bounded func-
tion that is equal to the identity on the range of ϕ. Then by the definition
of h,

H(xn) = E
xnϕ(XτD ) = E

xnh(X·) =
∫

f(h(y)) Pxn(dy).

This converges by (3.2) to
∫
f(h(y)) Px(dy), which as in the above, is equal

to H(x). �
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4. Schauder estimates

We consider elliptic operators in nondivergence form

Lf(x) =
1
2

d∑

i,j=1

aij(x)∂ijf(x) +
d∑

i=1

bi(x)∂if(x). (4.1)

We assume that L is uniformly strictly elliptic.
Recall δij = 1 if i = j and 0 otherwise. Let K be the larger of the c1 in

Theorem 2.4 and the c1 in Proposition 2.6. Let ε0 = 1/(Kd2). In this section
let us assume the following.

Assumption 4.1. (i) The bi are identically zero;
(ii) aij ∈ Cα with ‖aij(x) − δij‖Cα < ε0.

In the next sections we will weaken these assumptions.

Let B be the unit ball. We use variation of parameters as discussed at
the end of Section 1 and Theorem 2.4 to obtain the following key result.

(4.2) Theorem. Suppose Assumption 4.1 holds. Suppose that f ∈ WH, f ∈
Cα(B), and f = 0 on ∂B. Then there exists v ∈ WH such that v is continuous
on B, Lv = f , and v = 0 on ∂B. Moreover, there exists a constant c1 independent
of f such that for each i and j

‖∂ijv‖WH ≤ c1‖f‖WH .

Proof. Define an operator B by

Bf(x) =
1
2

d∑

i,j=1

(aij(x) − δij)∂ijf(x). (4.2)

Then using Proposition 2.5,

‖BGBh‖WH ≤ 1
2

d∑

i,j=1

‖(aij(x) − δij)∂ijGBh‖WH

≤ 1
2
d2 sup

i,j

‖aij − δij‖Cα‖∂ijGBh‖WH

≤ 1
2
ε0d

2K‖h‖WH

=
1
2
‖h‖WH .

Hence BGB maps WH into WH with a norm bounded by 1/2. Similarly,
BGB maps Cα(B) into Cα(B) with norm bounded by 1/2.

Let g =
∑∞

m=0(BGB)mf . Then g ∈ WH. Let v = −GBg, so for each i

and j we have ∂ijv ∈ WH, and
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‖∂ijv‖WH ≤ c2‖g‖WH ≤ c3‖f‖WH .

Also, g ∈ Cα(B), so in particular g is bounded. Hence v is continuous on B

and equals 0 on ∂B.
Since ∂ijv ∈ Cα for each i and j, Lv makes sense. v = −GBg with

g ∈ Cα, so ∆v/2 = g. Then

Lv = ∆v/2 + Bv = g − BGBg

=
∞∑

m=0

(BGB)mf −
∞∑

m=1

(BGB)mf = f. �

In preparation for discussing the Dirichlet problem we need to obtain
some additional estimates of weighted Hölder norms.

(4.3) Theorem. Suppose Assumption 4.1 holds. There exists c1 with the follow-
ing property: if ϕ is in C3(Rd), there exists w ∈ WH such that Lw = 0 in B,
w = ϕ on ∂B, and for each i and j

‖∂ijw‖WH ≤ c1‖ϕ‖L∞(∂B).

Proof. Let h = PB(ϕ) and let f = −Lh. By Proposition 2.7, ∂ijh ∈ WH for
all i and j and supi,j ‖∂ijh‖WH ≤ c2‖ϕ‖L∞(∂B), so f ∈ WH and ‖f‖WH ≤
c3‖ϕ‖L∞(∂B). Construct v as in Theorem 4.2 so that Lv = f . Then w = v+h

is continuous on B, agrees with ϕ on ∂B, and

Lw = Lv + Lh = f − f = 0

inside of B. Finally, for each i and j,

‖∂ijw‖WH ≤ ‖∂ijv‖WH + ‖∂ijh‖WH ≤ c4‖ϕ‖L∞(∂B). �

Let us continue to assume Assumption 4.1. Now we in addition assume
that a = σσT , where σ is symmetric and uniformly elliptic, and that σ is
continuous in x if a is continuous in x. If a is Lipschitz in x, we require σ to
be also. Given a(x), one can construct σ(x) using Taylor series as follows.
Let

∑∞
i=0 bi(1−x)i be the Taylor series for x1/2. This expansion will be valid

provided |1 − x| < 1. Let A = supx,i,j |aij(x)|. Since a is uniformly elliptic,
then

sup
x

∣
∣
∣1 − a(x)

A

∣
∣
∣ < 1,

and we set

σ(x) = A1/2
∞∑

i=0

bi

(
1 − a(x)

A

)i
.

It follows that σ will be continuous (respectively, Lipschitz) when a is con-
tinuous (respectively, Lipschitz).
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We now assume that (Px, Xt) is a strong Markov family of solutions to
(I.2.3) and that the hypotheses of Theorem 3.4 are satisfied.

(4.4) Theorem. Suppose Assumption 4.1 holds. Let ϕ be a continuous function
on ∂B. If we set u(x) = E

xϕ(XτB ), then ∂iju ∈ WH for each i and j, u is
continuous on B, u agrees with ϕ on the boundary of B, and Lu = 0 in B.

Proof. That u is continuous on B and agrees with ϕ on ∂B follows from
Theorem 3.4. Suppose first that ϕ is the restriction to ∂B of a smooth
function. Let w be defined as in Theorem 4.3. By Theorem II.2.1, u(x) =
w(x), so Lu = Lw; by Theorem 4.3, for each i and j

‖∂iju‖WH = ‖∂ijw‖WH ≤ c1‖ϕ‖∞. (4.3)

Now let ϕn be a collection of C3 functions on Rd whose restriction to
∂B converges uniformly to ϕ. Let un(x) = E

xϕn(XτB ). Then un(x) converges
to u(x) = E

xϕ(XτB ) for each x. By Theorem 3.4, u is continuous on B and
agrees with ϕ on ∂B. By (4.3), for each i and j

sup
n

‖∂ijun‖WH ≤ c2 sup
n

‖ϕn‖L∞(∂B) < ∞.

So the ∂ijun are equicontinuous on compact subsets of B. It follows easily
that

‖∂iju‖WH ≤ lim sup
n

‖∂ijun‖WH ≤ c3 lim sup
n

‖ϕn‖L∞(∂B)

= c3‖ϕ‖L∞(∂B). �

(4.5) Corollary. There is at most one function w that is continuous on B,
∂ijw ∈ WH for each i and j, w agrees with ϕ on ∂B, and Lw = 0 in B.

Proof. By Theorem II.2.1, any solution agrees with u(x) = E
xϕ(XτB ). �


5. Dirichlet problem

We are now ready to solve the Dirichlet problem in a ball. The main
work yet to be done is to eliminate the use of Assumption 4.1.

Suppose that the aij are bounded, strictly elliptic, and in Cα. Let σ

be a positive definite square root of a, so that a = σσT , and let Xt be the
solution to (I.2.3). We suppose that (Px, Xt) forms a strong Markov family
and Pxn converges weakly to Px whenever xn → x. (Supposing that a(x)
is Lipschitz is sufficient to guarantee the strong Markov property and this
weak convergence condition. In Chapter VI we will find that we have these
two properties if the a(x) are continuous in x.)
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(5.1) Theorem. Let ϕ be continuous on ∂B. Let u(x) = E
xϕ(XτB ). Then u is

C2+α in B, continuous on B, agrees with ϕ on ∂B, and Lu = 0 in B.

Proof.We will show that u is C2+α in B and that Lu = 0 there; the remainder
of the assertions follows by Theorem 3.4.

Let x0 ∈ B. Let A be the symmetric positive definite square root of
a(x0) and let Yt = AXt. Each component of Yt is a linear combination of
the components of Xt and so is a continuous martingale. We have

d〈Y i, Y j〉t =
∑

k,�

AikAj� d〈Xk, X�〉t =
∑

k,�

AikAj�ak�(Xt) dt,

so if L′ is the operator associated to Yt, then L′ = (1/2)
∑d

i,j=1 a
′
ij∂ij , where

a′
ij(y) = Aa(A−1y)AT . In particular, a′(Ax0) equals the identity. Note that
the a′ are still bounded, strictly elliptic, and in Cα.

Let B′ = {Ax : x ∈ B}, ϕ′(y) = ϕ(A−1y), and v(y) = E
yϕ′(Yτ(B′)). Then

u(x) = E
xϕ(XτB ) = E

xϕ(A−1AXτB )

= E
Axϕ′(Yτ(B′)) = v(Ax).

Clearly u ∈ C2+α and Lu = 0 in B if and only if v ∈ C2+α and L′v = 0 in B′.
Setting y0 = Ax0, we may thus consider Yt,L′, and v with a′(y0) being the
identity.

Choose r small enough so that B(y0, r) ⊆ B, |a′
ij(y) − δij | < ε0 for

y ∈ B(y0, 2r), and rα‖a′‖Cα < ε0, where ε0 is the ε0 of Assumption 4.1.
Let Zt = r−1Yr2t. By Propositions I.8.6 and I.2.1, Zt is associated to the
operator L′′ whose coefficients are a′′(z) = a′(rz). The a′′ are bounded and
strictly elliptic and satisfy the same bounds as the a′ do. If z0 = r−1y0, then
a′′(z0) is the identity. For z ∈ B(z0, 2),

|a′′
ij(z) − δij | < ε0

for each i and j. For w, z ∈ B(z0, 1) and for each i and j,

|a′′
ij(z) − a′′

ij(w)| = |a′
ij(rz) − a′

ij(rw)| ≤ rα|z − w|α‖a′‖Cα .

Hence ‖a′′
ij(z) − δij‖Cα(B(z0,1) < ε0.

Let w(z) = E
zϕ′′(Zτ(B(z0,1))), where ϕ′′(z) = ϕ′(rz). Since Yr2t is a time

change of Yt, the exit distributions from B(y0, r) for Yr2t and Yt will be the
same. Using this, we see similarly to the above that to show v ∈ C2+α and
L′v = 0 at y0, it suffices to show w ∈ C2+α and L′′w = 0 at z0. The proof
is now complete, since Theorem 4.4 and a translation of the coordinate
systems imply w ∈ C2+α and L′′w = 0 in B(z0, 1). �
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6. Extensions

Smooth solutions. Suppose f is in Ck+α with compact support, that is, the
kth partial derivatives are all in Cα. Then

∂ij(∂i1···ikUf) = ∂ijU(∂i1···ikf)

by translation invariance. It follows by (2.2) that Uf ∈ Ck+2+α. With this
fact and corresponding facts for PB(f), we can deduce much as in Sections
4 and 5 that if the aij are in Ck+α and strictly elliptic, then the solution
to Lv = 0 in B, v = ϕ on ∂B, is in Ck+2+α in the interior of B. Similarly, if
f ∈ Ck+α, the solution to Lv = f in B, v = 0 on ∂B, is in Ck+2+α.

Two dimensions. Our analysis has not included the case of two dimensions
because Uf does not exist in this case. An easy way to deal with the two-
dimensional case is by using projection. Define X̃t = (Xt,Wt), where Wt is
a one-dimensional Brownian motion independent of the two-dimensional
diffusion Xt. It is not hard to see that X̃t corresponds to ã(x), where
ãij(x1, x2, x3) equals aij(x1, x2) if i, j ≤ 2 and equals δij if at least one
of i, j equals 3. Given ϕ continuous on ∂B (in R2), define ϕ̃ on ∂C by
ϕ̃(x1, x2, x3) = ϕ(x1, x2), where C = {(x1, x2, x3) : (x1, x2) ∈ B}. If we let
ũ(x) = E

xϕ̃(X̃τC ), then ũ does not depend on x3. By the techniques of
Section 5 (with minor modifications because C is an unbounded set), ũ is
smooth inside C.

First order terms. Suppose we no longer assume that the bi are identically
0. Let us look at solutions in the neighborhood of x0, which, without loss
of generality, we take to be 0. As in Section 5, let us assume aij = δij , and
by a rotation, we may assume that b1(0) �= 0, but all the other bi(0) = 0. If
we perform the transformation (x1, . . . , xd) → (e−2b1(0)x1 − 1, x2, . . . , xd), the
operator L transforms to a new operator L′, where b′(0) = 0 and the new
a′
ij are strictly elliptic.

Since ∂ijUf ∈ Cα if f ∈ Cα with compact support, it is easy to see
that the same will be true for ∂iUf . We can then obtain suitable estimates
on the WH norm of ∂iUf . Since we have reduced the problem to the case
where b(0) = 0, we may imitate the theory of Sections 4 and 5, with

Bg(x) =
1
2

d∑

i,j=1

(aij(x) − aij(x0))∂ijg(x) +
d∑

i=1

bi(x)∂ig(x)

to obtain smoothness of the solution to the Dirichlet problem in a neigh-
borhood of x0.

Zero order terms. Suppose we want to consider regularity of solutions to
equations involving Lf(x) − q(x)f(x), where q ≥ 0. By a localization argu-
ment as in Section 5, we may suppose ‖q(x)−q(x0)‖Cα is small. We proceed
as in Sections 4 and 5, except that we write
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Lf(x) =
1
2
∆f(x) − q(x0)f(x) + Bf(x).

We now need estimates on (q(x0)−∆/2)−1, but these may be obtained in a
straightforward way.

Poisson’s equation. The solution to (L − λ)u = f on Rd is given by

u(x) = E
x

∫ ∞

0

e−λtf(Xt) dt.

To derive properties of u, we use an argument similar to that used in Section
5, the principal difficulty being in showing u ∈ C2+α. Let us consider for
simplicity the case where |Xt| → ∞ almost surely, λ = 0, and f has compact
support. Then for r > 0

u(x) = E
x

∫ τB(x,r)

0

f(Xs) ds + E
x
E
XτB(x,r)

∫ ∞

0

f(Xs) ds.

The latter term is of the form E
xu(XτB(x,r)), and hence is in C2+α by

Theorem 4.4. Let v be the solution to Lv = −f in B(x0, r) with v =
0 on the boundary; then v ∈ C2+α, and by Theorem II.1.2, v(x) =
E
x
∫ τB(x,r)
0

f(Xs) ds.
The case λ �= 0 can be handled by similar ideas. See Gilbarg and

Trudinger [1] for the analytic estimates needed.

Elliptic and harmonic measure. The solution to the Dirichlet problem Lu = 0
in D, u = f on ∂D is, for nice f , given by

u(x) = E
xf(XτD ).

Let ω(x, dy) = Px(XτD ∈ dy). ω is called elliptic measure or L-harmonic mea-
sure relative to x. When Xt is Brownian motion and so L = (1/2)∆, then
we know from [PTA, Proposition II.3.11] that

ω(x, dy) = c1
∂gD(x, ·)

∂ν
(y)σ(dy),

where gD is the Green function for D for Brownian motion, ν is the inward
pointing unit normal vector, and σ is surface measure on ∂D. If D is a C2

domain, then ν(y) is a C2 function of y, while gD(x, ·) solves the Dirichlet
problem in D − B(x, r) for r small with boundary values 0 on ∂D, and
gD(x, y) on ∂B(x, r). By Theorem 5.1, gD(x, ·) is C2 in a neighborhood of
∂D, and so (∂gD(x, ·)/∂ν)(y) = ∇ygD(x, y) · ν(y) is C1 on ∂D. This provides
another proof of [PTA, Theorem III.5.2].



7. Neumann and oblique derivative problem 73

7. Neumann and oblique derivative problem

Let D be a bounded C2 domain and let ν(x) be the inward pointing
unit normal vector at x ∈ ∂D. Suppose v(x) is a C2 vector field on ∂D (i.e.,
each component of v is a C2 function on ∂D) such that inf∂D v · ν > 0. Let
K be a compact subset of D with smooth boundary. Let us suppose that
the aij are strictly elliptic and C2 and the bi are C2. Let f be a C2 function
on ∂D. In this section we want to show that the solutions to the Neumann
problem

Lu = 0 in D, ∂u/∂ν = f on ∂D, u = 0 on K (7.1)

and to the oblique derivative problem

Lu = 0 in D, ∇u · v = f on ∂D, u = 0 on K (7.2)

have C2 solutions in D. The procedure is very similar to what we did for
the Dirichlet problem, so we only sketch the argument, referring the reader
to Gilbarg and Trudinger [1] for further details.

Suppose d ≥ 3. We first consider the half space H and assume that v

is constant on ∂D with |v| = 1. Let u(x) be the Newtonian potential for Rd

([PTA, (II.3.1)]) and define

G(x, y) = u(x− y) − u(x− y) − 2vd

∫ ∞

0

∂du(x− y + vs) ds, (7.3)

where x, y ∈ H and y = (y1, . . . , yd−1,−yd) if y = (y1, . . . , yd). Observe that G
is harmonic in x and y for x �= y, and a calculation shows that (∇G(·, y) ·
v)(x) = 0 if xd = 0. G(x, y) is thus the Green function for reflecting Brownian
motion with constant oblique reflection.

Substituting for u in the integral in (7.3),

G(x, y) = u(x, y) − u(x− y) (7.4)

− c1vd|x− y|2−d
∫ ∞

0

wd + vds

(1 + 2(w · v)s + s2)d/2
ds,

where w = (x − y)/|x − y|. Let V (x, y) denote the last term in (7.4). Since
v · ν ≥ c2 > 0, then 1 + 2(w · v)s + s2 is bounded away from 0. A calculation
shows that

∂xiV (x, y) = −∂yiV (x, y), i = 1, . . . , d− 1, (7.5)

∂xdV (x, y) = ∂ydV (x, y),

|∂xiV (x, y)| ≤ c3|x− y|1−d, i = 1, . . . , d,

|∂xixjV (x, y)| ≤ c4|x− y|−d, i, j = 1, . . . , d.

If |v| �= 1, we replace vd by vd/|v| in the preceding estimates.
We look at
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∫

H∩B(0,2)

G(x, y)h(y) dy (7.6)

=
∫

H∩B(0,2)

[u(x− y) − u(x− y)]h(y) dy

+
∫

H∩B(0,2)

V (x, y)h(y) dy.

Let us extend h to the lower half space by reflection over the hyperplane
{xd = 0}. If w(x) =

∫
H∩B(0,2)

V (x, y)h(y) dy, we can write

∂ijw(x) =
∫

H∩B(0,2)

∂ijV (x, y)[h(y) − h(x)] dy

− h(x)
∫

H∩∂B(0,2)

∂iV (x, y)ν̂j(y)σ(dy)

by Green’s identity, where ν̂ is the outward pointing unit normal vector
on ∂B(0, 2) and σ is surface measure on ∂B(0, 2) (cf. [PTA, Proposition
II.3.13]). As in [PTA, Theorem II.3.14], we derive the estimates

‖∂ijw‖Cα(H∩B(0,1)) ≤ c5‖h‖Cα(H∩B(0,2)). (7.7)

Since we have the analogous estimate for the first term on the right of (7.6),
we have

‖∂ijGh‖Cα(H∩B(0,1)) ≤ c6‖h‖Cα(H∩B(0,2)), (7.8)

where Gh(x) =
∫
H∩B(0,2)

G(x, y)h(y) dy.
With only minor changes, we can use the proofs in Sections 4 and 5 to

obtain the existence of u ∈ C2(H) with Lu = 0 in H −K and ∇u · v = f on
∂D, u = 0 on K, where now v is a function of x and no longer constant.

Our results are of a local nature. So if we consider x ∈ ∂D, we can
map D ∩ B(x, r) smoothly onto H ∩ B(y, s) if r is sufficiently small, where
y ∈ ∂H. The operator L and reflection vector v are mapped into L and v,
respectively, but both L and v satisfy bounds analogous to those of L and
v. The solution to the oblique derivative problem for L and v is smooth in
H ∩B(y, s), and taking the inverse image shows that there exists a solution
u that is smooth in D ∩B(x, r).

The Neumann problem in this formulation is the special case where
v ≡ ν. The case d = 2 can be handled by a projection argument similar to
that in Section 6. We can also handle the analogue of Poisson’s equation,
etc. See Gilbarg and Trudinger [1] for further details.

8. Calderón-Zygmund estimates

For 1 < p < ∞ define
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‖f‖W2,p = ‖f‖p +
d∑

i,j=1

‖∂ijf‖p

for f ∈ C2. Let W 2,p be the closure of C2∩L∞ with respect to this norm. By
some well-known estimates of Calderón-Zygmund type, we have Uλ : Lp →
W 2,p and

‖Uλf‖W2,p ≤ c1‖f‖p, (8.1)

where c1 is independent of f .
This is easily checked when p = 2. The function ∂ijf has Fourier

transform −ξiξj f̂(ξ), so ∆f has Fourier transform −|ξ|2f̂(ξ). Since Uλ =
(λ − ∆/2)−1, then Uλf has Fourier transform f̂(ξ)/(λ + |ξ|2/2). Finally,
∂ijU

λf has Fourier transform −ξiξj f̂(ξ)/(λ + |ξ|2/2). By Plancherel’s theo-
rem, there exists c2 independent of f such that ‖∂ijUλf‖2 = c2‖(∂ijUλf )̂ ‖2

and ‖f‖2 = c2‖f̂‖2. Since |(∂ijUλf )̂ | ≤ 2|f̂(ξ)|, the assertion follows when
p = 2. For p �= 2, this estimate is considerably harder; see [PTA, Corollary
IV.3.9] for a probabilistic proof.

If f ∈ W 2,p, we can make sense of ∂ijf and hence of Lf , at least up
to almost everywhere equivalence. Let us suppose that the aij are strictly
elliptic, the bi are identically 0, and |aij(x) − δij | < ε0, where ε0 = 1/(c1d2).
We use variation of parameters with respect to the norm of Lp.

(8.1) Theorem. Suppose f ∈ Lp. Then there exists v ∈ W 2,p such that Lv−λv =
f .

Proof. Recall the definition of B in (4.2). Let v = Uλ
∑∞

m=0(BUλ)mf . Note

‖BUλg‖p ≤ d2

2
(sup
i,j

|aij(x) − δij |)‖∂ijUλg‖p

≤ c1ε0d
2

2
‖g‖p = ‖g‖p/2,

where B is defined by (4.2). So the Lp norm of BUλ is bounded by 1/2, and
h =

∑∞
i=0(BUλ)if ∈ Lp. Hence Uλh ∈ W 2,p. As in Theorem 4.2, Lv−λv = f .

�


9. Flows

Another approach to the Cauchy problem is via flows. Here the as-
sumption of strict ellipticity is not absolutely essential (although we will
include it), but additional smoothness is.

(9.1) Proposition. Suppose the coefficients of L are in C3 and are bounded and
that L is strictly elliptic. Let Xt be the associated diffusion. If f ∈ C2 with bounded
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first and second partial derivatives, then u(x, t) = E
xf(Xt) solves ∂tu = Lu in

(0,∞) × Rd with u(x, 0) = f(x).

Proof. We first show that u satisfies the appropriate smoothness conditions.
By the remarks following Proposition I.10.4, X(x, t) is C2 in the variable x

almost surely, so u(x, t) = E f(X(x, t)) is also C2 in x. By Itô’s formula,

f(Xt) − f(Xs) = martingale +
∫ t

s

Lf(Xr) dr,

which implies

u(x, t) − u(x, s) = E
x

∫ t

s

Lf(Xr) dr.

Since Lf is bounded and continuous, this means that u is differentiable in
t.

We now show ∂tu = Lu. Let t0 > 0. Applying Itô’s formula to u(Xt, t0−
t), we obtain

u(Xt, t0 − t) = u(X0, t0) + martingale −
∫ t

0

∂tu(Xs, t0 − s) ds

+
∫ t

0

Lu(Xs, t0 − s) ds.

As in Theorem II.3.1,

u(Xt, t0 − t) = E
Xtf(Xt0−t) = E

x[f(Xt0) | Ft]

is a martingale. Therefore
∫ t
0

(Lu − ∂tu)(Xs, t0 − s) ds is a martingale. A
continuous martingale of bounded variation that is 0 at 0 must be identically
0 ([PTA, Proposition I.4.19)]; hence

∫ t
0

(Lu− ∂tu)(Xs, t0 − s) ds is identically
0. Thus (Lu − ∂tu)(Xs, r) = 0 a.s. If (Lu − ∂tu)(y, r) > 0 for some y ∈ Rd

and some r > 0, then by continuity it will be positive in a neighborhood
of y. By the support theorem, there is positive probability that Xr is in
this neighborhood, a contradiction. The case where Lu−∂tu takes negative
values is the same. Therefore ∂tu = Lu. �


10. Notes

The bulk of the material in this chapter is based on material in Gilbarg
and Trudinger [1]. Section 3 imitates the Brownian motion case in [PTA,
Section II.1]. More information along the lines of Section 8 can be found in
Stroock and Varadhan [2]. For more on flows see Ikeda and Watanabe [1].



IV
ONE-DIMENSIONAL
DIFFUSIONS

The one-dimensional diffusions provide good examples for understand-
ing some of the phenomena that can occur for higher-dimensional diffusions.

Under very mild regularity conditions, every one-dimensional diffusion
arises from first time changing a one-dimensional Brownian motion and
then making a transformation of the state space.

In Section 1 we study the transformation of the state space by means
of scale functions, whereas in Section 2 we investigate the time changes of
Brownian motion using speed measures. Section 3 considers the solutions
to the SDEs of Chapter I in terms of scale functions and speed measures. In
Section 4 we consider diffusions that have boundaries, and Section 5 derives
an eigenvalue expansion for the transition densities.

1. Natural scale

Throughout this chapter we suppose that we have a continuous process
(Px, Xt) defined on an interval I which may be finite or infinite and open
or closed (or a combination of the two) and that (Px, Xt) is strong Markov
with respect to a right continuous filtration Ft. We call such a process a
diffusion on I. Writing Ty for inf{t : Xt = y}, we also assume that every
point can be hit from every other point:

For all x, y in the interior of I, Px(Ty < ∞) = 1. (1.1)

If (1.1) holds, we say the diffusion is regular.
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When Xt is a Brownian motion, it is well known ([PTA, Proposition
I.4.9]) that the distribution of Xt upon exiting [a, b] is

Px(X(τ[a,b]) = a) =
b− x

b− a
, Px(X(τ[a,b]) = b) =

x− a

b− a
. (1.2)

We say that a regular diffusion Xt is on natural scale if (1.2) holds for every
interval [a, b] contained in the interior of I. In this section we will show
that given a regular diffusion, there exists a scale function s on I that is
continuous, strictly increasing, and such that s(Xt) is on natural scale.

If Xt is regular and x is in the interior of I, then the process started at
x must leave x immediately. To see this, let ε > 0 be such that [x−ε, x+ε] is
contained in the interior of I, S = inf{t : Xt �= x}, and U = inf{t : |Xt − x| ≥
ε}. By the regularity of Xt, E

xe−U > 0. By the strong Markov property at
time S,

E
xe−U = E

x(e−SE
XSe−U ) = E

xe−SE
xe−U ,

since XS = x. The only way this can happen is if E
xe−S = 1, which implies

S = 0 a.s.

Let J be a subinterval [a, b] of the interior of I. We define

p(x) = pJ(x) = Px(XτJ = b). (1.3)

(1.1) Proposition. Let J = [a, b] be a finite interval contained in the interior of
I. Then p(Xt∧τJ ) is a regular diffusion on [0, 1] on natural scale.

Proof. First we show that p is increasing. To get to the point b starting from
x, the process must first hit every point between x and b. If x < y < b, by the
strong Markov property at time Ty, p(x) ≤ p(y). There must be a positive
probability that the process starting from x hits a before y; otherwise by
the strong Markov property, Px(Ta < ∞) = 0. So by the strong Markov
property at Ty,

p(x) = Px(Ty < Ta)p(y).

Since we argued that Px(Ty < Ta) = 1 − Px(Ta < Ty) is strictly less than 1,
then p is strictly increasing.

Next we show that p is continuous. We show continuity from the right;
the proof of continuity from the left is similar. Suppose xn ↓ x. The process
Xt has continuous paths, so given ε we can find t small enough so that
Px(Ta < t) < ε. By the Blumenthal zero-one law, Px(T(x,b] = 0) is zero or
one (see [PTA, Corollary I.3.6] for a proof in the Brownian motion case;
the same proof works for (Px, Xt) since Xt was assumed to be Markov with
respect to Ft and Ft is right continuous, and hence F0+ = F0). If it is zero,
the process immediately moves to the left from x a.s., and by the strong
Markov property at Tx, it never hits b, a contradiction. The probability
must therefore be one. Thus for n large enough, Px(Txn < t) ≥ 1 − ε. Hence
with probability at least 1 − 2ε, Xt hits xn before a. Since
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p(x) = Px(Txn < Ta) p(xn) ≥ (1 − 2ε)p(xn),

we see that p(x) ≥ lim infn→∞ p(xn). Since p is nondecreasing, p(xn) de-
creases, and therefore p(x) = lim p(xn).

Finally, we show p(Xt) is on natural scale. Let [e, f ] ⊆ (0, 1) and let

r(y) = Py(Xt hits p−1(f) before hitting p−1(e)).

Note that

Px(p(Xt) hits f before e) = Pp
−1(x)(Xt hits p−1(f) before p−1(e))

= r(p−1(x)). (1.4)

For y ∈ [p−1(a), p−1(b)], the strong Markov property tells us that

p(y) = Py
(
Xt hits p−1(f) before p−1(e)

)
p
(
p−1(f)

)
(1.5)

+ Py
(
Xt hits p−1(e) before p−1(f)

)
p
(
p−1(e)

)

= r(y)f + (1 − r(y))e.

Solving for r(y), we obtain r(y) = (p(y) − e)/(f − e). Substituting in (1.4),

Px(p(Xt) hits f before e) = (p(p−1(x)) − e)/(f − e)

= (x− e)/(f − e),

as desired. �


Note that if Xt is on natural scale, then so is c1Xt+c2 for any constants
c1 > 0, c2 ∈ R.

(1.2) Theorem. There exists a strictly continuous increasing function s such
that s(Xt) is on natural scale on s(I).

Proof. Let Jn be closed subintervals of the interior of I increasing up to the
interior of I. Pick two points in J1; for concreteness let us suppose without
loss of generality that they are the points 0 and 1. Choose An and Bn so
that if sn(x) = AnpJn(x) + Bn, then sn(0) = 0 and sn(1) = 1.

We will show that if n ≥ m, then sn = sm on Jm. Once we have that, we
can set s(x) = sn(x) on Jn, set s(sup I) = sup{s(x) : x is in the interior of I},
similarly define s(inf I), and the theorem will be proved.

Suppose Jm = [e, f ]. By Proposition 1.1, both sm(Xt) and sn(Xt) are
on natural scale. For all x ∈ Jm,

sm(x) − sm(e)
sm(f) − sm(e)

= Psm(x)(sm(Xt) hits sm(f) before sm(e)
)

= Px(Xt hits f before e).

We have a similar equation with sm replaced everywhere by sn. It follows
that



80 IV ONE-DIMENSIONAL DIFFUSIONS

sm(x) − sm(e)
sm(f) − sm(e)

=
sn(x) − sn(e)
sn(f) − sn(e)

for all x, which implies that sn(x) = Csm(x) + D for some constants C and
D. Since sn and sm are equal at both x = 0 and x = 1, then C must be 1
and D must be 0. �


2. Speed measures

Suppose that (Px, Xt) is a regular diffusion on an open interval I on
natural scale. (We will consider boundaries in Section 4.) If (a, b) ⊆ I, define

Ga,b(x, y) =
{

(2(x− a)(b− y))/(b− a), a < x ≤ y < b
(2(y − a)(b− x))/(b− a), a < y ≤ x < b

(2.1)

and set Ga,b(x, y) = 0 if x or y is not in (a, b). A measure m(dx) is the speed
measure for the diffusion if

E
xτ(a,b) =

∫

Ga,b(x, y)m(dy) (2.2)

whenever (a, b) ⊆ I and x ∈ I. As (2.2) indicates, the speed measure governs
how quickly the diffusion moves through intervals.

As an example, let us argue that the speed measure for Brownian
motion is Lebesgue measure. To see this, recall that X2

t − t is a martingale,
so

E
x(τ(a,b) ∧ t) = E

x(X(τ(a,b) ∧ t) − x)2.

Letting t → ∞ and using monotone convergence on the left and dominated
convergence on the right,

E
xτ(a,b) = E

x(Xτ(a,b) − x)2 (2.3)

= (b− x)2Px(X(τ(a,b)) = b) + (x− a)2Px(X(τ(a,b)) = a).

Since Brownian motion is on natural scale, substituting (1.2) in (2.3) gives

E
xτ(a,b) = (x− a)(b− x) =

∫

Ga,b(x, y) dy.

Corollary 2.4 below will imply that Ga,b is in fact the Green function
for Brownian motion killed on exiting (a, b).

We will show in this section that a regular diffusion on natural scale has
one and only one speed measure, that the law of the diffusion is determined
by the speed measure, and that there exists a diffusion with a given speed
measure.

We first want to show that any speed measure must satisfy 0 < m(a, b) <
∞ if [a, b] ⊆ I. To start we have the following lemma.
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(2.1) Lemma. If [a, b] ⊆ I, then supx E
xτk(a,b) < ∞ for each positive integer k.

Proof. Pick y ∈ (a, b). Since Xt is a regular diffusion, Py(Ta < ∞) = 1, and
hence there exists t0 such that Py(Ta > t0) < 1/2. Similarly, taking t0 larger
if necessary, Py(Tb > t0) ≤ 1/2. If a < x ≤ y, then

Px(τ(a,b) > t0) ≤ Px(Ta > t0) ≤ Py(Ta > t0) ≤ 1/2,

and similarly, Px(τ(a,b) > t0) ≤ 1/2 if y ≤ x < b. By the Markov property,

Px(τ(a,b) > (n + 1)t0) = E
x[PX(nt0)(τ(a,b) > t0); τ(a,b) > nt0]

≤ (1/2)Px(τ(a,b) > nt0),

and by induction, Px(τ(a,b) > nt0) ≤ 2−n. The lemma is now immediate. �


(2.2) Proposition. If (Px, Xt) has a speed measure m and [a, b] ⊆ I, then
0 < m(a, b) < ∞.

Proof. If m(a, b) = 0, then for x ∈ (a, b), we have

E
xτ(a,b) =

∫

Ga,b(x, y)m(dy) = 0,

which implies τ(a,b) = 0, Px-a.s., a contradiction to the continuity of the
paths of Xt. Pick (e, f) such that [a, b] ⊆ (e, f) ⊆ [e, f ] ⊆ I. There exists a
constant c1 such that for x, y ∈ (a, b), Ge,f (x, y) is bounded below by c1, so

m(a, b) ≤ c−1
1

∫ f

e

Ge,f (x, y)m(dy) = c−1
1 E

xτ(e,f) < ∞

by Lemma 2.1. �


(2.3) Theorem. A regular diffusion on natural scale in an open interval I has
one and only one speed measure.

Proof. Suppose first that I = (e, f) is a finite interval. For n > 1 let xi =
e + i(f − e)/2n, i = 0, 1, 2, · · · , 2n. Let

mn(dx) = 2n
2n−1∑

i=1

B(xi)δxi , (2.4)

where B(xi) = E
xiτ(xi−1,xi+1). We first want to show that if [a, b] is a subin-

terval of I with a, b each equal to some xi and x is also equal to some xi,
then

E
xτ(a,b) =

∫

Ga,b(x, y)mn(dy). (2.5)

To see this, let S0 = 0 and Sj+1 = inf{t > Sj : |Xt−XSj | = 2−n} ∧ τ(a,b); note
that XSj is a simple symmetric random walk up until exiting (a, b) because
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X is on natural scale. Let J(x) = (x− 2−n, x + 2−n). By repeated use of the
strong Markov property,

E
xτ(a,b) =

∞∑

j=0

E
x(Sj+1 − Sj)

E
x

∞∑

j=0

E
X(Sj)τJ(X(Sj)) = E

x

∞∑

j=0

B(XSj ).

So

E
xτ(a,b) = E

x

2n−1∑

i=1

B(xi)Ni, (2.6)

where Ni is the number of times the random walk XSj hits xi before exiting
(a, b). E

xNi must equal 0 when x = a or x = b and satisfies the equation

E xjNi = δij + (E xj+1Ni + E
xj−1Ni)/2. (2.7)

This implies that
E
xNi = 2nGa,b(x, xi). (2.8)

This, (2.6), and (2.4) prove (2.5).
By the proof of Proposition 2.2 and (2.5), mn(a, b) is bounded above

by a constant independent of n whenever [a, b] ⊆ I. By a diagonalization
procedure, there exists a subsequence nk such that mnk converges weakly
to m, where m is a measure that is finite on every subinterval (a, b) such
that [a, b] ⊆ I. By the continuity of Ga,b,

E xτ(a,b) =
∫

Ga,b(x, y)m(dy) (2.9)

whenever a, b, and x are of the form e + i(f − e)/2n for some i and n.
We now remove this last restriction. If a, b are not of this form, take

ar, br of this form such that (ar, br) ↑ (a, b). Then τ(ar,br) ↑ τ(a,b), and by the
continuity of Ga,b in a, b, x, and y, we have (2.9) for all a and b. Take x′

r ↑ x,
x′′
r ↓ x such that x′

r and x′′
r are of the form e + i(f − e)/2n for some i and n.

By the strong Markov property,

E
xτ(a,b) = E

xτ(x′
r,x

′′
r ) + E

x′
rτ(a,b)P

x(X(τ(x′
r,x

′′
r )) = x′

r)

+ E
x′′
r τ(a,b)P

x(X(τ(x′
r,x

′′
r )) = x′′

r ).

By the continuity of Ga,b in x, and the fact that E
xτ(x′

r,x
′′
r ) → 0 as r → ∞,

we obtain (2.9) for all x.
Next we show uniqueness for the case of finite intervals. If m1 and m2

are two speed measures, then
∫

Ga,b(x, y)m1(dy) =
∫

Ga,b(x, y)m2(dy) (2.10)
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for all x, a, and b. If f ∈ C2(a, b), it is not hard to see that f(z) =
− ∫

Ga,b(z, x)f ′′(x) dx. So multiplying (2.10) by −f ′′(x) and integrating over
x, we see that

∫
f dm1 =

∫
f dm2 for f ∈ C2(a, b), which implies m1 = m2.

Finally, if I is infinite, let In be finite subintervals increasing up to I.
Let mn be the speed measure for Xt on the interval In. By the uniqueness
argument, mn agrees with mk on Ik if Ik ⊆ In. Setting m to be the measure
whose restriction to In is mn gives us the speed measure. �


The speed measure completely characterizes occupations times.

(2.4) Corollary. Suppose Xt is a diffusion on natural scale on a finite interval
I = (a, b). If f is bounded and measurable,

E
x

∫ τ(a,b)

0

f(Xs) ds =
∫

Ga,b(x, y)f(y)m(dy). (2.11)

Proof. Suppose that f is continuous and bounded on I. Let xi, Sj , B(xi), Ni,
and mn be as in the proof of Theorem 2.3. Let εn = sup{|f(x) − f(y)| :
|x− y| ≤ 2−n}. Note that

E
x

∫ τ(a,b)

0

f(Xs) ds =
∞∑

j=0

E
x

∫ Sj+1

Sj

f(Xs) ds (2.12)

and

E x

∞∑

j=0

f(XSj )(Sj+1 − Sj) = E
x

∞∑

j=0

f(XSj )EXSj S1 (2.13)

=
2n−1∑

i=1

f(xi)B(xi)E xNi.

Moreover, the right-hand side of (2.12) differs from the left-hand side of
(2.13) by at most εnE

xτ(a,b). By (2.8) the right-hand side of (2.13) is equal
to

2n−1∑

i=1

2nf(xi)B(xi)Ga,b(x, xi) =
∫

Ga,b(x, xi)f(xi)mn(dx).

So by weak convergence along an appropriate subsequence, the left-hand
side and the right-hand side of (2.11) differ by lim supn εnE

xτ(a,b), which is
zero. A limit argument then shows that (2.11) holds for all bounded f . �


We next turn to showing that the speed measure characterizes the law
of a diffusion.

(2.5) Theorem. If (Pxi , Xt), i = 1, 2, are two diffusions on natural scale on an
open interval I with the same speed measure m, then Px1 = Px2 on FτI .
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Proof. Let In be open finite intervals increasing up to I. Clearly it is enough
to show uniqueness on each In. Hence we may assume that I is finite and
m(I) < ∞. Suppose I = (a, b).

Define the operator Gλi by

Gλi f(x) = E
x
i

∫ τ(a,b)

0

e−λtf(Xt) dt, λ ≥ 0. (2.14)

We show first that G0
1 = G0

2. Let [c, d] ⊆ (a, b), and choose δ positive but
small so that (c− δ, d + δ) ⊆ (a, b). Let

U0(δ) = 0, Sj+1(δ) = inf{t > Uj(δ) : Xt ∈ [c, d]} ∧ τ(a,b),

Uj(δ) = inf{t > Sj(δ) : Xt /∈ (c− δ, d + δ)} ∧ τ(a,b).

Because Xt is on natural scale under both Px1 and Px2 , the law of XSj(δ) is the
same under both. The speed measure is the same under both probabilities,
and hence

E
x
i (Uj(δ) − Sj(δ)) = E

x
i E

X(Sj(δ))
i U1(δ)

= E
x
i

∫

Gc−δ,d+δ(XSj(δ), y)m(dy)

does not depend on i. The quantities
∑∞

j=0(Uj(δ) − Sj(δ)) are bounded by
τ(a,b) and decrease to

∫ τ(a,b)
0

1[c,d](Xs) ds as δ → 0. By dominated conver-
gence, G0

11[c,d] = G0
21[c,d]. By linearity and a limit argument, this implies

G0
1f = G0

2f for all bounded and measurable f .
Since Xt∧τ(a,b) is a Markov process,

Gλi G
µ
i f(x) = E

x
i

∫ ∞

0

e−λtEXt
i

∫ ∞

0

e−µsf(Xs) ds dt (2.15)

= E
x
i

∫ ∞

0

e−λt
∫ ∞

0

e−µsf(Xs+t) ds dt

= E
x
i

∫ ∞

0

e−(λ−µ)t
∫ ∞

t

e−µsf(Xs) ds dt

= E
x
i

∫ ∞

0

e−µsf(Xs)
∫ s

0

e−(λ−µ)t dt ds

=
1

λ− µ
[Gµi f(x) −Gλi f(x)].

Then
Gλi f(x) = Gµi f(x) − (λ− µ)Gλi G

µ
i f(x). (2.16)

Iterating, if λ > µ and |λ− µ| ≤ 1/(2‖Gµi ‖∞), then

Gλi = Gµi − (λ− µ)(Gµi )2 + (λ− µ)2(Gµi )3 − · · · . (2.17)

This also holds for µ = 0 by taking a limit. Observe that Gλi f(x) ≤
‖f‖∞E

xτ(a,b), or Gλi is bounded by a quantity independent of λ.
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Since G0
1 = G0

2, for all λ near 0 we have Gλ1 = Gλ2 . Suppose f is a
continuous function. By the uniqueness of the Laplace transform and the
fact that Gλ1f(x) = Gλ2f(x), we see that E

x
i (f(Xt); t < τ(a,b)) does not depend

on i for almost every t. By the continuity of f and Xt, this is in fact true
for every t. By the Markov property, the finite dimensional distributions of
Xτ(a,b) are the same under Px1 and Px2 . By the continuity of the paths of Xt,
that is enough to show that Px1 and Px2 agree on Fτ(a,b) . �


We repeat (2.15) and (2.17) for future reference. Note that their proof
uses only the Markov property.

(2.6) Corollary. Suppose Xt is any Markov process and

Gλf(x) = E
x

∫ ∞

0

e−λtf(Xt) dt.

Then

GλGµf(x) =
Gµf(x) −Gλf(x)

λ− µ
,

and if |λ− µ| ≤ 1/(2‖Gµ‖∞),

Gλ = Gµ − (λ− µ)(Gµ)2 + (λ− µ)2(Gµ)3 − · · · .

We now want to show that if m is a measure such that 0 < m(a, b) < ∞
for all intervals [a, b] ⊆ I, then there exists a regular diffusion on natural
scale on I having m as a speed measure. If m(dx) had a density, say m(dx) =
b(x) dx, we would proceed as follows. Let Wt be one-dimensional Brownian
motion and let

At =
∫ t

0

b(Ws) ds, Bt = inf{u : At > u}, Xt = WBt .

In other words, we let Xt be a certain time change of Brownian motion. In
general, where m(dx) does not have a density, we make use of the local times
of Brownian motion. The relevant properties are given by the following
theorem.

(2.7) Theorem. There exist a family of nondecreasing processes Lxt = L(t, x)
that are jointly continuous in x and t a.s. such that
(a) if f is a nonnegative Borel function, then

∫ t

0

f(Ws) ds =
∫

f(x)Lxt dx, a.s.,

where the null set can be taken independent of f ;
(b) Lxt → ∞ a.s., as t → ∞;
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(c) The set of t on which Lxt increases is precisely the set {t : Wt = x};
(d) Lxt may be defined by the formula

|Wt − x| − |W0 − x| =
∫ t

0

sgn (Ws − x) dWs + Lxt .

A proof of these facts may be found in [PTA, Section I.6].
Let

At =
∫

Lxt m(dx), Bt = inf{u : Au > t}, Xt = WBt . (2.18)

(2.8) Theorem. Let (Px,Wt) be a Brownian motion and m a measure on an
open interval I such that 0 < m(a, b) < ∞ for every interval (a, b) whose closure
is contained in I. Then, under Px, Xt as defined by (2.18) is a regular diffusion
on natural scale with speed measure m.

Proof. First we show that Xt is a continuous process. By the continuity of
Lxt , we observe that At is a continuous process. Fix ω. If s < u, pick t ∈ (s, u);
if x = Wt, then Lxt increases at t by Theorem 2.7(c), or Lxu −Lxs > 0. By the
continuity of local times, Lyu − Lys > 0 for all y in a neighborhood of x, say
(x− δ, x+ δ). Since m(x− δ, x+ δ) > 0, then Au−As > 0. Hence At is strictly
increasing. This and the continuity of At imply that Bt is continuous, and
therefore Xt is continuous.

Next we show that Xt is a regular diffusion on natural scale. By mono-
tone convergence and Theorem 2.7(b), At ↑ ∞, hence Bt ↑ ∞, so τX(a,b) < ∞
a.s., where τX(a,b) denotes the exit time of (a, b) by Xt and τW(a,b) denotes the
corresponding exit time of Wt. Moreover,

Px(X(τX(a,b)) = b) = Px(W (τW(a,b)) = b) =
x− a

b− a
,

since Xt is a time change of Wt.
We verify the strong Markov property. Let F ′

t = FBt . Then if T is a
stopping time for F ′

t, we have

E x(f(XT+t) | F ′
T ) = E

x(f(W (BT+t)) | FBT ).

BT is easily seen to be a stopping time for Ft and BT+t = Bt ◦ θBT where θt
are the shift operators, so this is

E xEW (BT )f(WBt) = E
x
E
XT f(Xt).

This suffices to show that Xt is a strong Markov process by the proof in
[PTA, Section I.3].

It remains to determine the speed measure of Xt. We have
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E
xτ(a,b) = E

x

∫ ∞

0

1(a,b)(X(s ∧ τX(a,b))) ds

= E
x

∫ ∞

0

1(a,b)(W (B(s ∧ τX(a,b)))) ds

= Ex
∫ ∞

0

1(a,b)(W (t ∧ τW(a,b))) dAt

= E
x

∫ ∫ ∞

0

1(a,b)(W (t ∧ τW(a,b))) dL
y
t m(dy)

= E
x

∫ ∫ τW(a,b)

0

dLyt m(dy) =
∫

E
xL(τW(a,b), y)m(dy).

By Theorem 2.7(d),

E
xL(τW(a,b), y) = E

x|W (τW(a,b)) − y| − |x− y|.

This is equal to

|a− y| b− x

b− a
+ |b− y|x− a

b− a
− |x− y| = Ga,b(x, y).

We thus have
E
xτX(a,b) =

∫

Ga,b(x, y)m(dy),

as required. �


As a corollary of the proof, we see that a regular diffusion on natural
scale is a local martingale, since it is a time change of Brownian motion.
We also see, in retrospect, why (1.3) is the proper choice for pJ ; if f(a) = 0
and f(b) = 1, then

pJ(x) = Px(XτJ = b) = E
xf(XτJ ).

So pJ is harmonic for the process Xt, hence pJ(Xt) is a martingale, and
hence pJ(Xt) is a time change of Brownian motion.

3. Diffusions as solutions of SDEs

Suppose Xt is given as the solution to

dXt = σ(Xt) dWt + b(Xt) dt, (3.1)

where we assume σ and b are continuous and bounded above and σ is
bounded below by a positive constant. The process Xt corresponds to the
operator

Lf(x) =
1
2
a(x)f ′′(x) + b(x)f ′(x),

where a(x) = σ2(x).
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(3.1) Theorem. The scale function s(x) is the solution to Ls(x) = 0, and for
some constants c1, c2, and x0 is given by

s(x) = c1 + c2

∫ x

x0

e
−

∫ y

x0
2b(w)/a(w) dw

dy. (3.2)

Proof. To solve Ls(x) = 0, we write

s′′(x)
s′(x)

= −2
b(x)
a(x)

,

or (log s′(x))′ = −2b(x)/a(x), from which (3.2) follows. Since we assumed that
σ and b are continuous, s(x) given by (3.2) is C2. Applying Itô’s formula,
s(Xt) − s(X0) − ∫ t

0
Ls(Xr) dr is a martingale. This means that s(Xt) is a

martingale, hence a time change of Brownian motion. Therefore the exit
probabilities of s(Xt) are the same as those of a Brownian motion. �


By Itô’s formula,

s(Xt) − s(X0) =
∫ t

0

s′(Xr)σ(Xr) dWr,

and if Yt = s(Xt), then

dYt = (s′σ)(s−1(Yt)) dWt. (3.3)

Now suppose that b in (3.1) is 0, or dXt = σ(Xt) dWt.

(3.2) Theorem. The speed measure of Xt is given by

m(dx) =
1

a(x)
dx.

Proof. Note 〈X〉t =
∫ t
0
a(Xs) ds. To obtain a Brownian motion W t by time

changing the martingale Xt, we must time change by 〈X〉t. On the other
hand, from Theorem 2.8, Xt is the time change of a Brownian motion by
Bt, where Bt is given by (2.18). Hence

Bt = 〈X〉t =
∫ t

0

a(Xs) ds.

The inverse of Bt, namely, At, must then satisfy

dAt
dt

=
1

a(XAt)
=

1
a(Wt)

,

or

At =
∫ t

0

1
a(Ws)

ds =
∫

Lyt
1

a(y)
dy

for all t. However, At =
∫
Lyt m(dy) by (2.18). So
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∫

Lyt
1

a(y)
dy =

∫

Lyt m(dy).

By Theorem 2.7(d), E
xL(τ(c,d), y) = Gc,d(x, y). Therefore

∫

Gc,d(x, y)m(dy) =
∫

E
xL(τ(c,d), y)m(dy) = E

xAτ(c,d)

=
∫

E
xL(τ(c,d), y)

1
a(y)

dy

=
∫

Gc,d(x, y)
1

a(y)
dy

for all c, d, and x, which implies m(dy) = (1/a(y)) dy. �


By using the operator L, we can also find transition densities and
first passage times. For simplicity, we suppose that the σ and b are Hölder
continuous so that we can use the regularity results of Chapter III; actually
the result is true under weaker hypotheses.

(3.3) Theorem. Suppose f is a Cα function with compact support. Then the
Laplace transform of E

xf(Xt), namely,

uλ(x) =
∫ ∞

0

e−λt(E xf(Xt)) dt,

is the solution to

Lu− λu = −f, u(−∞) = u(∞) = 0.

Proof. By Section III.6, the solution u is C2+α. The result now follows by
the Feynman-Kac formula (II.4.3) with D = (−∞,∞). �


(3.4) Theorem. The first passage time to a point x0 has a Laplace transform

u(x) = E
xe−λTx0

that is the solution to

Lu(x) = λu(x), u(x0) = 1, u(−∞) = u(∞) = 0.

Proof. This also follows from the Feynman-Kac formula. Let D = (−∞, x0)
or (x0,∞), and let f = 1 at x0 and 0 at infinity in Theorem II.4.1. �


Let us calculate the scale function and the speed measure for some
examples of diffusions.

Brownian motion with constant drift. The solution to dXt = dWt+b dt cor-
responds to the operator (1/2)f ′′ +bf ′. From Theorem 3.1, s(x) = exp(−2bx)
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is the scale function. If Yt = s(Xt), then (s′σ)(s−1(y)) = −2by, or Yt corre-
sponds to the operator 2b2y2f ′′, so the speed measure is (4b2y2)−1 dx.

Bessel processes. We ignore the boundary conditions here and consider
a Bessel process of order ν up until the first hit of 0. Then

dXt = dWt +
ν − 1
2Xt

dt

corresponds to the operator (1/2)f ′′ + (ν − 1)/(2x)f ′. If ν �= 2, a calculation
shows that s(x) = x2−ν . Then Yt = s(Xt) satisfies

dYt = (2 − ν)Y (1−ν)/(2−ν)
t dWt,

and the speed measure is

m(dx) = (2 − ν)−2x(2ν−2)/(2−ν) dx, x > 0.

If ν = 2, then s(x) = log x, Yt = s(Xt) satisfies dYt = e−Yt dWt, and the speed
measure is m(dx) = e2x dx.

4. Boundaries

Let Xt be a diffusion on natural scale on an interval I. We want to
consider what happens if I is not the entire real line and is closed on one
or both of its endpoints. To be specific, let us suppose I = [0,∞). We want
to see how to assign a value to m({0}) so that Theorems 2.3, 2.5, and 2.8
still hold.

Let us describe what happens in a special case first; the proofs of these
assertions will be a consequence of the results later in this section. Suppose
m(dx) = dx for x > 0, so that Xt behaves like Brownian motion on (0,∞).
If we set m({0}) = ∞, then Xt will hit 0 and stay there; we call 0 an
absorbing state. If we set m({0}) = 0, we have, as we shall see, reflecting
Brownian motion. If m({0}) = a ∈ (0,∞), we have what is known as a
sticky boundary. Upon hitting 0, Brownian motion leaves immediately just
as ordinary Brownian motion does, but {t : Xt = 0} has positive Lebesgue
measure. The set {t : Xt = 0} is somewhat analogous to Cantor-like sets of
positive Lebesgue measure.

We now turn to general diffusions on natural scale on [0,∞). The first
case to consider is when m(0, a) = ∞ for every a > 0. An example of this
would be if m(dx) = x−1 dx.

(4.1) Lemma. If Xt is a regular diffusion on natural scale on [0,∞) and
m(0, a) = ∞ for all a > 0, then P0(T(0,∞) < ∞) = 0.

Proof. A Brownian motion Wt started at 0 leaves 0 immediately and enters
(0,∞). Since the support of L0

t is {t : Wt = 0}, then L0
t is positive with
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probability one for all t > 0. By continuity, Lyt will be bounded below by a
positive number (depending on ω) if y is sufficiently close to 0 (how close also
depends on the path ω). It follows that At defined in (2.18) will be infinite
for all t > 0. This implies that Bt = 0 for all t, and then Xt = WBt = W0 = 0.

�


In this first case we set m({0}) = ∞. Since the law of Xt up to T0 is
determined by m and Lemma 4.1 says that Xt started at 0 remains at 0, we
see that the law of Xt is determined by the speed measure. Also, Theorem
2.8 is easily seen to hold.

The second case we look at is when m(0, a) < ∞ when a is finite but
Xt is absorbing at 0, i.e., upon arriving at 0, the process Xt stays there
forever. Again we set m({0}) = ∞. Starting at 0, L0

t is positive for all t > 0,
hence At = ∞, and hence Bt = 0. So Theorem 2.8 holds, and the law of Xt

is determined by m.

The third and last case is when m(0, a) < ∞ for all finite a and 0 is not
an absorbing state. Let

Gr(y) =
{

2(r − y) 0 ≤ y ≤ r;
0 y > r.

Define m({0}) so that ∫

Gr(y)m(dy) = E
0Tr (4.1)

for all r. We shall see in a moment that this definition is independent of r.
We say that Xt has speed measure m if (4.1) and (2.2) hold. Note that this
definition is consistent with the first two cases in which m({0}) = ∞.

We need to verify that this definition of the value of the speed measure
at 0 is independent of r. If r < s, by the strong Markov property,

E
0Ts = E

0Tr + E
rTs = E

0Tr + E
rτ(0,s) + Pr(T0 < Ts)E 0Ts.

Solving for E
0Ts,

E
0Ts =

E
0Tr + E

rτ(0,s)

Pr(Ts < T0)
.

Since the denominator is r/s, the definition in (4.1) will be consistent if

(s/r)(Gr(y) + G0,s(r, y)) = Gs(y)

for all y. Substituting in the definitions of Gr, Gs, and G0,s shows that this
indeed is the case.

(4.2) Theorem. Suppose m({0}) < ∞.
(a) If Xt is defined by (2.18), then Xt has speed measure m.
(b) The law of (Px, Xt) is determined by the speed measure.
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Proof. (a) is proved in much the same way as Theorem 2.8, except that we
need to verify that Xt has continuous paths. The difficulty is that At may
have flat intervals, in which case Bt has jumps. Suppose Bt has a jump at
time v: suppose u = Bv > limt↑v Bt = s. This means that At is constant in
the interval (s, u) and takes the value v. By the definition of At, the only way
this can happen is if Wt ≤ 0 for t ∈ (s, u), and for any larger interval we have
Wt ≥ 0 for some t in the larger interval. Since the paths of Brownian motion
are continuous, this means Ws = Wu = 0, and therefore limt↑vXt = 0 = Xv,
or X is continuous at time v.

To prove (b), let M > 0 and define

Gif(x) = E
x
i

∫ TM

0

f(Xs) ds, i = 1, 2,

where Px1 and Px2 are two families of probabilities under which Xt is a
diffusion with speed measure m. As in the proof of Theorem 2.5, it suffices
to show that Gif does not depend on i when f is a continuous function.
Since

E x
i

∫ TM

0

f(Xs) ds = E
x
i

∫ τ(0,M)

0

f(Xs) ds + E
0
i

∫ TM

0

f(Xs) ds,

and the first term on the right is determined by m by Theorem 2.5, it
suffices to show that E

0
i

∫ TM
0

f(Xs) ds does not depend on i. If ε ∈ (0,M),
then

E 0
i

∫ TM

0

f(Xs) ds = E
0
i

∫ Tε

0

f(Xs) ds + E
ε
i

∫ TM

0

f(Xs) ds

= E
0
i

∫ Tε

0

f(Xs) ds + E
ε
i

∫ τ(0,M)

0

f(Xs) ds

+ Pε(T0 < TM )E 0
i

∫ TM

0

f(Xs) ds.

Since 1 − Pε(T0 < TM ) = Pε(T0 > TM ) = ε/M , solving gives

E
0
i

∫ TM

0

f(Xs) ds =
E

0
i

∫ Tε
0

f(Xs) ds + E
ε
i

∫ τ(0,M)
0

f(Xs) ds
ε/M

. (4.2)

We write

ε−1E
0
i

∫ Tε

0

f(Xs) ds = ε−1f(0)E 0
iTε (4.3)

+ ε−1E
0
i

∫ Tε

0

[f(Xs) − f(0)] ds.

The first term on the right of (4.3) is equal to ε−1f(0)
∫
Gε(y)m(dy), which

converges to f(0)m({0}) as ε → 0, and the second term on the right is
bounded by
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( sup
0≤y≤ε

|f(x) − f(0)|)ε−1E
0
iTε.

Since ε−1E
0
iTε = ε−1

∫
Gε(y)m(dy) remains bounded for small ε, the second

term on the right of (4.3) converges to 0.
By Corollary 2.4,

ε−1E
ε
i

∫ τ(0,M)

0

f(Xs) ds = ε−1
∫ M

0

G0,M (ε, y)f(y)m(dy)

→
∫

(0,M)

2
M − y

M
f(y)m(dy).

Substituting in (4.2) and letting ε → 0,

E
0
i

∫ TM

0

f(Xs) ds = Mf(0)m({0}) +
∫

(0,M)

GM (y)f(y)m(dy)

=
∫

GM (y)f(y)m(dy). (4.4)

This shows that Gif does not depend on i. �


Let us now return to our examples involving Brownian motion. If
m({0}) = ∞, we have Brownian motion absorbed at 0 by our second case.
If m({0}) < ∞, we have E

0Tε =
∫
Gε(y)m(dy) → 0 as ε → 0, or, starting at

0, Xt must enter (0,∞) immediately. By (4.4), however,

E
0
∫ T1

0

1[0,ε](Xs) ds =
∫

G1(y)1[0,ε](y)m(dy) → 2m({0})

as ε → 0, which means that the amount of time Xt spends at 0 has positive
Lebesgue measure if m({0}) > 0.

We want to provide justification for calling a diffusion reflecting if
m({0}) = 0. Let Yt be Brownian motion and let Xt = |Yt|. Then Xt is
a diffusion and the speed measure on (0,∞) for Xt is clearly Lebesgue
measure. Since 0 is not an absorbing state and the Lebesgue measure of
the time Xt spends at 0 is the same as the Lebesgue measure of the time
Yt spends at 0, which is 0, then m({0}) = 0. We conclude that the speed
measure of reflecting Brownian motion is Lebesgue measure on [0,∞).

5. Eigenvalue expansions

Let I = [a, b] be a closed finite interval, Xt a regular diffusion on natural
scale on I with speed measure m and absorption at a and b, and suppose
m(a, b) < ∞. We can then give an eigenvalue expansion for the transition
densities of Xt with respect to m.
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(5.1) Theorem. There exist reals 0 < λ1 < λ2 ≤ λ3 ≤ · · · < ∞ and a collection
of continuous functions ϕi on I that are 0 at a and b such that
(a) the sequence {λi} has no subsequential limit point other than ∞;
(b) {ϕi} forms a complete orthonormal system on L2(I,m(dx));
(c) Px(Xt ∈ dy) = p(t, x, y)m(dy), where

p(t, x, y) =
∞∑

i=1

e−λitϕi(x)ϕi(y),

and where for each t the convergence is absolute and uniform over (x, y) ∈
I × I;

(d) ϕ1 > 0 in the interior of I.

Proof. Define Gf(x) =
∫
(a,b)

G(x, y)f(y)m(dy), where G = Ga,b is defined by
(2.1). Since G is bounded, G is a bounded operator on L2(I). Since G is
jointly continuous in x and y, then {Gf : ‖f‖∞ ≤ 1} is an equicontinuous
family. Note also that G is symmetric in x and y. Let

〈f, g〉 =
∫

I

f(x)g(x)m(dx).

By the Hilbert-Schmidt expansion theorem ([PTA, Theorem II.4.12]), there
exists a sequence µ1 ≥ µ2 ≥ · · · ≥ 0 and a complete orthonormal system {ϕi}
of continuous functions such that

Gf(x) =
∞∑

i=1

µi〈f, ϕi〉ϕi(x), (5.1)

the sequence {µi} has no subsequential limit point other than 0, and (b)
holds.

We show that none of the µi is 0. For if µi = 0, then (G)kϕi = 0. Using
(2.17) with µ = 0, Gλϕi = 0 if λ ≤ 1/(2‖G0‖∞). Repeatedly using (2.17),
Gλϕi = 0 for all λ. Then

0 = λGλϕi(x) = E
x

∫ ∞

0

λe−λtϕi(Xt∧τ(a,b)) dt → ϕi(x)

as λ → ∞. This says that ϕi ≡ 0, a contradiction.
Set λi = µ−1

i . We next show that
∑∞

i=1 λ
−2
i < ∞. Because

〈G(y, ·), ϕi〉 = Gϕi(y) = λ−1
i ϕi(y),

then using (5.1) with f(x) = G(y, x) gives

Gf(x) =
∞∑

i=1

λ−1
i 〈f, ϕi〉ϕi(x) =

∞∑

i=1

λ−1
i Gϕi(y)ϕi(x)

=
∞∑

i=1

λ−2
i ϕi(x)ϕi(y).
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Since G is bounded,

∞ >

∫

I

Gf(y)m(dy) =
∞∑

i=1

λ−2
i

∫

I

ϕ2
i (y)m(dy) =

∞∑

i=1

λ−2
i . (5.2)

Define p(t, x, y) =
∑∞

i=1 e
−λitϕi(x)ϕi(y). We have ϕi(x) = λiGϕi(x) and

|Gϕi(x)| =
∣
∣
∣

∫

G(x, y)ϕi(y)m(dy)
∣
∣
∣

≤
(∫

G(x, y)2 m(dy)
)1/2(∫

ϕi(y)2 m(dy)
)1/2

,

which implies that |ϕi(x)| ≤ c1λi. If we let c2 = supλ≥0 λ
2e−λt/2, then

∑

i

e−λit|ϕi(x)ϕi(y)| ≤ c21
∑

i

λ2
i e

−λit ≤ c21c2e
−λit/2.

This is finite by comparing with (5.2), so the convergence of the series
defining p(t, x, y) is absolute and uniform.

We now show that p(t, x, y) is the transition density. Note that
∫

p(t, x, y)ϕi(y)m(dy) = e−λitϕi(x).

Therefore
∫ ∞

0

e−λt
∫

p(t, x, y)ϕi(y)m(dy) dt = (λ + λi)−1ϕi(x).

On the other hand, (G)kϕi(x) = λ−k
i ϕi(x), so Gλϕi(x) = (λ + λi)−1ϕi(x) for

λ small by (2.17). Comparing the two expressions, the uniqueness of the
Laplace transform shows that

∫
p(t, x, y)ϕi(y)m(dy) = E

xϕi(Xt∧τ(a,b)) for
almost every t; by the continuity of both sides in t, this holds for every t.
Since the {ϕi} form a complete orthonormal system, this shows that p(t, x, y)
is the transition density.

We show next that ϕ1 > 0 in the interior of I. Recall that the way ϕ1

is defined in the proof of the Hilbert-Schmidt expansion theorem is that we
take a sequence of functions fn with ‖fn‖2 = 1 and 〈fn, Gfn〉 → sup{〈f,Gf〉 :
‖f‖2 = 1}, we take a subsequential limit point g of Gfn, and we set ϕ1 = c3Gg

for a suitable constant c3. Since G is nonnegative, 〈|fn|, G|fn|〉 ≥ 〈fn, Gfn〉, so
we may as well take all the fn ≥ 0. Then Gfn ≥ 0, and so g ≥ 0, and finally
ϕ1 ≥ 0. Since G(x, y) > 0 if x, y are in the interior of I, then ϕ1 = λ1Gϕ1 will
be strictly positive in the interior of I.

It remains to show that λ2 > λ1. Suppose instead that λ2 = λ1. We
have

|ϕ2| = λ2|Gϕ2| ≤ λ2G(|ϕ2|). (5.3)

By the symmetry of G,
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〈ϕ1, |ϕ2|〉 ≤ λ2〈ϕ1, G(|ϕ2|)〉 = λ2〈Gϕ1, |ϕ2|〉 = 〈ϕ1, |ϕ2|〉.

We must therefore have equality a.e. in (5.3), or G(|ϕ2|) = λ−1
2 |ϕ2|. The

function |ϕ2| is greater than or equal to 0 a.e. and is not identically 0, so
must be strictly positive in the interior of I by the argument of the preceding
paragraph. Define θ(x) such that |ϕ2(x)| = ϕ2(x)e−iθ(x). Then

G|ϕ2(x)| = λ−1
2 |ϕ2(x)| = λ−1

2 e−iθ(x)ϕ2(x) = e−iθ(x)Gϕ2(x),

or ∫

G(x, y)|ϕ2(y)|m(dy) =
∫

G(x, y)e−iθ(x)ϕ2(y)m(dy). (5.4)

The real part of G(x, y)e−iθ(x)ϕ2(y) is less than or equal to G(x, y)|ϕ2(y)|, yet
the integrals in (5.4) are equal, so

G(x, y)|ϕ2(y)| = G(x, y)Re (e−iθ(x)ϕ2(y)), a.e.

By the continuity of ϕ2 and the positivity of G, |ϕ2(y)| = Re (e−iθ(x)ϕ2(y)).
Since ∣

∣
∣e

−iθ(x)ϕ2(y)
∣
∣
∣ = |ϕ2(y)| = Re (e−iθ(x)ϕ2(y)),

Im (e−iθ(x)ϕ2(y)) = 0, or |ϕ2(y)| = e−iθ(x)ϕ2(y). This implies that θ(x) must
be a constant, say θ, and |ϕ2| = e−iθϕ2. But then 〈|ϕ2|, ϕ1〉 = e−iθ〈ϕ2, ϕ1〉 = 0,
a contradiction to |ϕ2| and ϕ1 being positive in the interior of I. �


6. Notes

For further information see Breiman [1], Rogers and Williams [1], and
especially Itô and McKean [1]. In some accounts the definition of speed
measure differs from ours by a factor of 2. Our proof of Theorem 2.5 is
based on Blumenthal and Getoor [1], Chapter V. Section 5 is based on
McKean [1]. The proof that λ2 > λ1 in Theorem 5.1 is from Krein and
Rutman [1].



V
NONDIVERGENCE FORM
OPERATORS

In this chapter and the next we consider operators in nondivergence
form. This chapter is primarily concerned with the Harnack inequality of
Krylov-Safonov and consequences.

Section 1 defines nondivergence form operators and relates them to
solutions of SDEs. Section 2 contains some basic estimates and formulas,
whereas Section 3 gives some examples of singular behavior.

Section 4 presents an important estimate of Alexandroff-Bakelman-
Pucci. This is used in Section 5 to obtain bounds on Green functions.

Section 6 is about an approximation procedure due to Krylov. This
allows us to extend results about operators with smooth coefficients to
those with nonsmooth coefficients.

Section 7 proves the Harnack inequality of Krylov-Safonov. A key es-
timate is that processes associated to operators in nondivergence form hit
small sets. The result that these processes also spend at least a certain
amount of time in small sets is proved in Section 8 and is then applied to
finish the discussion of approximation.

1. Definitions

We consider operators in nondivergence form, that is, operators of the
form

Lf(x) =
1
2

d∑

i,j=1

aij(x)∂ijf(x) +
d∑

i=1

bi(x)∂if(x). (1.1)
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These operators are sometimes said to be of nonvariational form. Operators
in divergence form or variational form will be considered in Chapter VII.

We assume throughout this chapter that the coefficients aij and bi are
bounded and measurable. Unless stated otherwise, we also assume that the
operator L is uniformly elliptic (see (II.1.2)). The coefficients aij are called
the diffusion coefficients and the bi are called the drift coefficients. We let
N (Λ1, Λ2) denote the set of operators of the form (1.1) with supi ‖bi‖∞ ≤ Λ2

and

Λ1|y|2 ≤
d∑

i,j=1

yiaij(x)yj ≤ Λ−1
1 |y|2, y ∈ Rd, x ∈ Rd. (1.2)

We saw in Chapter I that if Xt is the solution to

dXt = σ(Xt) dWt + b(Xt) dt, X0 = x0, (1.3)

where σ is a d× d matrix, b is a vector, and Wt is a Brownian motion, then
Xt is associated to the operator L with a = σσT . Proposition I.2.1 says that
if f ∈ C2, then

f(Xt) − f(X0) −
∫ t

0

Lf(Xs) ds (1.4)

is a local martingale under P.
A very fruitful idea of Stroock and Varadhan is to phrase the associ-

ation of Xt to L in terms which use (1.4) as a key element. Let Ω consist
of all continuous functions ω mapping [0,∞) to Rd. Let Xt(ω) = ω(t) (cf.
[PTA, (I.2.1)]) and let Ft be the right continuous modification of the σ-field
generated by the Xs, s ≤ t. A probability measure P is a solution to the
martingale problem for L started at x0 if

P(X0 = x0) = 1 (1.5)

and

f(Xt) − f(X0) −
∫ t

0

Lf(Xs) ds

is a local martingale under P whenever f ∈ C2(Rd). The martingale problem
is well posed if there exists a solution and this solution is unique.

Uniqueness of the martingale problem for L is closely connected to
weak uniqueness or uniqueness in law of (1.3). Recall that the cylindrical
sets are ones of the form {ω : ω(t1) ∈ A1, . . . , ω(tn) ∈ An} for n ≥ 1 and
A1, . . . , An Borel subsets of Rd.

(1.1) Theorem. Suppose a = σσT . Weak uniqueness for (1.3) holds if and only
if the solution for the martingale problem for L started at x0 is unique. Weak
existence for (1.3) holds if and only if there exists a solution to the martingale
problem for L started at x0.
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Proof.We prove the uniqueness assertion. Let Ω be the continuous functions
on [0,∞) and Zt the coordinate process: Zt(ω) = ω(t). First suppose the
solution to the martingale problem is unique. If (X1

t ,W
1
t ) and (X2

t ,W
2
t ) are

two weak solutions to (1.3), define Px0
1 and Px0

2 on Ω by Px0
i (Z· ∈ A) =

P(Xi
· ∈ A), i = 1, 2, for any cylindrical set A. Clearly Px0

i (Z0 = x0) = P(Xi
0 =

x0) = 1. By Proposition I.2.1, (1.4) is a local martingale under Px0
i for each

i and each f ∈ C2. By the hypothesis of uniqueness for the solution of the
martingale problem, Px0

1 = Px0
2 . This implies that the laws of X1

t and X2
t

are the same, or weak uniqueness holds.
Now suppose weak uniqueness holds for (1.3). Let

Yt = Zt −
∫ t

0

b(Zs) ds.

Let Px0
1 and Px0

2 be solutions to the martingale problem. If f(x) = xk, the
kth coordinate of x, then ∂if(x) = δik and ∂ijf = 0, or Lf(Zs) = bk(Zs).
Therefore the kth coordinate of Yt is a local martingale under Px0

i . Now let
f(x) = xkxm. Computing Lf , we see that Y k

t Y
m
t − ∫ t

0
akm(Zs) ds is a local

martingale. We set

Wt =
∫ t

0

σ−1(Zs) dYs.

The stochastic integral is finite since

E

∫ t

0

∑

j

(σ−1)ij(Zs)
∑

k

(σ−1)ik(Zs) d〈Y j , Y k〉s (1.6)

= E

∫ t

0

∑

i,k

(a−1)ik(Zs)aik(Zs) ds = t < ∞.

It follows that Wt is a martingale, and a calculation similar to (1.6) shows
that W k

t W
m
t − δkmt is also a martingale under Px0

i . So by Lévy’s theorem
(Section I.1),Wt is a Brownian motion under both Px0

1 and Px0
2 , and (Zt,Wt)

is a weak solution to (1.3). By the weak uniqueness hypothesis, the laws of
Zt under Px0

1 and Px0
2 agree, which is what we wanted to prove.

A similar proof shows that the existence of a weak solution to (1.3) is
equivalent to the existence of a solution to the martingale problem. �


Since pathwise existence and uniqueness imply weak existence and
uniqueness, if the σij and bi are Lipschitz, then the martingale problem
for L is well posed for every starting point.

2. Some estimates

It will be handy to have the formula for the radial component of a
diffusion.
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(2.1) Proposition. Suppose the drift coefficients of L are zero and Rt = |Xt|.
If P is a solution to the martingale problem for L started at x0, then Rt satisfies
the following stochastic differential equation up until T{0}, the hitting time of 0,
where W t is a one-dimensional Brownian motion.

Rt = |x0| +
∫ t

0

[∑

i,j

Xi
saij(Xs)Xj

s

R2
s

]1/2
dW t (2.1)

+
1
2

∫ t

0

[ trace a(Xs)
Rs

−
∑

i,j

Xi
saij(Xs)Xj

s

R3
s

]
ds.

Proof. Let σ be a positive definite square root of a. Using Proposition 1.1,
we can find Wt so that under P, Wt is a Brownian motion and Xt solves
(1.3).

Let f(x) = |x|. For x �= 0, ∂if(x) = xi/|x| and ∂ijf(x) = (δij |x|2 −
xixj)/|x|3. If ε > 0, applying Itô’s formula to a C2 function that is equal to
f in B(0, ε)c, we have

Rt = R0 +
∫ t

0

d∑

i=1

Xi
s

Rs
dXi

s (2.2)

+
1
2

∫ t

0

d∑

i,j=1

δijR
2
s −Xi

sX
j
s

R3
s

d〈Xi, Xj〉s

= |x0| +
∫ t

0

d∑

i,j=1

Xi
s

Rs
σij(Xs) dW j

s

+
1
2

∫ t

0

d∑

i,j=1

δijR
2
s −Xi

sX
j
s

R3
s

aij(Xs) ds

for t < TB(0,ε). (2.2) holds for t < TB(0,ε) for each ε > 0; hence (2.2) holds
for t < T{0}. Since

∑
i,j

δijaij(x) = trace a(x), the proof will be complete if
we identify the martingale term Mt in the last line of (2.2).

Mt is a martingale and its quadratic variation is given by

d〈M〉t = d
〈∑

i,j

Xi
s

Rs
σij(Xs) dW j ,

∑

k,�

Xk
s

Rs
σk�(Xs) dW �

〉

t

=
∑

i,j,k,�

Xi
sX

k
s

R2
s

σij(Xs)σk�(Xs) d〈W j ,W �〉t

=
∑

i,j,k

Xi
sX

k
s

R2
s

(σijσTjk)(Xs) dt =
∑

i,k

Xi
saik(Xs)Xk

s

R2
s

ds.

If we define W t by

dW t =
[∑

i, j
Xi
saij(Xs)Xj

s

R2
s

]−1/2
dMs,
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then W t is a continuous martingale with quadratic variation equal to t,
hence a Brownian motion. The proposition follows. �


Diffusions corresponding to elliptic operators in nondivergence form do
not have an exact scaling property as does Brownian motion, i.e., rXt/r2

does not necessarily have the same law as Xt. However, they do have a weak
scaling property that is nearly as useful: rXt/r2 is again a diffusion corre-
sponding to another elliptic operator of the same type. See also Proposition
I.8.6.

(2.2) Proposition. Suppose L is an elliptic operator with zero drift coefficients.
Suppose P is a solution to the martingale problem for L started at x0. Then the
law of rZt/r2 is a solution to the martingale problem for Lr started at rx0, where

Lrf(x) =
d∑

i,j=1

aij(x/r)∂ijf(x), f ∈ C2.

Proof. It is obvious that rZt/r2 starts at rx0 with P probability one. If f ∈ C2,
let g(x) = f(rx). Setting Vt = rZt/r2 ,

f(Vt) = g(Zt/r2) (2.3)

= g(x0) + martingale +
∫ t

0

∑

i,j

∂ijg(Zs/r2) d〈Zi, Zj〉s/r2 .

By the definition of g, ∂ijg(x) = r2∂ijf(rx), so ∂ijg(Zs/r2) = r2∂ijf(Vs). From
the definition of martingale problem applied to the function xixj , we see
that as in the proof of Theorem 1.1, ZitZjt −

∫ t
0
aij(Zs) ds is a local martingale

under P, and hence d〈Zi, Zj〉s = aij(Zs) ds and

d〈Zi, Zj〉s/r2 = r−2aij(Zs/r2) ds = r−2aij(Vs/r) ds.

Substituting in (2.3),

f(Vt) = f(V0) + martingale +
∫ t

0

aij(Vs/r)∂ijf(Vs) ds.

Thus the law of Vt under P is a solution to the martingale problem for
Lr. �


The following elementary bounds on the time to exit a ball will be used
repetitively. Recall that τA denotes the hitting time of A.

(2.3) Proposition. Suppose L ∈ N (Λ, 0), so that the drift coefficients of L are
0. Suppose P is a solution to the martingale problem for L started at 0.
(a) There exists c1 depending only on Λ such that
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P(τB(0,1) ≤ t) ≤ c1t.

(b) There exist c2 and c3 depending only on Λ such that

P(τB(0,1) ≥ t) ≤ c2e
−c3t.

Proof. Write B for B(0, 1). Let f be a C2 function that is zero at 0, one
on ∂B, with ∂ijf bounded by a constant c4. Since P is a solution to the
martingale problem,

E f(Xt∧τB ) = E

∫ t∧τB

0

Lf(Xs) ds ≤ c5t,

where c5 depends on c4 and Λ. Since f(Xt∧τB ) ≥ 1(τB≤t), this proves (a).
To prove (b), look at X1

t . Since P is a solution to the martingale prob-
lem, taking f(x) = x1 in (1.4) shows that X1

t is a local martingale. Taking
f(x) = x2

1 in (1.4) shows that (X1
t )2 − ∫ t

0
a11(Xs) ds is also a local martin-

gale. So d〈X1〉t = a11(Xt) dt, and X1
t is a nondegenerate time change of a

one-dimensional Brownian motion. By the argument of Proposition I.8.2,
X1
s stays in the interval [−1, 1] up until time t only if a Brownian motion

stays in the interval [−1, 1] up until time c6t, and this is bounded (see [PTA,
(II.4.30)]) by c7e

−c8t. If Xs has not exited B by time t, then X1
s has not

exited [−1, 1], and (b) follows. �


We need an estimate on the modulus of continuity of the paths of Xt,
which will be used in the next chapter to establish tightness.

(2.4) Theorem. Let L ∈ N (Λ1, Λ2) and let P be a solution to the martingale
problem for L started at x0. If ε > 0 and N > 0, there exists M depending on
Λ1, Λ2, N , and ε such that

P
(

sup
0≤s≤t≤N

|Xt −Xs|
|t− s|1/4 ≥ M

)
< ε. (2.4)

Proof. We will first show that there exists c1 such that

P( sup
s≤u≤t

|Xu −Xs| ≥ λ|t− s|1/4) ≤ 2de−c1λ2/|t−s|1/2 , (2.5)

if 0 ≤ s ≤ t ≤ N and λ/|t − s|3/4 is sufficiently large (recall that d is the
dimension). Fix i and s for the moment. As in the proof of Proposition 2.3,

Mv = Xi
s+v −Xi

s −
∫ s+v

s

bi(Xr) dr

is a local martingale with quadratic variation
∫ s+v
s

aii(Xr) dr, which is
bounded by c2v. So (see [PTA, Exercise I.8.13])
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P(sup
u≤v

|Mu| > γ) ≤ 2e−γ2/2c2v.

If γ ≥ 2Λ2(t− s), then

P( sup
s≤u≤t

|Xi
u −Xi

s| ≥ γ) ≤ P( sup
u≤t−s

|Mu| ≥ γ/2) ≤ 2e−γ2/8c2(t−s).

Setting γ = λ|t − s|1/4/√d, then γ ≥ 2Λ2(t − s) if λ > 2
√
dΛ2|t − s|3/4, and

then
P( sup
s≤u≤t

|Xi
u −Xi

s| ≥ λ|t− s|1/4/
√
d) ≤ 2e−λ2/8dc2|t−s|1/2 . (2.6)

Since |Xt − Xs| is greater than λ|t − s|1/4 only if |Xi
t − Xi

s| is greater than
λ|t− s|1/4/√d for some i, (2.5) is proved.

To obtain (2.4) from (2.5), note that if |Xt−Xs| ≥ M |t− s|1/4 for some
0 ≤ s ≤ t ≤ N , then for some integer n ≥ 1 and some integer j ≤ N2n,

sup
j2−n≤u≤(j+2)2−n

|Xu −Xj2−n | ≥ M(2−n)1/4/2.

If M is large enough, M2−n/4/2 > 4
√
dΛ22−3n/4. Using the estimate in (2.5),

P
(

sup
0≤s≤t≤N

|Xt −Xs|
|t− s|1/4 ≥ M

)

≤
∞∑

n=1

N2n∑

j=0

P
(

sup
j2−n≤u≤(j+2)2−n

|Xu −Xj2−n | ≥ M2−n/4/2
)

≤ c3

∞∑

n=1

N2n exp(−c4M2/2−n/2),

which will be less than ε if M is large enough. �


Finally, we have a support theorem.

(2.5) Theorem. Suppose L ∈ N (Λ1, Λ2) and P is a solution to the martingale
problem for L started at x0. Suppose ψ : [0, t] → Rd is continuous with ψ(0) = x0

and ε > 0. There exists c1 depending only on ε, Λ1, Λ2, t, and the modulus of
continuity of ψ such that

P(sup
s≤t

|Xs − ψ(s)| < ε) > c1.

Proof. As in the proof of Theorem 1.1, there exists a Brownian motion
Wt such that Xt is a weak solution to (1.3). The result now follows from
Theorem I.8.5. �


As an example of the use of the support theorem, if r < 1, there exists
c1 depending only on r such that
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Px(TB(y,r) < τB(0,2)) ≥ c1, x, y ∈ B(0, 1). (2.7)

To see this, let ε = r/3 and let ψ be the line segment connecting x and
y. The line segment ψ never comes within ε of ∂B(0, 2), and our assertion
follows from the support theorem.

3. Examples

In this section we show that the behavior of a diffusion near a point can
be quite different from that of a Brownian motion, even if the coefficients
are uniformly strictly elliptic. To motivate this, consider approximating a
two-dimensional Brownian motion by the following Markov chain. At a
point x �= 0, with probability 1/4 each, the chain Yn jumps ±h in the radial
direction, i.e., Px(Y1 = x ± hx/|x|) = 1/4. With probability 1/4 each, the
chain jumps ±h in the direction orthogonal to the radial direction:

Px
(
Y1 = x± h

(x2,−x1)
|x|

)
= 1/4, x = (x1, x2) �= 0.

If the chain moves in the radial direction, |Yn| behaves like a simple ran-
dom walk up until first hitting B(0, h). If the chain moves in the angular
direction, the radius must increase, from |x| to (|x|2 + h2)1/2. So the ra-
dial component of Yn looks like a random walk with an outward drift. By
changing the angular component to ±Ah instead of ±h, we can increase or
decrease the amount of outward drift, without making the chain degenerate.
Since two-dimensional Brownian motion is neighborhood recurrent but not
point recurrent, varying the angular component can vary the outward drift
of the radial component and drastically affect the recurrence properties of
the diffusion.

(3.1) Proposition. Suppose d ≥ 2.
(a) There exists a uniformly elliptic operator L with zero drift coefficients such

that if P is a solution to the martingale problem for L started at x �= 0, then
P(T{0} < ∞) = 1.

(b) There exists a uniformly elliptic operator L with zero drift coefficients such
that if P is a solution to the martingale problem for L started at x �= 0, then
P(|Xt| → ∞) = 1.

Proof. Let A ∈ (−1,∞) and

aAij(x) = (1 + A)−1(δij + Axixj/|x|2), x �= 0. (3.1)

Let aA(0) be the identity. If A > −1, it is easy to see that aAij is strictly
positive definite, although not continuous at 0. We also have

d∑

i,j=1

xia
A
ij(x)xj = (1 + A)−1

[
|x|2 + A

∑

i,j

x2
ix

2
j/|x|2

]
= |x|2.
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Note trace aA(x) = (d + A)/(1 + A) if x �= 0. Let LA be the operator with
zero drift coefficients and diffusion coefficients aA. By Proposition 2.1, if
Rt = |Xt|,

dRt = dW t +
1

2Rt

[
d + A

1 + A
− 1

]
dt, t < T{0}.

Using Proposition I.7.2, this says that up until the first hit of 0 by Rt, if
there is one, Rt has the law of a Bessel process of order (d + A)/(1 + A). If
we choose A to be large enough, the order will be less than 2, and so Rt
will hit 0 with probability one. If d > 2 or d = 2 and A ∈ (−1, 0), then the
Bessel process will have order larger than 2, and such processes tend to ∞
with probability 1. �


Adjusting A suitably, we can arrange matters so that the solution to
the martingale problem corresponding to LA does not hit 0, but spends
significantly more or less time (depending on A) in neighborhoods of 0
than does d-dimensional Brownian motion.

The analytic counterpart of Proposition 3.1 is the following. It shows
that some care is needed in describing the Dirichlet problem and in using
the maximum principle.

(3.2) Proposition. If (d + A)/(1 + A) < 2, then there exists h �= 0 such that
LAh = 0 in B(0, 1) − {0}, h is bounded and continuous on B(0, 1), h is C2 in
B(0, 1) − {0}, and h = 0 on ∂B(0, 1).

Proof. Let
h(x) = Px(T{0} < τB(0,1)), h(0) = 1,

where Px denotes the solution to the martingale problem for LA started at
x. (Since the aAij are Lipschitz away from 0, the martingale problem is well
posed as long as we restrict attention to FT{0} .) The only assertion that is
not immediate from Proposition 3.1 and the results of Chapter III is the
one that h is continuous at 0. Note that |Xt| has the law of a Bessel process
of order ν = (d + A)/(1 + A) started at |x|. By Itô’s formula, |Xt|2−ν is a
martingale, so by [PTA, Corollary I.4.10],

Px(T{0} < τB(0,1)) = P|x|(|Xt| hits 0 before 1) = 1 − |x|2−ν → 1

as |x| → 0. �


If the coefficients of the aij are sufficiently smooth, then Xt cannot hit
points. Let

ψ(r) = sup
i,j

sup
|x−y|≤r

|aij(x) − aij(y)|.

(3.3) Theorem. Let L ∈ N (Λ, 0) so that the drift coefficients are zero. If d ≥ 3
and ψ(r) → 0 as r → 0, then P(T{0} < ∞) = 0 for any solution P to the martin-
gale problem started at x �= 0 for the operator L. If d = 2, and

∫ 1

0
ψ(r)/r dr < ∞,

then the same conclusion holds.
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Proof. If σ is a positive definite square root of a, then the law of σ−1(0)Xt

under P will be a solution to the martingale problem for the operator whose
diffusion coefficients are a−1(0)a(x) started at σ−1(0)x. So without loss of
generality, we may assume aij(0) = δij . Let Rt = |Xt|. By Proposition 2.1,
Rt = Mt+At, where the martingale term Mt and bounded variation term At
are given by (2.2). Let us perform a time change: let Bt = inf{u : 〈M〉u > t}
and let St = RBt . MBt is a martingale with quadratic variation t, hence a
Brownian motion. By the ellipticity assumption, d〈M〉t/dt is bounded above
and below by positive constants, so Rt hits 0 if and only if St does. By the
definition of ψ and our assumption on a(0),

∣
∣
∣
∑

i,j

xiaij(x)xj
|x|2 − 1

∣
∣
∣ ≤ |x|−2

∑

i,j

|xi| |xj | |aij(x) − δij | ≤ d2ψ(|x|)

and
| trace a(x) − d| ≤ dψ(|x|).

A calculation shows that
dABt

dt
=

1
2RBt

Ft
Gt

dt =
1

2St
D(XBt) dt,

where

Ft = trace a(XBt) −
∑

i,j

Xi
Bt
aij(XBt)X

j
Bt

R2
Bt

,

Gt =
∑

i,j

Xi
Bt
aij(XBt)X

j
Bt

R2
Bt

,

and |D(x) − (d− 1)| ≤ c1ψ(|x|).
Let Zt be the solution to the one-dimensional equation

dZt = dMBt +
(d− 1) − c1ψ(Zt)

2Zt
dt, Z0 = |x|.

By the comparison theorem, Theorem I.6.2, St is always larger than Zt. Zt
is a one-dimensional diffusion corresponding to the operator (1/2)f ′′(z) +
((d− 1)− c1ψ(z))/2z f ′(z). The scale function for this operator (cf. Theorem
IV.3.1) is

s(x) =
∫ x

x1

exp
(
−

∫ y

x1

(d− 1) − c1ψ(z)
z

dz
)
dy,

where x1 is any point in (0,∞). If d ≥ 3 and ψ(z) → 0 as z → 0, or if d = 2
and

∫ 1

0
ψ(z)/z dz < ∞, then s(x) → −∞ as x → 0. By Section IV.1,

Pz(Zt hits δ before M) = Ps(z)(s(Zt) hits s(δ) before s(M))

=
s(M) − s(z)
s(M) − s(δ)

.

Letting δ → 0 and then M → ∞ shows that Pz(Zt hits 0) = 0. �
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4. Convexity

In this section we will let the aij be smooth (C2, say) and strictly
elliptic, and assume that the drift coefficients are identically 0. Let D be
either B(0, 1) or a unit cube centered at 0.

Suppose u is continuous. The upper contact set of u is the set

Uu = {y ∈ D : there exists p ∈ Rd such that
u(x) ≤ u(y) + p · (x− y) for all x ∈ D}.

Here p · (x−y) denotes the inner product. In this definition p will depend on
y. A point y is in Uu if there is a hyperplane, namely, u(y) = u(x)+p ·(x−y),
that lies above the graph of u but touches the graph at (y, u(y)). With
this interpretation we see that when u is concave (i.e., −u is convex), then
Uu = D, and conversely, if Uu = D, then u is concave.

When u ∈ C1, for y ∈ Uu there is only one p such that u(x) ≤ u(y) + p ·
(x− y), namely, p = ∇u(y). For u ∈ C2 let Hu denote the Hessian matrix:

(Hu)ij(x) = ∂iju(x).

(4.1) Proposition. If u ∈ C2 and y ∈ Uu, then Hu(y) is nonpositive definite.

Proof. Let h be a unit vector. y ∈ Uu implies there exists p such that u(y +
εh) ≤ u(y) + εp · h and u(y − εh) ≤ u(y) − εp · h. Combining,

u(y + εh) + u(y − εh) − 2u(y) ≤ 0.

Dividing by ε2 and letting ε → 0 gives hTHu(y)h ≤ 0. �


Let Su(y) be the set of slopes of supporting hyperplanes to u at y. That
is,

Su(y) = {p ∈ Rd : u(x) ≤ u(y) + p · (x− y) for all x ∈ D}.
As we noted above, Su(y) �= ∅ if and only if y ∈ Uu, and if u ∈ C1 and y ∈ Uu,
then Su(y) = {∇u(y)}. Let

Su(A) =
⋃

y∈A
Su(y).

Let |A| denote the Lebesgue measure of A and detH the determinant
of H. Recall that if V is a neighborhood in D, v : D → Rd is in C1, and v(V )
is the image of V under v, then

|v(V )| ≤
∫

V

| det Jv|, (4.1)

where Jv is the Jacobian of v. (We have inequality instead of equality be-
cause we are not assuming v is one-to-one.)
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(4.2) Proposition. Suppose u is continuous on D and C2 in D. There exists c1
not depending on u such that

sup
D

u ≤ sup
∂D

u + c1

(∫

Uu

| detHu|
)1/d

.

Proof. Replacing u by u − sup∂D u, we may assume u ≤ 0 on ∂D. We first
show

|Su(D)| = |Su(Uu)| ≤
∫

Uu

| detHu|. (4.2)

Since Su(y) = {∇u(y)}, the Jacobian matrix of the mapping Su is Hu. For
each ε, Hu− εI is negative definite in a neighborhood of Uu. We apply (4.1)
to v = Su − εI and let ε → 0, which gives (4.2).

Next suppose u takes a positive maximum at y ∈ D. Let v be the
function such that the region below the graph of v is the cone with base
D and vertex (y, u(y)). More precisely, let G1 be the smallest convex set in
D× [0,∞) containing ∂D×{0} and the point (y, u(y)); let v(x) = sup{z ≥ 0 :
(x, z) ∈ G1} for x ∈ D.

Suppose p ∈ Sv(D). We look at the family of hyperplanes α+p·(x−y). If
we start with α large and let α decrease to −∞, there is a first hyperplane
that touches the graph of u (not necessarily at (y, u(y))). Consequently
p ∈ Su(D). We have thus shown that Sv(D) ⊆ Su(D).

Let w be the function whose support is B(y, d) (where d is the dimen-
sion) and the region below w is the cone with vertex (y, u(y)). To be more
precise again, let G2 be the smallest convex set in B(y, d)× [0,∞) containing
∂B(y, d) × {0} and the point (y, u(y)), and let w(x) = sup{z ≥ 0 : (x, z) ∈ G2}
for x ∈ B(y, d). A picture shows that Sw(D) ⊆ Sv(D), and we see then that

|Sw(D)| ≤ |Sv(D)| ≤ |Su(D)| ≤
∫

Uu

| detHu|. (4.3)

We now compute |Sw({y})|. Note that w(x) = u(y)(1 − |x − y|/d) for
x ∈ B(y, d). If each coordinate of p is between −u(y)/d and +u(y)/d, then
p ∈ Sw(y). So

|Sw(D)| ≥ |Sw({y})| ≥ c2(u(y)/d)d.

Combining with (4.2),

u(y)d ≤ c−1
2 dd|Sw(D)| ≤ c3

∫

Uu

| detHu|. �

We will use the inequality

1
d

d∑

j=1

λj ≥
d∏

j=1

λ
1/d
j , λj ≥ 0, j = 1, . . . , d. (4.4)
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One way to prove (4.4) is to let Ω = {1, 2, . . . , d}, let P assign mass 1/d to
each point of Ω, let X be the random variable defined by X(j) = λj , and
apply Jensen’s inequality to the convex function − log x. We then have

− log
( d∑

j=1

λj
1
d

)
≤ 1

d

d∑

j=1

(− log λj),

which implies (4.4).

We now prove a key estimate due to Alexandroff-Bakelman-Pucci.

(4.3) Theorem. Suppose L ∈ N (Λ, 0), the coefficients of L are in C2, u ∈ C2,
and Lu = f in D. There exists c1 independent of u such that

sup
D

u ≤ sup
∂D

u + c1

(∫

D

|f(x)|d dx
)1/d

.

Proof. Fix y ∈ Uu, let B = −Hu(y), and let A be the matrix a(y). Let
λ1, . . . , λd be the eigenvalues of B. Since Hu is nonpositive definite, λj ≥ 0.
Let P be an orthogonal matrix and C a diagonal matrix such that B =
PTCP . Note | detHu| = detB = λ1 · · ·λd and

(AB)ii =
d∑

j=1

AijBji = −
∑

j

aij(y)∂iju(y).

Then

−f(y) = −
∑

i,j

aij(y)∂iju(y) = trace (AB) (4.5)

= trace (APTCP ) = trace (CPAPT ) =
d∑

j=1

λj(PAPT )jj .

Since A is uniformly positive definite, there exists c2 such that (PAPT )jj ≥
c2, so by (4.4),

−f(y) ≥
∑

j

c2λj = c2d
∑

j

(λj/d)

≥ c2d(
∏

j

λj)1/d = c2d| detHu|1/d.

Taking dth powers, integrating over Uu, and using Proposition 4.2 completes
the proof. �
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5. Green functions

Let P be a solution to the martingale problem for L started at x (as-
suming one exists) and let E be the corresponding expectation. If D is a
domain, a function GD(x, y) is called a Green function for the operator L in
the domain D if

E

∫ τD

0

f(Xs) ds =
∫

D

GD(x, y)f(y) dy (5.1)

for all nonnegative Borel measurable functions f onD. The function Gλ(x, y)
is called the λ-resolvent density if

E

∫ ∞

0

e−λsf(Xs) ds =
∫

Rd

Gλ(x, y)f(y) dy (5.2)

for all nonnegative Borel measurable f on Rd.
An immediate consequence of the Alexandroff-Bakelman-Pucci esti-

mate is the following.

(5.1) Theorem. Suppose L ∈ N (Λ, 0) and the diffusion coefficients are in C2.
Then there exists c1 depending only on Λ such that

∣
∣
∣E

∫ τB(0,1)

0

f(Xs) ds
∣
∣
∣ ≤ c1

(∫

B(0,1)

|f(y)|d dy
)1/d

.

Proof.We prove this inequality for f that are C2 in B(0, 1); a limit argument
then yields the inequality for arbitrary f . Let u(y) = E

y
∫ τB(0,1)
0

f(Xs) ds.
By Section III.6, u is C2 in B(0, 1), continuous on the closure of B(0, 1), and
Lu = −f . In fact, u is 0 on the boundary of B(0, 1). Now apply Theorem
4.3. �


(5.2) Corollary.
GB(x, ·) ∈ Ld/(d−1)(B).

Proof. By Theorem 5.1 and (5.1),

∣
∣
∣

∫

B

GB(x, y)f(y) dy
∣
∣
∣ ≤ c1‖f‖Ld(B)

for all f ∈ Ld(B). The result follows by the duality of Ld and Ld/(d−1). �


We also have

(5.3) Theorem. Suppose L ∈ N (Λ, 0) and the diffusion coefficients are in C2.
There exists c1 not depending on f such that if f ∈ Ld, then
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∣
∣
∣E

∫ ∞

0

e−λtf(Xt) dt
∣
∣
∣ ≤ c1

(∫

Rd

|f(y)| dy
)1/d

.

Proof. By the smoothness of the diffusion coefficients, there is a unique
solution to the martingale problem for L starting at each x ∈ Rd (see the
remarks at the end of Section 1); we denote it Px. Moreover, (Px, Xt) forms
a strong Markov family by Theorem I.5.1.

Let S0 = 0 and Si+1 = inf{t > Si : |Xt−XSi : |Xt−XSi | > 1}, i = 0, 1, . . .
Then Si+1 = Si + S1 ◦ θSi . By Proposition 2.3, there exists t0 such that
supx Px(S1 ≤ t0) ≤ 1/2. Then

E
xe−λS1 ≤ Px(S1 ≤ t0) + e−λt0Px(S1 > t0)

= (1 − e−λt0)Px(S1 ≤ t0) + e−λt0 .

So if ρ = supx E
xeλS1 , then ρ < 1. By the strong Markov property,

E
xe−λSi+1 = E

x
(
e−λSiE x(e−λS1◦θSi | FSi)

)
≤ ρE xe−λSi ,

and by induction E
xe−λSi ≤ ρi.

We now write

E
x

∫ ∞

0

e−λtf(Xt) dt =
∞∑

i=0

∫ Si+1

Si

e−λtf(Xt) dt. (5.3)

By the strong Markov property at time Si and Theorem 5.1,
∣
∣
∣E

x

∫ Si+1

Si

e−λtf(Xt) dt
∣
∣
∣ =

∣
∣
∣E

x
(
e−λSiEXSi

∫ S1

0

e−λtf(Xt) dt
)∣
∣
∣

≤ c2E
xe−λSi‖f‖d ≤ c2ρ

i‖f‖d.
Substituting in (5.3) proves the theorem. �


As in Corollary 4.2, this implies Gλ(x, ·) ∈ Ld/(d−1).

Using the theory of Ap weights, Fabes and Stroock [1] obtained an
improvement of this, namely, that Gλ(x, ·) ∈ Ld/(d−1)+ε for some ε > 0.

One disadvantage of Theorems 5.1 and 5.3 is that we required the
diffusion coefficients to be smooth. We will remove this restriction in the
next section by an approximation procedure due to Krylov. Earlier Krylov
[1] had also proved, however, that Theorems 5.1 and 5.3 hold whenever
Xt = x +

∫ t
0
σs dWs, where σs(ω) is an adapted, matrix-valued process that

is bounded and is uniformly positive definite (that is, there exists c1 such
that yTσs(ω)y ≥ c1|y|2 for all y ∈ Rd, where c1 is independent of s and y).
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6. Resolvents

In this section we present a theorem of Krylov on approximating resol-
vents and then apply it to extend Theorem 5.3 to arbitrary solutions of the
martingale problem for an elliptic operator L. We suppose that L ∈ N (Λ, 0)
for some Λ > 0, but make no smoothness assumptions on the coefficients.
Let L be defined as in (1.1). Let P be any solution to the martingale problem
for L started at x0.

Recall that f ∗ g(x) =
∫
f(y)g(x− y) dy. Let ϕ be a nonnegative radially

symmetric C∞ function with compact support such that
∫

Rd ϕ = 1 and
ϕ > 0 on B(0, r) for some r. Let ϕε(x) = ε−dϕ(x/ε).

(6.1) Theorem. Let λ > 0. There exist aεij in C∞ with the following properties:
(i) if Lε is defined by

Lεf(x) =
1
2

d∑

i,j=1

aεij(x)∂ijf(x), (6.1)

then Lε ∈ N (Λ, 0), and
(ii) if Pxε is the solution to the martingale problem for Lε started at x and

Gλεh(x) = E
x
ε

∫ ∞

0

e−λth(Xt) dt (6.2)

for h bounded, then

(Gλε f ∗ ϕε)(x0) → E

∫ ∞

0

e−λtf(Xt) dt (6.3)

whenever f is continuous.

We will see later (Section 8) that Gλε f is equicontinuous in ε, so that
in fact Gλε f(x0) converges to the right-hand side of (6.3).

The aεij depend on P, and different solutions to the martingale problem
could conceivably give us different sequences aεij .

Proof. Define a measure µ by

µ(C) = E

∫ ∞

0

e−λt1C(Xt) dt. (6.4)

By the support theorem, Theorem 2.5, for each y ∈ Rd and s > 0, there is
positive probability under P that Xt enters the ball B(y, s) and stays there
a positive length of time. So µ(B(y, s)) > 0 for all y and s. Define

aεij(x) =

∫
ϕε(x− y)aij(y)µ(dy)
∫
ϕε(x− y)µ(dy)

. (6.5)
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By our assumptions on ϕ, the denominator is not zero. It is clear that (i)
holds.

Suppose u is in C2 and bounded. By the product formula and Itô’s
formula,

e−λtu(Xt) = u(X0) −
∫ t

0

u(Xs)λe−λs ds +
∫ t

0

e−λs d[u(X)]s

= u(X0) −
∫ t

0

u(Xs)λe−λs ds + martingale

+
∫ t

0

e−λsLu(Xs) ds.

Taking expectations and letting t → ∞,

u(x0) = E

∫ ∞

0

e−λs(λu− Lu)(Xs) ds =
∫

(λu− Lu)(x)µ(dx). (6.6)

We next apply (6.6) to u = v∗ϕε, where v is a bounded and C2 function.
On the left-hand side we have

∫
v(x0 − y)ϕε(y) dy. Note that

L(v ∗ ϕε)(z) =
1
2

∑

i,j

aij(z)∂ij(v ∗ ϕε)(z) (6.7)

=
1
2

∑

i,j

aij(z)((∂ijv) ∗ ϕε)(z)

=
1
2

∑

i,j

∫

aij(z)∂ijv(x)ϕε(x− z) dx.

However, by (6.5),
∫

aij(z)ϕε(x− z)µ(dz) = aεij(x)
∫

ϕε(x− y)µ(dy). (6.8)

Combining (6.6), (6.7), and (6.8),
∫

v(x0 − y)ϕε(y) dy =
∫

[λ(v ∗ ϕε) − L(v ∗ ϕε)](x)µ(dx) (6.9)

=
∫ ∫

(λ− Lε)v(x)ϕε(x− y)µ(dy) dx.

Suppose f is smooth, and let v(x) = Gλε f(x). By Section III.6, v is in
C2 and bounded and (λ− Lε)v = f . Substituting in (6.9),

∫

Gλε f(x0 − y)ϕε(y) dy =
∫ ∫

f(x)ϕε(x− y)µ(dy) dx (6.10)

=
∫

f ∗ ϕε(y)µ(dy).
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By a limit argument, we have (6.10) when f is continuous. Since f is con-
tinuous, f ∗ ϕε is bounded and converges to f uniformly. Hence

∫

f ∗ ϕε(y)µ(dy) →
∫

f(y)µ(dy) = E

∫ ∞

0

e−λtf(Xt) dt. �

Defining bεi by the analogue of (6.5), there is no difficulty extending
this theorem to the case L ∈ N (Λ1, Λ2), Λ2 > 0.

(6.2) Theorem. Let P be as above. There exists c1 not depending on f such that

∣
∣
∣E

∫ ∞

0

e−λtf(Xt) dt
∣
∣
∣ ≤ c1‖f‖d.

Proof. By Theorem 6.1, the left-hand side is the limit of |Gελf ∗ϕε(x0)| if f is
continuous and bounded. The coefficients in Lε are smooth, so by Theorem
5.3 ‖Gλε f‖∞ ≤ c1‖f‖d, c1 independent of ε. This proves the proposition for
f smooth, and the case of general f follows by a limit argument. �


(6.3) Corollary. Under the assumptions of Theorem 6.1,

(Gλε f ∗ ϕε)(x0) → E

∫ ∞

0

e−λtf(Xt) dt,

if f is bounded.

Proof.We start with (6.10). By a limit argument, we have (6.10) holding for
f bounded. So we need to show that the right-hand side of (6.10) converges
to

∫
f(y)µ(dy). Since f is bounded, f ∗ϕε converges to f almost everywhere

and boundedly (see [PTA, Theorem IV.1.2] or Stein [1], Chapter 3). By
Theorem 6.2 and (6.4), µ is absolutely continuous with respect to Lebesgue
measure. Then

∫

f ∗ ϕε(y)µ(dy) =
∫

f ∗ ϕε(y)(dµ/dy) dy

→
∫

f(y)(dµ/dy) dy =
∫

f(y)µ(dy)

by dominated convergence. �


7. Harnack inequality

In this section we prove some theorems of Krylov and Safonov concern-
ing positive L-harmonic functions. Recall that a function h is L-harmonic
in a domain D if h ∈ C2 and Lh = 0 in D. These results were first proved
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probabilistically (see Krylov and Safonov [1]) and are a good example of
the power of the probabilistic point of view.

In this section we assume that L ∈ N (Λ, 0) so that the drift coefficients
are 0. We assume that for each x ∈ Rd we have a solution to the martingale
problem for L started at x and that (Px, Xt) forms a strong Markov family.
In Chapter VI we will see that this is not really any restriction on the
generality.

Let Q(x, r) denote the cube of side length r centered at x. Our main
goal is to show that Xt started at x must hit a set A before exiting a cube
with positive probability if A has positive Lebesgue measure and x is not
too near the boundary. The first proposition starts things off by handling
the case when A nearly fills the cube. Recall that we are using |A| to denote
the Lebesgue measure of A.

(7.1) Proposition. There exist ε and c1 = c1(ε) such that if x ∈ Q(0, 1/2),
A ⊆ Q(0, 1), and |Q(0, 1) −A| < ε, then Px(TA < τQ(0,1)) ≥ c1.

Proof. Let us write τ for τQ(0,1). By Propositions 2.2 and 2.3, there exist c2
and c3 not depending on x such that E

xτ ≥ c2 and E
xτ2 ≤ c3.

Note that E x
∫ τ
0

1Ac(Xs) ds = E
x
∫ τ
0

1(Q(0,1)−A)(Xs) ds. Since

E x(τ − (τ ∧ t0)) ≤ E
x(τ ; τ ≥ t0) ≤ E

xτ2/t0,

we can choose t0 large enough so that E
x(τ − (τ ∧ t0)) ≤ c2/4. Then

E
x

∫ τ

0

1(Q(0,1)−A)(Xs) ds (7.1)

≤ c2/4 + et0E
x

∫ t0

0

e−s1(Q(0,1)−A)(Xs) ds

≤ c2/4 + et0E
x

∫ ∞

0

e−s1(Q(0,1)−A)(Xs) ds

≤ c2/4 + c5e
t0‖1Q(0,1)−A‖d

≤ c2/4 + c5e
t0ε1/d.

If ε is chosen small enough, then E
x
∫ τ
0

1Ac(Xs) ds < c2/2.
On the other hand,

c2 ≤ E
xτ = E

x(τ ;TA < τ) + E
x

∫ τ

0

1Ac(Xs) ds

≤ (E xτ2)1/2(Px(TA < τ))1/2 + c2/2

≤ c
1/2
3 (Px(TA < τ))1/2 + c2/2,

and the result follows with c1 = c22/4c3. �


We used Theorem 6.2 because it applies to arbitrary solutions to the
martingale problem, whereas Theorem 5.1 requires the aij to be smooth.
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As noted at the end of Section 5, Theorem 5.1 actually holds for arbitrary
solutions to the martingale problem; if we used that fact, we then could
have obtained the estimate in (7.1) more directly.

Next we decompose Q(0, 1) into smaller subcubes such that a set A fills
up a certain percentage of each of the smaller subcubes. If Q is a cube, let
Q̂ denote the cube with the same center as Q but side length three times
as long.

(7.2) Proposition. Let q ∈ (0, 1). If A ⊆ Q(0, 1) and |A| ≤ q, then there exists
D such that (i) D is the union of cubes R̂i such that the interiors of the Ri are
pairwise disjoint, (ii) |A| ≤ q|D ∩Q(0, 1)|, and (iii) for each i, |A ∩Ri| > q|Ri|.
Proof. We will do the case d = 2; the higher-dimensional case differs only in
the notation. We form a collection of subsquares R = {Ri} as follows. Divide
Q(0, 1) into four equal squares Q1, Q2, Q3, and Q4 with disjoint interiors.
For j = 1, 2, 3, 4, if |A ∩ Qj | > q|Qj |, we let Qj be one of the squares in R.
If not, we split Qj into four equal subsquares Qj1, Qj2, Qj3, Qj4 and repeat;
Qjk will be one of the Ri if |A ∩ Qjk| > q|Qjk|, and otherwise we divide
Qjk. To be more precise, let Qn be the collection of squares of side lengths
2−n with vertices of the form [j/2n, k/2n] for integers j and k. An element
Q′ of Qn will be in R if |A ∩ Q′| > q|Q′| and Q′ is not contained in any
Q′′ ∈ Q0 ∪Q1 ∪ · · · ∪ Qn−1 with |A ∩Q′′| > q|Q′′|.

We let D = ∪iR̂i where the union is over Ri ∈ R. Assertions (i) and (iii)
are clear and it remains to prove (ii). Recall that almost every point z ∈ A

is a point of density of A, that is, |B(z, r) ∩ A|/|B(z, r)| → 1 a.e. for z ∈ A;
this follows by the Lebesgue density theorem ([PTA, Theorem IV.1.2], for
example). If z is a point of density of A and Tn denotes the element of
Qn containing z, then |Tn ∩ A|/|Tn| → 1 (see [PTA, Exercise II.8.13], for
example). If z is a point of density of A and z is not on the boundary of
some square in Qn for some n, it follows that z must be in some Ri ∈ R.
We conclude that |A−D| = 0.

We form a new collection of squares S. We divide Q(0, 1) into four equal
subsquares Q1, Q2, Q3, Q4. If Qj ⊆ D, it will be in S; otherwise split Qj into
four subsquares and continue. More exactly, Q′ ∈ Qn will be in S if Q′ ⊆ D

but Q′ is not contained in any Q′′ ∈ Q0 ∪ · · ·Qn−1 for which Q′′ ⊆ D.
Since D is the union of cubes R̂i, then |D∩Q(0, 1)| =

∑
i
|Si| where the

sum is over Si ∈ S. Hence |A| =
∑

i
|Si ∩A|. It thus suffices to show that

|A ∩ Si| ≤ q|Si| (7.2)

for each Si ∈ S. We then sum over i and (ii) will be proved.
Consider Si ∈ S. If Si = Q(0, 1), we are done by the hypotheses on A.

Otherwise Si is in Qn for some n ≥ 1 and is contained in a square Q′ ∈ Qn−1.
Let C1, C2, C3 denote the other three squares of Qn that are contained in
Q′. Since Si ∈ S, then Q′ = Si ∪ C1 ∪ C2 ∪ C3 is not in S. Since Si ⊆ D,
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at least one of the squares C1, C2, C3 cannot be contained in D. We have
Si ∪ C1 ∪ C2 ∪ C3 ⊆ Ŝi. Ŝi is not contained in D, which implies that Si /∈ R.
We thus have Si ∪C1 ∪C2 ∪C3 is not contained in D but Si /∈ R; this could
only happen if |Si ∩A| ≤ q|Si|, which is (7.2). �


(7.3) Lemma. Let r ∈ (0, 1). Let y ∈ Q(0, 1) with dist (y, ∂Q(0, 1)) > r, L′ ∈
N (Λ, 0), and P be a solution to the martingale problem for L′ started at y. If
Q(z, r) ⊆ Q(0, 1), then P(TQ(z,r) < τQ(0,1)) ≥ ζ(r) where ζ(r) > 0 depends only
on r and Λ.

Proof. This follows easily from the support theorem. �


We now prove the key result, that sets of positive Lebesgue measure
are hit with positive probability.

(7.4) Theorem. There exists a nondecreasing function ϕ : (0, 1) → (0, 1) such
that if B ⊆ Q(0, 1), |B| > 0, and x ∈ Q(0, 1/2), then

Px(TB < τQ(0,1)) ≥ ϕ(|B|).

Proof. Again we suppose the dimension d is 2 for simplicity of notation. Set

ϕ(ε) = inf{Py(TB <τQ(z0,R)) : z0 ∈ Rd, R > 0, y ∈ Q(z0, R/2),

|B| ≥ ε|Q(z0, R)|, B ⊆ Q(z0, R)}.
By Proposition 7.1 and scaling, ϕ(ε) > 0 for ε sufficiently close to 1. Let q0
be the infimum of those ε for which ϕ(ε) > 0. We suppose q0 > 0, and we
will obtain our contradiction.

Choose q > q0 such that (q + q2)/2 < q0. This is possible, since q0 < 1.
Let η = (q− q2)/2. Let β = (q ∧ (1 − q))/16 and let ρ be equal to ζ((1 − β)/6)
as defined in Lemma 7.3. There exist z0 ∈ Rd, R > 0, B ⊆ Q(z0, R), and
x ∈ Q(z0, R/2) such that q > |B|/|Q(z0, R)| > q − η and Px(TB < τQ(z0,R)) <
ρϕ(q)2. Without loss of generality, let us assume z0 = 0 and R = 1, and so
we have Px(TB < τQ(0,1)) < ρϕ(q)2.

We next use Proposition 7.2 to construct the set D (with A replaced
by B). Since |B| > q − η and

|B| ≤ q|D ∩Q(0, 1)|,

then
|D ∩Q(0, 1)| ≥ |B|

q
>

q − η

q
=

q + 1
2

.

Let D̃ = D ∩ Q(0, 1 − β). Then |D̃| > q. By the definition of ϕ, this implies
that

Px(T
D̃
< τQ(0,1)) ≥ ϕ(q).

We want to show that if y ∈ D̃, then
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Py(TB < τQ(0,1)) ≥ ρϕ(q). (7.3)

Once we have that, we write

Px(TB < τQ(0,1)) ≥ Px(T
D̃
< TB < τQ(0,1))

≥ E
x(PX(T (D̃))(TB < τQ(0,1));TD̃ < τQ(0,1))

≥ ρϕ(q)Px(T
D̃
< τQ(0,1)) ≥ ρϕ(q)2,

our contradiction.
We now prove (7.3). If y ∈ ∂D̃, then y ∈ R̂i for some Ri ∈ R and

dist (y, ∂Q(0, 1)) ≥ 1− β. Let R∗
i be the cube with the same center as Ri but

side length half as long. By Lemma 7.3,

Py(TR∗
i
< τQ(0,1)) ≥ ρ.

By the definition of q and the fact that Ri ∈ R, then |B ∩ Ri| ≥ q|Ri|. By
the definition of ϕ(q), we have Pz(TB∩Ri < τRi) ≥ ϕ(q) if z ∈ R∗

i . So by the
strong Markov property,

Py(TB < τQ(0,1)) ≥ E
y(P

X(TR∗
i
)
(TB < τRi);TR∗

i
< τQ(0,1))

≥ ρϕ(q). �

Theorem 7.4 is the key estimate. We now proceed to show that L-
harmonic functions are Hölder continuous and that they satisfy a Harnack
inequality. A function h is L-harmonic in D if h ∈ C2 and Lh = 0 in D. If h
is L-harmonic, then by Itô’s formula, h(Xt∧τD ) is a martingale. There may
be very few L-harmonic functions unless the coefficients of L are smooth, so
we will use the condition that h(Xt∧τD ) is a martingale as our hypothesis.

(7.5) Theorem. Suppose h is bounded in Q(0, 1) and h(Xt∧τQ(0,1)) is a martin-
gale. Then there exist α and c1 not depending on h such that

|h(x) − h(y)| ≤ c1‖h‖∞|x− y|α, x, y ∈ Q(0, 1/2).

Proof. Define OscB h = supx∈B h(x) − infx∈B h(x). To prove the theorem, it
suffices to show there exists ρ < 1 such that for all z ∈ Q(0, 1/2) and r ≤ 1/4,

Osc
Q(z,r/2)

h ≤ ρ Osc
Q(z,r)

h. (7.4)

If we look at Ch + D for suitable constants C and D, we see that it is
enough to consider the case where infQ(z,r) h = 0 and supQ(z,r) h = 1. Let
B = {x ∈ Q(z, r/2) : h(x) ≥ 1/2}. We may assume that |B| ≥ (1/2)|Q(z, r/2)|,
for if not, we replace h by 1 − h.

If x ∈ Q(z, r/2), then h(x) ≤ 1. On the other hand, since we know
h(Xt∧τQ(0,1)) is a martingale,
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h(x) = E
x[h(X(τQ(z,r) ∧ TB))]

≥ (1/2)Px(TB < τQ(z,r)) ≥ (1/2)ϕ(2−(d+1)),

from Theorem 7.4 and scaling. Hence OscQ(z,r/2) h ≥ 1 − ϕ(2−(d+1))/2. Set-
ting ρ = 1 − ϕ(2−(d+1)/2)/2 proves (7.4). �


(7.6) Theorem. Suppose L ∈ N (Λ, 0). There exists c1 depending only on Λ

such that if h is nonnegative, bounded in Q(0, 16), and h(X(t ∧ τQ(0,16))) is a
martingale, then h(x) ≤ c1h(y) if x, y ∈ Q(0, 1).

Proof. If we look at h + ε and let ε → 0, we may assume h > 0. By looking
at Ch, we may assume infQ(0,1/2) h = 1. By Theorem 7.5, we know that h is
Hölder continuous in Q(0, 8), so there exists y ∈ Q(0, 1/2) such that h(y) = 1.
We want to show that h is bounded above by a constant in Q(0, 1), where
the constant depends only on Λ.

By the support theorem and scaling, if x ∈ Q(0, 2), there exists δ such
that

Py(TQ(x,1/2) < τQ(0,8)) ≥ δ.

By scaling, if w ∈ Q(x, 1/2), then Pw(TQ(x,1/4) < τQ(0,8)) ≥ δ. So by the strong
Markov property,

Py(TQ(x,1/4) < τQ(0,8)) ≥ δ2.

Repeating and using induction,

Py(TQ(x,2−k) < τQ(0,8)) ≥ δk.

Then
1 = h(y) ≥ E

y[h(XT (Q(x,2−k)));TQ(x,2−k) < τQ(0,8)]

≥ δk
(

inf
Q(x,2−k)

h
)
,

or
inf

Q(x,2−k)
h ≤ δ−k. (7.5)

By (7.4) there exists ρ < 1 such that

Osc
Q(x,2−(k+1))

h ≤ ρ Osc
Q(x,2−k)

h. (7.6)

Take m large so that ρ−m ≥ δ−2/(δ−1 − 1). Let M = 2m. Then

Osc
Q(x,M2−k)

h ≥ ρ−m Osc
Q(x,2−k)

h ≥ δ−2

δ−1 − 1
Osc

Q(x,2−k)
h. (7.7)

Take K large so that
√
dM2−K < 1/8. Suppose there exists x0 ∈ Q(y, 1)

such that h(x0) ≥ δ−K−1. We will construct a sequence x1, x2, . . . by in-
duction. Suppose we have xj ∈ Q(xj−1,M2−(K+j−1)) with h(xj) ≥ δ−K−j−1,
j ≤ n. Since |xj − xj−1| <

√
dM2−(K+j−1), 1 ≤ j ≤ n, and |x0 − y| ≤ 1, then

|xn − y| < 2. Since h(xn) ≥ δ−K−n−1 and by (7.5), infQ(xn,2−K−n) h ≤ δ−K−n,
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Osc
Q(xn,2−K−n)

h ≥ δ−K−n(δ−1 − 1).

So OscQ(xn,M2−K−n) h ≥ δ−K−n−2, which implies that there exists xn+1 ∈
Q(xn,M2−K−n) with h(xn+1) ≥ δ−K−n−2 because h is nonnegative. By in-
duction we obtain a sequence xn with xn ∈ Q(y, 4) and h(xn) → ∞. This
contradicts the boundedness of h on Q(0, 8). Therefore h is bounded on
Q(0, 1) by δ−K−1. �


(7.7) Corollary. Suppose D is a bounded connected open domain and r > 0.
There exists c1 depending only on D, Λ, and r such that if h is nonnegative,
bounded in D, and h(Xt∧τD ) is a martingale, then h(x) ≤ c1h(y) if x, y ∈ D and
dist (x, ∂D) and dist (y, ∂D) are both greater than r.

Proof. We form a sequence x = y0, y1, y2, . . . , ym = y such that |yi+1 − yi| <
(ai+1 ∧ ai)/32, where ai = dist (yi, ∂D) and each ai < r. By compactness we
can choose M depending only on r so that no more than M points yi are
needed. By scaling and Theorem 7.6, h(yi) ≤ c2h(yi+1) with c2 > 1. So

h(x) = h(y0) ≤ c2h(y1) ≤ · · · ≤ cm2 h(ym) = cm2 h(y) ≤ cM2 h(y). �

8. Equicontinuity and approximation

We first prove an equicontinuity result for Gλf . Then we show that
Xt spends positive time in sets of positive Lebesgue measure. Finally, we
complete the discussion of approximation started in Section 6 by showing
that the aεij defined in (6.5) converge to aij almost everywhere.

For the next chapter we will need a modulus of continuity for Gλf .

(8.1) Theorem. Let L ∈ N (Λ, 0) so that the drift coefficients of L are 0. Sup-
pose for each x, Px is a solution to the martingale problem for L started at x
and (Px, Xt) is a strong Markov family. Then Gλf(x) = E

x
∫ ∞
0

e−λtf(Xt) dt is
continuous with a modulus of continuity that depends only on λ, ‖f‖∞, and Λ.

Proof. Fix x0 and λ. Take R sufficiently small so that

sup
x∈B(x0,R)

E
xτB(x0,R) ≤ ϕ(1/2)/4λ, (8.1)

where ϕ is defined in Theorem 7.4. This is possible by Theorem 2.3. We will
write B for B(x0, R). Let g be bounded on ∂B, and consider the function

h(x) = E
x[e−λτBg(XτB )]. (8.2)

Our first goal is to obtain a modulus of continuity for h in B(x0, R/2). We
obtain the Hölder continuity of h as in Theorem 7.5: it suffices to show
there exists ρ < 1 such that
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Osc
Q(z,r/2)

h ≤ ρ Osc
Q(z,r)

h (8.3)

for z ∈ B(x0, R/2) and r < R/4d1/2. Note that e−λ(t∧τB)h(Xt∧τB ) is a mar-
tingale, since by the strong Markov property,

e−λ(t∧τB)h(Xt∧τB )

= e−λ(t∧τB)E
Xt∧τB [e−λτBg(XτB )]

= e−λ(t∧τB)E
x[e−λτB◦θt∧τB g(XτB ◦ θt∧τB ) | Ft∧τB ]

= E
x[e−λ(t∧τB)+τB◦θt∧τB

)g(XτB ◦ θt∧τB ) | Ft∧τB ]

= E
x[e−λτBg(XτB ) | Ft∧τB ]

and t ∧ τB + τB ◦ θt∧τB = τB and XτB ◦ θt∧τB = XτB .
To show (8.3) it suffices to show

Osc
Q(z,r/2)

(Ch + D) ≤ ρ Osc
Q(z,r)

(Ch + D),

where we choose C and D so that supQ(z,r)(Ch+D) = 1, infQ(z,r)(Ch+D) =
0, and |F | ≥ (1/2)|Q(z, r)|, where F = {z ∈ Q(z, r); (Ch + D) ≥ 1/2}. If
x ∈ Q(z, r/2),

(Ch + D)(x) ≥ CE
x[e−λτF h(XτF ); τF < τQ(z,r)] + D

≥ E
x[e−λτF (Ch + D)(XτF ); τF < τQ(z,r)]

≥ E
x[(Ch + D)(XτF ); τF < τQ(z,r)] − E

x(1 − e−λτF )

≥ 1
2
Px(τF < τQ(z,r)) − λExτF

≥ 1
2
ϕ(1/2) − λE

xτB ≥ 1
4
ϕ(1/2).

We thus obtain (8.3) with ρ = 1 − ϕ(1/2)/4.
Now fix x0 and write

Gλf(x) = E
x

∫ τB(x0,R)

0

e−λtf(Xt) dt + E
x

∫ ∞

τB(x0,R)

e−λtf(Xt) dt (8.4)

= E
x

∫ τB(x0,R)

0

e−λtf(Xt) dt + E
xe−λτB(x0,R)Gλf(XτB(x0,R)).

Let ε > 0 and take R small enough so that (8.1) holds and also

sup
x∈B(x0,R)

E
xτB(x0,R) < ε/3.

So the first term on the last line of (8.4) is bounded by ε‖f‖∞/3. Note that
‖Gλf‖∞ ≤ λ−1‖f‖∞. By what we showed above,

h(x) = E
xe−λτB(x0,R)Gλf(XτB(x0,R))

is a Hölder continuous function of x with a modulus of continuity depending
only on ‖Gλf‖∞ for x ∈ B(x0, R/2). So there exist c1 and α such that if
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x, y ∈ B(x0, R/2), then |h(x) − h(y)| ≤ c1|x − y|α. Thus if |x − y| ≤ (ε/3c1)α

and x, y ∈ B(x0, R/2),

|Gλf(x) −Gλf(y)| ≤ ε‖f‖∞.

This proves the modulus of continuity result. �


Combining with Corollary 6.3, we have the following.

(8.2) Theorem. Let λ > 0 and let P be a solution to the martingale problem
started at x for an operator L ∈ N (Λ, 0). There exist aεij smooth such that if Lε
is defined by (6.1) and Gλε is defined by (6.2), then Lε ∈ N (Λ, 0) and

Gλε f(x) → E

∫ ∞

0

e−λtf(Xt) dt

whenever f is bounded.

Proof. By the preceding theorem, Gλε f is equicontinuous in ε. Since ϕε in
Corollary 6.3 has compact support,

|(Gλε f∗ϕε)(x0) −Gλε f(x0)|

≤
∫

|Gλε f(x0 − εy) −Gλε f(x0)|ϕ(y) dy → 0

as ε → 0. Combining with Corollary 6.3 proves the convergence. �


We have not yet proved that the aεij in Theorem 8.2 converge almost
everywhere to the aij . In order to do so, we need to show that Xt spends
positive time in sets of positive Lebesgue measure.

(8.3) Lemma. Suppose r > 1 and let W be a cube in Q(0, 1). Let W ∗ be the
cube with the same center as W but side length half as long. Let V be a subset of
W with the property that there exists δ such that

E
y

∫ τW

0

1V (Xs) ds ≥ δE yτW , y ∈ W ∗.

Then there exists ζ(δ) depending on δ, r, and Λ such that

E
y

∫ τQ(0,r)

0

1V (Xs) ds ≥ ζ(δ)E y

∫ τQ(0,r)

0

1W (Xs) ds, y ∈ Q(0, 1).

Proof. Let S be the cube in Q(0, r) with the same center as W and side
length r ∧ 21/d as long. Let T1 = inf{t : Xt ∈ W}, U1 = inf{t > T1 : Xt /∈ S},
Ti+1 = inf{t > Ui : Xt ∈ W}, and Ui+1 = inf{t > Ti+1 : Xt /∈ S}. Then
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E
y

∫ τQ(0,r)

0

1W (Xs) ds =
∑

E
y
[∫ Ui

Ti

1W (Xs) ds;Ti < τQ(0,r)

]
,

=
∑

E
y
[
E
X(Ti)

∫ τS

0

1W (Xs) ds;Ti < τQ(0,r)

]
,

with a similar expression with W replaced by V . So it suffices to show there
exists ζ(δ) such that

Ew

∫ τS

0

1V (Xs) ds ≥ ζ(δ)Ew

∫ τS

0

1W (Xs) ds, w ∈ W.

By the support theorem, there exists c1 depending only on r and Λ

such that
Pw(TW∗ < τS) ≥ c1, w ∈ W.

So if w ∈ W , by the strong Markov property,

E
w

∫ τS

0

1V (Xs) ds ≥ E
w
[∫ τS

0

1V (Xs) ds;TW∗ < τS

]

= E
w
[
E
X(T (W∗))

∫ τS

0

1V (Xs) ds;TW∗ < τS

]

≥ c1 inf
z∈W∗ E

z

∫ τS

0

1V (Xs) ds

≥ c1 inf
z∈W∗ E

z

∫ τW

0

1V (Xs) ds.

By our hypothesis, if z ∈ W ∗,

E
z

∫ τW

0

1V (Xs) ds ≥ δE zτW .

By Proposition 2.3 and scaling,

E
zτW ≥ c2 sup

v∈S
E
vτS ≥ c2E

w

∫ τS

0

1W (Xs) ds.

We now take ζ(δ) = c1c2δ. �


(8.4) Lemma. There exist c1 and ε such that if |B| ⊆ Q(0, 1), x ∈ Q(0, 1/2),
and |Q(0, 1) −B| < ε, then

E
x

∫ τQ(0,1)

0

1B(Xs) ds ≥ c1.

Proof. By Proposition 2.3, there exists c2 such that E
xτQ(0,1) ≥ c2. As in the

proof of (7.1), if ε is small enough, then

E x

∫ τQ(0,1)

0

1(Q(0,1)−B)(Xs) ds ≤ c2/2.
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We thus have the lemma with c1 = c2/2. �


(8.5) Theorem. There exists a nondecreasing function ψ : (0, 1) → (0, 1) such
that if P is a solution to the martingale problem for an operator in N (Λ, 0) started
at an x ∈ Q(0, 1/2) and B ⊆ Q(0, 1), then

E

∫ τQ(0,1)

0

1B(Xs) ds ≥ ψ(|B|).

Proof. Let

ψ(ε) = inf
{

E
y

∫ τQ(z0,R)

0

1B(Xs) ds : z0 ∈ Rd, R > 0, B ⊆ Q(z0, R),

|B| ≥ ε|Q(z0, R)|, y ∈ Q(z0, R/2)
}
.

Lemma 8.4 and scaling tell us that ψ(ε) > 0 if ε is sufficiently close to 1.
We need to show ψ(ε) > 0 for all ε > 0.

Let q0 be the infimum of those ε for which ψ(ε) > 0. We suppose q0 > 0
and we will obtain a contradiction. As in the proof of Theorem 7.4, choose
q > q0 such that (q + q2)/2 < q0 and let η = (q− q2)/2. Let β be a number of
the form 2−n with

(η ∧ q ∧ (1 − q))/32d ≤ β < (η ∧ q ∧ (1 − q))/16d.

There exist z0 ∈ Rd, R > 0, B1 ⊆ Q(z0, R), and x ∈ Q(z0, R/2) such that
q > |B1|/|Q(z0, R)| > q − η/2 and

E x

∫ τQ(z0,R)

0

1B1(Xs) ds < ζ(ψ(q))ψ(q),

where ζ is defined in Lemma 8.3. Without loss of generality, we can suppose
z0 = 0 and R = 1, and so

E
x

∫ τQ(0,1)

0

1B1(Xs) ds < ζ(ψ(q))ψ(q).

Let B = B1 ∩Q(0, 1 − β). Then

E x

∫ τQ(0,1)

0

1B(Xs) ds < ζ(ψ(q))ψ(q), (8.5)

and by our choice of β, q > |B| > q − η.
As in the proof of Theorem 7.4, we use Proposition 7.2 to construct

D consisting of the union of cubes with |D ∩ Q(0, 1)| ≥ (q + 1)/2. Let D̃ =
D ∩Q(0, 1), and as in the proof of Theorem 7.5, |D̃| > q. Since |D̃| > q > q0,

E x

∫ τQ(0,1)

0

1
D̃

(Xs) ds > ψ(q).
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D consists of the union of cubes R̂i such that the Ri have pairwise disjoint
interiors, where Ri is the cube with the same center as R̂i but one-third
the side length. Let Vi = R̂i ∩ Q(0, 1 − β). We have by our construction
|B ∩Ri| ≥ q|Ri|. We will show that for each i,

E
x

∫ τQ(0,1)

0

1B∩Ri(Xs) ds ≥ ζ(ψ(q))E x

∫ τQ(0,1)

0

1Vi(Xs) ds. (8.6)

Once we have (8.6), we sum and we have

E
x

∫ τQ(0,1)

0

1B(Xs) ds ≥
∑

i

∫ τQ(0,1)

0

1B∩Ri(Xs) ds

≥ ζ(ψ(q))
∑

i

E
x

∫ τQ(0,1)

0

1Vi(Xs) ds

≥ ζ(ψ(q))E x

∫ τQ(0,1)

0

1
D̃

(Xs) ds

≥ ζ(ψ(q))ψ(q),

our contradiction.
We now prove (8.6). Fix i. By our definition of β, if Vi is not empty,

then Vi is contained in a cube Wi that is itself contained in Q(0, 1 − β) and
|Wi| ≤ 3d|Ri|. Let R∗

i be the cube with the same center as Ri but side length
half as long. By the definition of ψ,

E y

∫ τRi

0

1B∩Ri(Xs) ds ≥ ψ(q)E yτRi

if y ∈ R∗
i . (8.6) now follows from Lemma 8.3 and scaling. �


(8.6) Corollary. If |B| > 0, then E
x
∫ ∞
0

e−λt1B(Xt) dt > 0.

Proof.We select a unit cube Q such that |Q∩B| > 0. Let Q∗ be the cube with
the same center as Q but side length half as long. By the strong Markov
property and support theorem, there exists c1 such that

E x

∫ ∞

0

e−λt1B(Xt) dt ≥ c1 inf
y∈Q∗ E

y

∫ ∞

0

e−λt1Q∩B(Xt) dt.

By Proposition 2.3, there exists c2 such that if y ∈ Q∗,

E
y(τQ − (τQ ∧ t)) = E

y(EXtτQ; t < τQ)

≤ c2P
y(t < τQ) ≤ c2E

xτ2
Q/t

2.

Using Proposition 2.3 again and taking t0 large enough, we have

sup
y∈Q∗

E
y(τQ − (τQ ∧ t0)) ≤ ψ(|Q ∩B|)/2.

Then



126 V NONDIVERGENCE FORM OPERATORS

E
y

∫ ∞

0

e−λt1Q∩B(Xt) dt

≥ E
y

∫ τQ∧t0

0

e−λt1Q∩B(Xt) dt

≥ e−λt0E
y

∫ τQ∧t0

0

1Q∩B(Xt) dt

≥ e−λt0
[
E
y

∫ τQ

0

1Q∩B(Xt) dt− E
y(τQ − τQ ∧ t0)

]

≥ e−λt(ψ(|Q ∩B|) − ψ(|Q ∩B|)/2) > 0. �

(8.7) Proposition. Let P be a solution to the martingale problem for an operator
in N (Λ, 0) started at x. If |C| > 0, then E

∫ ∞
0

e−λt1C(Xt) dt > 0.

Proof. This follows from Corollary 8.6 and Theorem 8.2 with f = 1C . �


Finally, we show that the aεij defined in (6.5) converge.

(8.8) Theorem. Let aεij(x) be defined by (6.5). Then for each i and j, the aεij
converge to aij almost everywhere.

Proof. By Theorem 6.2,
∣
∣
∣

∫

f(y)µ(dy)
∣
∣
∣ =

∣
∣
∣E

∫ ∞

0

e−λtf(Xt) dt
∣
∣
∣ ≤ c1‖f‖d.

Hence µ(dy) has a density m(y) dy, and by a duality argument, m ∈ Ld/(d−1).
If C = {y : m(y) = 0}, then

E

∫ ∞

0

e−λt1C(Xt) dt =
∫

1C(y)µ(dy) =
∫

1C(y)m(y) dy = 0.

By Proposition 8.7, |C| = 0.
Now

∫

ϕε(x− y)aij(y)µ(dy) =
∫

ϕε(x− y)aij(y)m(y) dy

→ aij(x)m(x)

for almost every x, since ϕε is an approximation to the identity (see [PTA,
Theorem IV.1.6]), aij is bounded, and m ∈ Ld/(d−1). Similarly,

∫

ϕε(x− y)µ(dy) =
∫

ϕε(x− y)m(y) dy → m(x)

for almost every x. Since m > 0 almost everywhere, the ratio, which is
aεij(x), converges to aij(x) almost everywhere. �
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9. Notes

The results of Sections 1 and 2 are from Stroock and Varadhan [2]. The
examples in Proposition 3.1 are due to Krylov [2], whereas Proposition 3.2
is due to Pucci [1]. Theorem 3.3 is a probabilistic formulation of a result of
Gilbarg and Serrin [1].

For Section 4 we followed Gilbarg and Trudinger [1]. Section 5 is stan-
dard material. The approximation results in Section 6 are from Krylov [3].

To obtain the Harnack inequality in Section 7, we adapted Krylov and
Safonov [2] and the account in Caffarelli [1]. Theorem 8.9 is due to Evans
[1].



This page intentionally left blank



VI
MARTINGALE PROBLEMS

In this chapter we continue our discussion of nondivergence form oper-
ators. We introduced the martingale problem in Chapter V; now we inves-
tigate existence and uniqueness for the martingale problem for an operator
L.

Section 1 discusses existence. We will see that there exists a solution
if the coefficients of L are continuous or if the diffusion coefficients are
bounded and uniformly elliptic.

A solution to the martingale problem need not necessarily satisfy the
strong Markov property. We see in Section 2 that regular conditional prob-
abilities can act as a replacement. If the diffusion coefficients are uniformly
elliptic, one can find strong Markov families of solutions.

The question of uniqueness of solutions is often quite difficult. Section
3 gives some techniques that allow us to reduce the problem to a simpler
one.

Section 4 proves uniqueness in three cases, all under the assumption of
uniform ellipticity. The first is when the diffusion coefficients are continuous,
the second is when they are continuous except possibly at one point, and
the third is when the dimension of the state space is two.

When uniqueness holds, there are some interesting consequences. These
are discussed in Section 5.

A brief account of the submartingale problem and diffusions with re-
flection constitute Section 6.
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1. Existence

In this section we discuss the existence of solutions to the martingale
problem for an elliptic operator in nondivergence form. Let L be the elliptic
operator in nondivergence form defined by

Lf(x) =
1
2

d∑

i,j=1

aij(x)∂ijf(x) +
d∑

i=1

bi(x)∂if(x), f ∈ C2. (1.1)

We assume throughout that the aij and bi are bounded and measurable.
Since the coefficient of ∂ijf(x) is (aij(x) + aji(x))/2, there is no loss of gen-
erality in assuming that aij = aji. We let

N (Λ1, Λ2) ={L : sup
i≤d

‖bi‖∞ ≤ Λ2 and (1.2)

Λ1|y|2 ≤
d∑

i,j=1

yiyjaij(x) ≤ Λ−1
1 |y|2 for all x, y ∈ Rd}.

If L ∈ N (A,B) for some A > 0, then we say L is uniformly elliptic.
A probability measure P is a solution to the martingale problem for L

started at x if
P(X0 = x) = 1 (1.3)

and

f(Xt) − f(X0) −
∫ t

0

Lf(Xs) ds (1.4)

is a local martingale under P whenever f is in C2(Rd).

We begin by showing that continuity of the coefficients of L is a suffi-
cient condition for the existence of a solution to the martingale problem.

(1.1) Theorem. Suppose the aij and bi are bounded and continuous and x ∈ Rd.
Then there exists a solution to the martingale problem for L started at x.

Proof. Let anij and bni be uniformly bounded C2 functions on Rd that converge
to aij and bi uniformly on compacts. Let

Lnf(x) =
1
2

d∑

i,j=1

anij(x)∂ijf(x) +
d∑

i=1

bni (x)∂if(x), (1.5)

let σn be a Lipschitz square root of an, and let Xn be the solution to

dXn
t = σn(Xn

t ) dWt + bn(Xn
t ) dt, Xn

0 = x,

where Wt is a d-dimensional Brownian motion. Let Pn be the law of Xn.
Our desired P will be a limit point of the sequence {Pn}.
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Each Pn is a probability measure on Ω = C([0,∞)). A collection of
continuous functions on a compact set has compact closure if they are
uniformly bounded at one point and they are equicontinuous. This and
Theorem V.2.4 imply easily that the Pn are tight.

Let Pnk be a subsequence that converges weakly and call the limit P.
We must show that P is a solution to the martingale problem. If g is a
continuous function on Rd with compact support, g(X0) is a continuous
function on Ω, so

g(x) = E nkg(X0) → E g(X0).

Since this is true for all such g, we must have P(X0 = x) = 1.
Next let f ∈ C2(Rd) be bounded with bounded first and second partial

derivatives. To show

E
[
f(Xt) − f(Xs) −

∫ t

s

Lf(Xr) dr;A
]

= 0

whenever A ∈ Fs, it suffices to show

E
[{

f(Xt) − f(Xs) −
∫ t

s

Lf(Xr) dr
} m∏

i=1

gi(Xri)
]

= 0 (1.6)

whenever m ≥ 1, 0 ≤ r1 ≤ · · · ≤ rm ≤ s, and the gi are continuous functions
with compact support on Rd. Setting

Y (ω) =
{
f(Xt) − f(Xs) −

∫ t

s

Lf(Xr) dr
} m∏

i=1

gi(Xri),

Y is a continuous bounded function on Ω, so EY = limk→∞ E nkY . Since
Pnk is a solution to the martingale problem for Lnk ,

E nk

[{
f(Xt) − f(Xs) −

∫ t

s

Lnkf(Xr) dr
} m∏

i=1

gi(Xri)
]

= 0.

Since the gi are bounded, it suffices to show

E nk

[∫ t

s

|(Lf − Lnkf)(Xr)| dr
]
→ 0 (1.7)

as k → ∞.
Let ε > 0. Choose M large so that Pnk (supr≤t |Xr| ≥ M) ≤ ε. This

can be done uniformly in k by Proposition V.2.3. Now choose k large so
that |aij(y) − a

nk
ij (y)| < ε if |y| ≤ M and i, j = 1, . . . , d, and similarly |bi(y) −

b
nk
i (y)| < ε if |y| ≤ M and i = 1, . . . , d. Since f ∈ C2 and the anij and bni are
uniformly bounded, there exist c1 and c2 such that

sup
n

‖Lnf‖∞ ≤ c1, ‖Lf‖∞ ≤ c1,

and
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sup
|y|≤M

|Lnkf(y) − Lf(y)| ≤ c2ε.

Then

E nk

∫ t

s

|(Lf−Lnkf)(Xr)| dr

≤ c2(t− s)ε + 2(t− s)c1Pnk (sup
r≤t

|Xr| ≥ M)

≤ c3ε,

which proves (1.7).
Finally, suppose f ∈ C2 but is not necessarily bounded. Let fM be a C2

function that is bounded with bounded first and second partial derivatives
and that equals f on B(0,M). If TM = inf{t : |Xt| ≥ M}, the above argument
applied to fM shows that fM (Xt)− fM (X0)− ∫ t

0
LfM (Xs) ds is a martingale,

and hence so is f(Xt∧TM )−f(X0)−∫ t∧TM
0

Lf(Xs) ds. Since Xt is continuous,
TM → ∞ a.s., and therefore f(Xt)−f(X0)−∫ t

0
Lf(Xs) ds is a local martingale.

�


If the operator L is uniformly elliptic, we can allow the bi to be bounded
without requiring any other smoothness. If L is given by (1.1), let L′ be
defined by

L′f(x) =
1
2

d∑

i,j=1

aij(x)∂ijf(x). (1.8)

(1.2) Theorem. Suppose L ∈ N (Λ1, Λ2). If there exists a solution to the mar-
tingale problem for L′ started at x, then there exists a solution to the martingale
problem for L started at x.

Proof. Let P′ be a solution to the martingale problem for L′ started at
x. Let σ(x) be a positive definite square root of a(x). Then under P′ (cf.
Theorem II.5.1), Xi

t is a martingale and d〈Xi, Xj〉t = aij(Xt) dt. Letting
Wt =

∫ t
0
σ−1(Xs) dXs, we see as in the proof of Theorem II.5.1 that Wt is a

d-dimensional Brownian motion with quadratic variation 〈W i,W j〉t = δijt.
Hence under P′ the process Wt is a Brownian motion and

dXt = σ(Xt) dWt.

Define a new probability measure P by setting the restriction of dP/dP′

to Ft equal to

Mt = exp
(∫ t

0

(bσ−1)(Xs) dWs +
1
2

∫ t

0

|(bσ−1)(Xs)|2 ds
)
. (1.9)

Under P′, Mt is a martingale. By the Girsanov theorem (Section I.1), under
P each component of
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Xt −
〈∫ ·

0

(bσ−1)(Xs) dWs, X
〉

t
= Xt −

∫ t

0

b(Xs) ds

is a martingale and the quadratic variation of X remains the same. If

W̃t =
∫ t

0

σ−1(Xs) d
(
Xs −

∫ s

0

b(Xr) dr
)
,

then under P, W̃t is a martingale with 〈W̃ i, W̃ j〉t = δijt, and hence W̃ is a
Brownian motion. Thus

dXt = σ(Xt) dW̃t + b(Xt) dt.

By Theorem V.1.1, P is therefore a solution to the martingale problem for
L. �


As a consequence of Theorems 1.1 and 1.2, there exists a solution to
the martingale problem if L ∈ N (Λ1, Λ2) for some Λ1, Λ2 > 0 and the aij are
continuous.

Even if the aij are not continuous, a solution to the martingale problem
will exist if uniform ellipticity holds.

(1.3) Theorem. Suppose L ∈ N (Λ1, Λ2), where the aij and bi are measurable.
If x ∈ Rd, there exists a solution to the martingale problem for L started at x.

Proof. By Theorem 1.2, we may assume the bi are identically 0. Let anij
be C2 coefficients so that if Ln is defined by (1.5), then Ln ∈ N (Λ1, 0).
Suppose also that the anij(x) converge to aij(x) almost everywhere. Let Pn
be the solution to the martingale problem for Ln started at x, constructed
as in the proof of Theorem 1.1. As in Theorem 1.1, the Pn are tight and a
subsequence Pnk converges weakly, say to P.

As in the last paragraph of the proof of Theorem 1.1, it suffices to sup-
pose f ∈ C2 is bounded with bounded first and second partial derivatives.
Let gi be continuous functions on Rd with compact support. Write G for∏m

i=1 gi(Xri). Since

∣
∣
∣E nk

[
G

∫ t

s

Lnkf(Xr) dr
]
− E

[
G

∫ t

s

Lf(Xr) dr
]∣
∣
∣

≤ E nk

[
|G|

∫ t

s

|Lnkf − Lf)(Xr)| dr
]

+
∣
∣
∣E nk

[
G

∫ t

s

Lf(Xr) dr
]
− E

[
G

∫ t

s

Lf(Xr) dr
]∣
∣
∣,

we will have our result if (i) (1.7) holds and (ii)
∣
∣
∣E nk

[
G

∫ t

s

Lf(Xr) dr
]
− E

[
G

∫ t

s

Lf(Xr) dr
]∣
∣
∣ → 0 (1.10)
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for bounded f ∈ C2. We first show (i). Let ε > 0. As in the proof of Theorem
1.1, there exist c1 and M such that

sup
n

Pn(sup
r≤t

|Xr| ≥ M) < ε

and
sup
n

‖Lnf‖∞ ≤ c1, ‖Lf‖∞ ≤ c1.

By Theorem V.6.2,

E nk

[∫ t

s

|(Lf − Lnkf)(Xr)| dr
]

≤ 2(t− s)c1Pnk (sup
r≤t

|Xr| ≥ M)

+ etE nk

[∫ ∞

0

e−r1B(0,M)(Xr)|(Lf − Lnkf)(Xr)| dr
]

≤ c2ε + c3e
t‖(Lf − Lnkf)1B(0,M)‖d,

where c3 is independent of nk. The uniform boundedness of the anij and
convergence of anij to aij almost everywhere imply that the right-hand side
will be less than c4ε if k is large, which proves (1.7).

To prove (ii), let ε > 0, let M > 0 be large so that Pnk (supr≤t |Xr| ≥
M) < ε and P(supr≤t |Xr| ≥ M) < ε, and let F be a continuous function on
Rd with support in B(0,M) such that

∫

B(0,M)

|(Lf − F )(x)|d dx < εd.

Then by Theorem V.6.2,
∣
∣
∣E nk

[
G

∫ t

s

(1B(0,M)Lf − F )(Xr) dr
]∣
∣
∣

≤ et
m∏

i=1

‖gi‖∞E nk

∫ ∞

0

e−r|(1B(0,M)Lf − F )(Xr)| dr

≤ c5ε.

On the other hand,
∣
∣
∣E nk |G|

∫ t

s

(1B(0,M)cLf)(Xr) dr
∣
∣
∣ ≤ c6ε

by our choice of M and the fact that Lf is bounded. Similar equations hold
with E nk replaced by E . Since F is continuous,

E nk

[∫ t

s

F (Xr) dr
∏

gi(Xri)
]
→ E

[∫ t

s

F (Xr) dr
∏

gi(Xri)
]

as k → ∞. (1.10) follows. �
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Virtually the same proof shows

(1.4) Corollary. Suppose L ∈ N (A,B) and xn → x. If Pn is a solution to the
martingale problem for L started at xn, then any subsequential limit point of the
Pn will be a solution to the martingale problem for L started at x.

Proof. We follow the proof of Theorem 1.3, but we no longer have (1.7) to
show and need only show (1.10). This is proved exactly as in the proof of
Theorem 1.3. �


2. The strong Markov property

We are not assuming that our solutions are part of a strong Markov
family. As a substitute we have the following. Let P be a solution to the
martingale problem for L started at x and let S be a finite stopping time.
Define a probability measure PS on Ω = C([0,∞)) by

PS(A) = P(A ◦ θS). (2.1)

Here θS is the shift operator that shifts the path by S. Recall the definition of
regular conditional probability from Section I.5. Let QS(ω, dω′) be a regular
conditional probability for PS [ · | FS ].

(2.1) Proposition. With probability one, QS(ω, ·) is a solution to the martingale
problem for L started at XS(ω).

Proof. If A(ω) = {ω′ : X0(ω′) = XS(ω)}, we first show that QS(ω,A(ω)) = 1
for almost every ω. To do this, it suffices to show that

P(B) = E P[QS(ω,A(ω));B]

whenever B ∈ FS. The right-hand side, by the definition of QS, is equal to

E P[PS(A | FS);B] = E P[P(XS = X0 ◦ θS | FS);B]

= P(XS = XS ;B) = P(B).

Next, if f ∈ C2 and is bounded with bounded first and second partial
derivatives, we need to show that

Mt = f(Xt) − f(X0) −
∫ t

0

Lf(Xr) dr

is a martingale under QS for almost every ω. Let u > t. Since Mt ◦ θS =
Mt+S −MS is a martingale with respect to FS+t, then

E P[Mu ◦ θS ;B ◦ θS ∩A] = E P[Mt ◦ θS ;B ◦ θS ∩A]
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whenever B ∈ Ft and A ∈ FS. This is the same as saying

E P[(Mu1B) ◦ θS ;A] = E P[(Mt1B) ◦ θS ;A]. (2.2)

Since (2.2) holds for all A ∈ FS, by the definition of QS,

E QS
[Mu;B] = E QS

[Mt;B]

whenever B ∈ Ft, which is what we needed to show.
Finally, if f ∈ C2, then Mt is a local martingale under QS by the same

argument as in the last paragraph of the proof of Theorem 1.1. �


Essentially the same proof shows that

(2.2) Corollary. Let Q′
S be a regular conditional probability for PS [ · | XS ]. Then

with probability one, Q′
S is a solution to the martingale problem for L started at

XS(ω).

If L ∈ N (Λ1, Λ2), we can in fact show that there exists a family of
solutions to the martingale problem that is a strong Markov family. We
take Λ2 = 0 for simplicity.

(2.3) Theorem. Let Λ > 0 and suppose Ln ∈ N (Λ, 0) with the anij ∈ C2 and con-
verging almost everywhere to the aij. Suppose (Pxn, Xt) is a strong Markov family
of solutions to the martingale problem for Ln. Then there exists a subsequence nk
and a strong Markov family of solutions (Px, Xt) to the martingale problem for
L such that Pxnk converges weakly to Px for all x.

Note that part of the assertion is that the subsequence nk does not depend
on x.

Proof. Let {gi} be a countable dense subset of C(Rd), the continuous
bounded functions on Rd, and let {λj} be a countable dense subset of (0,∞).
Let

Gλng(x) = E
x
n

∫ ∞

0

e−λtg(Xt) dt.

Note that ‖Gλng‖∞ ≤ ‖g‖∞/λ. By the equicontinuity of Gλng in n for each g

(see Theorem V.8.1) and a diagonalization argument, we can find a subse-
quence nk such that G

λj
nkgi converges boundedly and uniformly on compacts.

Since
‖Gλjn g −G

λj
n h‖∞ ≤ 1

λj
‖g − h‖∞

it follows that Gλjnkg converges uniformly on compacts for all g ∈ C(R). Since

‖Gλng −Gµng‖∞ ≤ c1
λ− µ

‖g‖∞
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(see Corollary IV.2.6), it follows that Gλnkg converges uniformly on compacts
for all bounded g ∈ C(Rd) and all λ ∈ (0,∞). Call the limit Gλg.

Suppose xn → x. By the tightness estimate Theorem V.2.4, P
xnk
nk is a

tight sequence. Let P be any subsequential limit point. By Corollary 1.4, P is
a solution to the martingale problem for L started at x. If n′ is a subsequence
of nk such that P

x′
n
n′ converges weakly to P, by the equicontinuity of Gλng,

E

∫ ∞

0

e−λtg(Xt) dt = lim
n′→∞

E
xn′
n′

∫ ∞

0

e−λtg(Xt) dt

= lim
n′→∞

Gλn′g(xn′) = Gλg(x).

This holds for all bounded and continuous g; hence we see that if P1 and
P2 are any two subsequential limit points of P

xnk
nk , their one-dimensional

distributions agree by the uniqueness of the Laplace transform and the
continuity of g(Xt).

We next show that the two-dimensional distributions of any two sub-
sequential limit points must agree. If g and h are bounded and continuous
and µ > λ,

E

∫ ∞

0

∫ ∞

0

e−λte−µsg(Xt)h(Xt+s) ds dt

= lim
n′→∞

E
xn′
n′

∫ ∞

0

∫ ∞

0

e−λte−µsg(Xt)h(Xt+s) ds dt

= lim
n′→∞

E
xn′
n′

∫ ∞

0

e−λtg(Xt)EXt
n′

∫ ∞

0

e−µsh(Xs) ds dt

= lim
n′→∞

E
xn′
nk

∫ ∞

0

e−λtg(Xt)Gµn′h(Xt) dt

= lim
n′→∞

Gλn′
(
g(Gµn′h)

)
(xn′).

By the equicontinuity of the Gµnh and the fact that Gµnkh converges bound-
edly and uniformly on compacts to Gµh, the right-hand side converges to
Gλ(g(Gµh))(x). By the uniqueness of the Laplace transform, we see that any
two subsequential limit points have the same two-dimensional distributions.

Repeating the argument, we see that any two subsequential limit points
have the same finite dimensional distributions. Since Xt is continuous, this
implies that P1 = P2. We have thus shown that if xn → x, then P

xnk
nk

converges weakly to a probability measure; we call the limit Px. By the
proof of Theorem 1.3, we know that Px is a solution to the martingale
problem for L started at x.

We now want to show that (Px, Xt) forms a strong Markov family of so-
lutions. We will do this by first showing that E

x
nkf(Xt) converges uniformly

on compacts to E
xf(Xt) if f is bounded and continuous. We have pointwise

convergence of E
x
nkf(Xt) for each x since we have weak convergence of Pxnk

to Px.
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We claim that the maps x �→ E
x
nf(Xt) are equicontinuous on compacts.

If not, there exists ε > 0, R > 0, a subsequence nm, and xm, ym ∈ B(0, R)
such that |xm − ym| → 0 but

|E xm
nmf(Xt) − E

ym
nmf(Xt)| > ε. (2.3)

By compactness, there exists a further subsequence such that P
xmj
nmj

con-
verges weakly and also xmj → x ∈ B(0, R); it follows that ymj → x also.
By what we have already proved, P

xmj
nmj

converges weakly to Px; hence
E
xmj
nmj

f(Xt) converges to E
xf(Xt) and the same with xmj replaced by ymj ,

a contradiction to (2.3). We thus have that the maps x �→ E
x
nf(Xt) are

equicontinuous.
This implies that the convergence of E

x
nkf(Xt) is uniform on compacts.

In particular, the limit E
xf(Xt) is a continuous function of x. By [PTA,

Section I.3], the map x �→ E
xf(Xt) being continuous when f is continuous

implies that (Px, Xt) is a strong Markov family of solutions. �


3. Some useful techniques

In this section we want to provide a number of results that make proofs
of uniqueness for the martingale problem easier. First, we show that if the
diffusion coefficients are uniformly elliptic, then the drift coefficients do not
matter. Second, we show that it is enough to look at λ-resolvents. Third, we
prove that uniqueness of the martingale problem is a local property. Fourth,
we see that it suffices to look at strong Markov solutions, and fifth, it is
enough to look at 0-potentials in bounded domains. Finally, we examine
time changes.

Let us show that for uniformly elliptic operators we may assume the
drift coefficients are 0.

(3.1) Theorem. Suppose L′ is defined by (1.8) and suppose there is uniqueness
for the martingale problem for L′ started at x. If L ∈ N (Λ1, Λ2), then there is
uniqueness for the martingale problem for L started at x.

Proof. Let P1,P2 be two solutions to the martingale problem for L started
at x. From the definition of martingale problem, 〈Xi, Xj〉t =

∫ t
0
aij(Xs) ds.

Define Qi on Ft, i = 1, 2, by

dQi/dPi = exp
(
−

∫ t

0

(ba−1)(Xs) dXs − 1
2

∫ t

0

(ba−1bT )(Xs) ds
)
,

where bT denotes the transpose of b. A simple calculation shows that the
quadratic variation of

∫ t
0

(ba−1)(Xs) dXs is
∫ t
0

(ba−1bT )(Xs) ds, so dQi/dPi is
of the right form for use in the Girsanov theorem. If f ∈ C2 and
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Mt = f(Xt) − f(X0) −
∫ t

0

Lf(Xs) ds, (3.1)

thenMt is a local martingale under Pi. By Itô’s formula, the martingale part
of Mt is the same as the martingale part of

∫ t
0
∇f(Xs) · dXs. We calculate

〈∫ ·

0

ba−1(Xs) dXs,M
〉

t
=

∫ t

0

d∑

i,j=1

(ba−1)j(Xs)∂if(Xs) d〈Xi, Xj〉s

=
∫ t

0

d∑

i=1

bi(Xs)∂if(Xs) ds.

Hence by the Girsanov theorem, under Qi the process

Mt −
(
−

∫ t

0

b(Xs) · ∇f(Xs) ds
)

= f(Xt) − f(X0) −
∫ t

0

L′f(Xs) ds

is a local martingale. Clearly Qi(X0 = x) = 1, so Qi is a solution to the
martingale problem for L′ started at x. By the uniqueness assumption,
Q1 = Q2. So if A ∈ Ft,

Pi(A) =
∫

A

exp
(∫ t

0

(ba−1)(Xs) dXs +
1
2

∫ t

0

(ba−1bT )(Xs) ds
)
dQi,

which implies P1(A) = P2(A). �


To prove uniqueness it turns out that it is sufficient to look at quan-
tities which are essentially λ-potentials (that is, λ-resolvents). It will be
convenient to introduce the notation

M(L, x) = {P :P is a solution to the (3.2)

martingale problem for L started at x}.

(3.2) Theorem. Suppose for all x ∈ Rd, λ > 0, and f ∈ C2(Rd),

E 1

∫ ∞

0

e−λtf(Xt) dt = E 2

∫ ∞

0

e−λtf(Xt) dt

whenever P1,P2 ∈ M(L, x). Then for each x ∈ Rd the martingale problem for L
has a unique solution.

Proof. By the uniqueness of the Laplace transform and the continuity of f
and Xt, our hypothesis implies that E 1f(Xt) = E 2f(Xt) for all t > 0 and
f ∈ C2 if x ∈ Rd and P1,P2 ∈ M(L, x). A limit argument shows that equality
holds for all bounded f . In other words, the one-dimensional distributions
of Xt under P1 and P2 are the same.

We next look at the two-dimensional distributions. Suppose f, g are
bounded and 0 < s < t. For i = 1, 2, let Pi,s(A) = Pi(A ◦ θs), and let Qi
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be a regular conditional probability for E i,s(· | Xs). By Corollary 2.2, Qi

is a solution to the martingale problem for L started at Xs. By the first
paragraph of this proof,

E Q1g(Xt−s) = E Q2g(Xt−s), a.s.

Since Q1(A) is measurable with respect to the σ-field generated by the single
random variable Xs for each A, then E Q1g(Xt−s) is also measurable with
respect to the σ-field generated by Xs. So E Q1g(Xt−s) = ϕ(Xs) for some
function ϕ. Then

E 1f(Xs)g(Xt) = E 1[f(Xs)E 1(g(Xt) | Xs)]

= E 1f(Xs)E Q1(g(Xt−s)) = E 1f(Xs)ϕ(Xs).

By the uniqueness of the one-dimensional distributions, the right-hand
side is equal to E 2f(Xs)ϕ(Xs), which, similarly to the above, is equal to
E 2f(Xs)g(Xt). Hence the two-dimensional distributions of Xt under P1 and
P2 are the same.

An induction argument shows that the finite dimensional distributions
of Xt under P1 and P2 are the same. Since Xt has continuous paths, we
deduce P1 = P2. �


We now want to show that questions of uniqueness for martingale
problems for elliptic operators are local questions. We start by giving a
“piecing-together” lemma.

(3.3) Lemma. Suppose L1,L2 are two elliptic operators with bounded coeffi-
cients. Let S = inf{t : |Xt − x| ≥ r} and let P1,P2 be solutions to the martingale
problems for L1,L2, respectively, started at x. Let Q2 be a regular conditional
probability for E P2S

[· | FS ], where P2S(A) = P2(A ◦ θS). Define P by

P(B ◦ θS ∩A) = E P1 [Q2(B);A], A ∈ FS , B ∈ F∞.

If the coefficients of L1 and L2 agree on B(x, r), then P is a solution to the
martingale problem for L started at x.

P represents the process behaving according to P1 up to time S and accord-
ing to P2 after time S.

Proof. It is clear that the restriction of P to FS is equal to the restriction of
P1 to FS. Hence

P(X0 = x) = P1(X0 = x) = 1.

If f ∈ C2,

Mt = f(Xt∧S) − f(X0) −
∫ t∧S

0

L1f(Xs) ds

= f(Xt∧S) − f(X0) −
∫ t∧S

0

L2f(Xs) ds
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is a martingale under P1. Since for each t these random variables are FS
measurable, Mt is also a martingale under P. It remains to show that Nt =
f(XS+t) − f(XS) − ∫ S+t

S
L2f(Xs) ds is a martingale under P. This follows

from Proposition 2.1 and the definition of P. �


(3.4) Theorem. Suppose L ∈ N (Λ1, Λ2). Suppose for each x ∈ Rd there exist
rx > 0 and K(x) ∈ N (Λ1, Λ2) such that the coefficients of K(x) agree with those
of L in B(x, rx) and the solution to the martingale problem for K(x) is unique
for every starting point. Then the martingale problem for L started at any point
has a unique solution.

Proof. Fix x0 and suppose P1 and P2 are two solutions to the martingale
problem for L started at x0. Suppose x1 is such that x0 ∈ B(x1, rx1/4). Let
S = inf{t : |Xt − x1| > rx1/2}. Write PK for the solution to the martin-
gale problem for K(x1) started at x0. Let QK

S be the regular conditional
probability defined as in (2.1). For i = 1, 2, define

Pi(B ◦ θS ∩A) = E i[QK
S (B);A], i = 1, 2, A ∈ FS , B ∈ F∞. (3.3)

Since the coefficients of L and K(x1) agree on B(x1, rx1), by Lemma 3.3
applied to Pi and PK, Pi is a solution to the martingale problem for K(x1)
started at x0. By the uniqueness assumption, they must both be equal to
PK. Hence the restriction of P1 and P2 to FS must be the same, namely,
the same as the restriction of PK to FS. We have thus shown that any two
solutions to the martingale problem for L started at a point x0 agree on FS
if x0 ∈ B(x1, rx1/4) and S = inf{t : |Xt − x1| > rxi/2}.

Let N > 0. B(x0, N) is compact and hence there exist finitely many
points x1, . . . , xm such that {B(xi, rxi/4)} is a cover for B(x0, N). Let us
define a measurable mapping ψ : B(x0, N) → {1, . . . ,m} by letting ψ(x) be
the smallest index for which x ∈ B(xψ(x), rψ(x)/4). Let S0 = 0 and Si+1 =
inf{t > Si : Xt /∈ B(ψ(XSi), rψ(X(Si)/2)}. The Si are thus stopping times
describing when Xt has moved far enough to exit its current ball.

We now show that any two solutions P1 and P2 for the martingale
problem for L started at x0 agree on FSi∧τ(B(x0,N)) for each i. We already
have done the case i = 1 in the first paragraph of this proof.

Let Qi,S1 be a regular conditional probability defined as in (2.1). If
A ∈ FS1 and B ∈ (F∞ ◦ θS1) ∩ FS2 , then

Pi(A ∩B) = E i[Qi,S1(B);A], i = 1, 2.

By Proposition 2.1, Qi,S1 is a solution to the martingale problem for L
started at XS1 , so by what we have shown in the first paragraph Q1,S1 =
Q2,S1 on (F∞ ◦ θS1)∩FS2 . Since Qi,S1(B) is FS1 measurable and P1 = P2 on
FS1 , this shows P1(A∩B) = P2(A∩B). The random variable

∫ S2

0
e−λrf(Xr) dr

can be written
∫ S1

0

e−λrf(Xr) dr + e−λS1

(∫ S1

0

e−λrf(Xr) dr ◦ θS1

)
.
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Hence E 1
∫ S2

0
e−λrf(Xr) dr = E 2

∫ S2

0
e−λrf(Xr) dr whenever f is bounded

and continuous and λ > 0. As in Theorem 3.2, this implies P1 = P2 on FS2 .
Using an induction argument, P1 = P2 on FSi∧τ(B(x0,N)) for each i. Note

that
r = min

1≤i≤m
rxi > 0.

Since Si+1 − Si is greater than the time for Xt to move more than r/4,
Si ↑ τB(0,N) by the continuity of the paths of Xt. Therefore P1 = P2 on
Fτ(B(x0,N)). Since N is arbitrary, this shows that P1 = P2. �


It is often more convenient to work with strong Markov families. Recall
the definition of M(L, x) from (3.2).

(3.5) Theorem. Let L ∈ N (Λ, 0). Suppose there exists a strong Markov family
(Px1 , Xt) such that for each x ∈ Rd, Px1 is a solution to the martingale problem
for L started at x. Suppose whenever (Px2 , Xt) is another strong Markov family
for which Px2 ∈ M(L, x) for each x, we have Px1 = Px2 for all x. Then for each x

the solution to the martingale problem for L started at x is unique.

In other words, if we have uniqueness within the class of strong Markov
families, then we have uniqueness.

Proof. Let f be bounded and continuous, λ > 0, and x ∈ Rd. Let P be any
solution to the martingale problem for L started at x. By Theorem V.8.2,
there exists a sequence anij converging to aij almost everywhere as n → ∞
such that the coefficients of the anij are C2, Ln ∈ N (Λ, 0), and if P̃xn is a
solution to the martingale problem for Ln started at x,

Ẽ
x

n

∫ ∞

0

e−λtf(Xt) dt → E

∫ ∞

0

e−λtf(Xt) dt. (3.4)

By Theorem 2.3, there exists a subsequence nk such that P̃xnk converges
weakly for all x, and if we call the limit P̃x, then (P̃x, Xt) is a strong Markov
family of solutions. By our hypothesis, P̃x = Px1 . Using the weak convergence
of P̃xnk to Px1 ,

Ẽ
x

nk

∫ ∞

0

e−λtf(Xt) dt → E
x
1

∫ ∞

0

e−λtf(Xt) dt.

Combining with (3.4),
∫ ∞
0

e−λtf(Xt) dt has the same expectation under P

and Px1 . Our result now follows by Theorem 3.2. �


Besides equality of λ-potentials, it is enough to show equality of 0-
potentials on bounded domains.

(3.6) Theorem. Let L ∈ N (Λ, 0). Suppose there exists a strong Markov family
(Px1 , Xt) such that for each x ∈ Rd, Px1 is a solution to the martingale problem
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for L started at x. Suppose whenever (Px2 , Xt) is another strong Markov family
for which Px2 ∈ M(L, x) for each x, we have: for all f bounded and continuous
and M > 0,

E
x
1

∫ τB(0,M)

0

f(Xt) dt = E
x
2

∫ τB(0,M)

0

f(Xt) dt.

Then there is uniqueness for the martingale problem for L at each starting point
x.

Proof. Let

Gλi f(x) = E
x
i

∫ τB(0,M)

0

e−λtf(Xt) dt, i = 1, 2.

By Proposition V.2.3 and scaling, there exists c1 such that

‖Gλi ‖∞ ≤
(

sup
x

E
x
i τB(0,M)

)
‖f‖∞ ≤ c1‖f‖∞,

with c1 independent of λ. Since (Pxi , Xt) is a strong Markov family,
(Pxi , Xt∧τ(B(0,M))) has the Markov property. By Corollary IV.2.6, we have

Gλi G
µ
i =

Gλi −Gµi
µ− λ

and
Gλi f = Gµi f + (λ− µ)(Gµi )2f + (λ− µ)2(Gµi )3f + · · ·

as long as |λ−µ| ≤ 1/2c1. Our hypothesis is that G0
1 = G0

2. So for λ < 1/2c1,
we have Gλ1f = Gλ2f . By the uniqueness of the Laplace transform,

E
x
1f(Xt∧τ(B(0,M))) = E

x
2f(Xt∧τ(B(0,M)))

for almost every t. By continuity, this equality must hold for all t. Since
(Pxi , Xt∧τ(B(0,M))) is a strong Markov family, this suffices to show that the
finite dimensional distributions of Xt∧τ(B(0,M)) under Px1 and Px2 are the
same. Since M is arbitrary, this shows equality. Now apply Theorem 3.5.

�


Finally, we show that time changing a process preserves uniqueness.

(3.7) Theorem. Let L ∈ N (Λ1, Λ2). Suppose there exists r : Rd → (0,∞) and
c1 such that c−1

1 ≤ r(x) ≤ c1 for all x. If there exists a unique solution to the
martingale problem for L started at x, then there exists a unique solution to the
martingale problem for rL started at x.

Here rL is defined by (rL)f(x) = r(x)Lf(x).

Proof. For simplicity, let us do the case where the drift coefficients are zero.
If P1 and P2 are two solutions to the martingale problem for rL started at x,
and σ is a positive definite square root of a, then under both P1 and P2, each
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component of Xt is a local martingale, and d〈Xi, Xj〉t = r(Xt)aij(Xt) dt. Let
At =

∫ t
0
r(Xs) ds, Bt = inf{u : Au > t}, and Yt = XBt . If f ∈ C2, then

∫ Bt

0

r(Xs)Lf(Xs) ds =
∫ Bt

0

r(Xs)Lf(Xs)
ds

dAs
dAs

=
∫ t

0

Lf(XBu) du.

Hence

f(Yt) − f(Y0)−
∫ t

0

Lf(Yu) du

= f(XBt) − f(X0) −
∫ Bt

0

r(Xs)Lf(Xs) ds

is a local martingale. So the law of Yt under Pi is a solution to the martingale
problem for L started at x, i = 1, 2. By the uniqueness hypothesis, it follows
that the law of Yt under P1 and the law of Yt under P2 are the same. A
calculation similar to the one above shows that if Ct =

∫ t
0
r−1(Ys) ds and

Dt = inf{u : Cu > t}, then Xt = YDt . Moreover, Dt is measurable with
respect to the σ-fields generated by Yt. Hence the law of Xt is the same
under P1 and P2, which means P1 = P2. �


4. Some uniqueness results

We present some of the cases for which uniqueness of the martingale
problem is known. We assume L ∈ N (Λ1, Λ2) for some Λ1 > 0, and by virtue
of Theorem 3.1, we may take Λ2 = 0 without loss of generality.

(4.1) Theorem. Suppose d ≥ 3. There exists εd (depending only on the dimen-
sion d) with the following property: if

sup
i,j

sup
x

|aij(x) − δij | < εd,

then there exists a unique solution to the martingale problem for L started at any
x ∈ Rd.

Proof. Let P1, P2 be any two solutions to the martingale problem for L
started at x. Define Gλi f(x) = E

x
i

∫ ∞
0

e−λtf(Xt) dt. If f ∈ C2 is bounded
with bounded first and second partial derivatives, then by Itô’s formula,

f(Xt) = f(X0) + martingale +
∫ t

0

Lf(Xs) ds.

Multiplying by e−λt, taking the expectation with respect to Pi, and inte-
grating over t from 0 to ∞,
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E i

∫ ∞

0

e−λtf(Xt) dt =
1
λ
f(x) + E i

∫ ∞

0

e−λt
∫ t

0

Lf(Xs) ds dt (4.1)

=
1
λ
f(x) + E i

∫ ∞

0

Lf(Xs)
∫ ∞

s

e−λt dt ds

=
1
λ
f(x) +

1
λ

E i

∫ ∞

0

e−λsLf(Xs) ds.

Set
uλ(z) =

∫ ∞

0

e−λt((2πt)−d/2e−z2/2t) dt,

the λ-potential density of Brownian motion. Let Uλf(x) =
∫
f(y)uλ(x−y) dy,

the λ-potential of f with respect to Brownian motion. Then set

B =
1
2

d∑

i,j=1

(aij(x) − δij)∂ijf(x). (4.2)

If f = Uλg for g ∈ C2 with compact support, then by Corollary IV.2.6,

Uλg = U0(g − λUλg).

By [PTA, Proposition II.3.3],

∆Uλg

2
= λUλg − g = λf − g.

Since Lf = (1/2)∆f + Bf , we have from (4.1) that

Gλi f = λ−1f(x) + λ−1Gλi

(
∆Uλg

2
+ Bf

)
(x)

= λ−1f(x) + λ−1Gλi (λf − g) + λ−1Gλi Bf,
or

Gλi g = f(x) + Gλi Bf(x).

Hence
Gλi g = Uλg(x) + Gλi BUλg(x), i = 1, 2. (4.3)

(We remark that if we were to iterate (4.3), that is, substitute for Gλi on
the right-hand side, we would be led to

Gλi g = Uλg + UλBUλg + · · · ,

which indicates that (4.3) is essentially variation of parameters in disguise.)
We return to the proof. Let

ρ = sup
‖g‖d≤1

|Gλ1g −Gλ2g|.

By Theorem V.6.2, ρ < ∞. Taking the difference of (4.3) with i = 1 and
i = 2, we have

Gλi g −Gλ2g = (Gλ1 −Gλ2 )(BUλg). (4.4)
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The right-hand side is bounded by ρ‖BUλg‖d. By (III.8.1),

‖BUλg‖d ≤ εd

d∑

i,j=1

‖∂ijUλg‖d ≤ εdc1d
2‖g‖d ≤ (1/2)‖g‖d

if we take εd < 1/2c1d2. Hence

|Gλ1g −Gλ2g| ≤ (ρ/2)‖g‖d.

If we now take the supremum of the left-hand side over g ∈ C2 with ‖g‖d ≤ 1,
we obtain ρ ≤ ρ/2. Since we observed that ρ < ∞, this means that ρ = 0, or
Gλ1g = Gλ2g if g ∈ Ld. In particular, this holds if g is continuous with compact
support. By a limit argument, this holds for all continuous bounded g. This
is true for every starting point x ∈ Rd, so by Theorem 3.2, P1 = P2. �


(4.2) Corollary. Let C be a positive definite matrix. There exists εd such that if

sup
i,j

sup
x

|aij(x) − Cij | < εd,

then there exists a unique solution to the martingale problem for L started at any
x ∈ Rd.

Proof. Let σ(x) be a positive definite square root of a(x) and C1/2 a posi-
tive definite square root of C. By Theorem 1.1, to establish uniqueness it
suffices to establish weak uniqueness of the stochastic differential equation
dXt = σ(Xt) dWt. If Xt is a solution to this stochastic differential equation, it
is easy to see that Yt = C−1/2Xt is a solution to dYt = (σC−1/2)(Yt) dWt and
conversely. By Theorem 1.1 again, weak uniqueness for the latter stochastic
differential equation will follow if we have weak uniqueness for the martin-
gale problem for LC , where the coefficients of LC are C−1aij . The assump-
tion |aij(x) − Cij | < εd implies |C−1aij(x) − δij | < c1εd, where c1 depends on
C. The result follows by Theorem 4.1 by taking εd sufficiently small. �


We now can prove the important result due to Stroock and Varadhan.

(4.3) Theorem. If L ∈ N (Λ1, Λ2) and the aij are continuous, then the martin-
gale problem for L started at x has a unique solution.

Proof. By Theorem 3.1, we may suppose that Λ2 = 0. If x ∈ Rd, let C = a(x)
and then choose rx such that if y ∈ B(x, 2rx), then |aij(y) − aij(x)| < εd for
i, j = 1, . . . , d, where εd is given by Corollary 4.2. Let axij(y) be continuous
functions that agree with aij(y) on B(x, rx) and such that if

Kxf(z) =
d∑

i,j=1

axij(z)∂ijf(z),

then Kx ∈ N (Λ1, 0), and
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sup
i,j

sup
y

|axij(y) − aij(x)| < εd.

By Corollary 4.2, we have uniqueness of the martingale problem for Kx
starting at any point in Rd. Moreover, the coefficients of Kx agree with
those of L inside B(x, rx). The conclusion now follows by Theorem 3.4. �


Next we prove uniqueness for the case where the diffusion coefficients
are continuous except at a single point.

(4.4) Theorem. Suppose L ∈ N (Λ1, Λ2) and the aij are continuous except at
x = 0. Then for each x there exists a unique solution to the martingale problem
for L started at x.

Proof. Again assume without loss of generality that Λ2 = 0. We will use The-
orem 3.6. So we may suppose (Px1 , Xt) and (Px2 , Xt) are two strong Markov
families, M ≥ 0, and we must show G1 = G2, where

Gif(x) = E
x
i

∫ τ(B(0,M))

0

f(Xs) ds.

If we set âij to be continuous and equal to aij outside of a neighborhood
B(0, δ) of 0, and we define L̂ by (1.1) with aij replaced by âij , then we have
uniqueness of the martingale problem for L̂ by Theorem 4.3. By the proof
of Theorem 3.4, Px1 = Px2 on FT (B(0,δ)) if |x| > δ. Since δ is arbitrary, Px1 = Px2
on FT0 , where we have written T0 for T{0}, the hitting time to 0.

By the strong Markov property,

Gif(x) = E
x
i

∫ τ(B(0,M))∧T0

0

f(Xs) ds

+ E
x
i

[
E

0
i

∫ τ(B(0,M))

0

f(Xs) ds;T0 < τB(0,M)

]
.

By what we have just shown, the first term does not depend on i. So to
show uniqueness we must show that E

0
i

∫ τ(B(0,M))

0
f(Xs) ds does not depend

on i either; since (T0 < τB(0,M)) is in FT0 , then P1(T0 < τB(0,M)) = P2(T0 <

τB(0,M)), and the result will follow by Theorem 3.6.
By a limit argument, it suffices to consider nonnegative f that are 0 in

B(0, δ) for some δ. Let ε < δ. Then
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E
0
i

∫ τ(B(0,M))

0

f(Xs) ds

= E
0
i

∫ τ(B(0,ε))

0

f(Xs) ds + E
0
iGif(Xτ(B(0,ε)))

= E
0
i

∫ τ(B(0,ε))

0

f(Xs) ds

+ E
0
iE

X(τ(B(0,ε)))
[∫ τ(B(0,M))∧T0

0

f(Xs) ds
]

+ E
0
iE

X(τ(B(0,ε)))
i

[
E
X(T0)
i

∫ τ(B(0,M))

0

f(Xs) ds;T0 < τB(0,M)

]
.

Set Gf(x) = E
x
∫ τ(B(0,M))∧T0

0
f(Xs) ds; this, as we have seen, does not de-

pend on i. Therefore

Gif(0) = E
0
i

∫ τ(B(0,ε))

0

f(Xs) ds + E
0
iGf(Xτ(B(0,ε)))

+ E
0
iE

X(τ(B(0,ε)))
i [Gif(0);T0 < τB(0,M)].

Since f is 0 inside B(0, δ), the first term on the right is 0. Let h(x) =
Px(T0 > τ(B(0,M))); again this expression does not depend on i. By the
support theorem, h(x) is positive if x �= 0. We then have

Gif(0) = E
0
iGf(Xτ(B(0,ε))) + Gif(0) − E

0
ih(Xτ(B(0,ε)))Gif(0),

and hence

Gif(0) =
E

0
iGf(Xτ(B(0,ε)))

E
0
ih(Xτ(B(0,ε)))

. (4.5)

Neither Gf nor h depends on i. We will show that if xn is any sequence
with |xn| → 0, then

lim
n→∞

Gf(xn)/h(xn) (4.6)

exists. This will imply limx→0 Gf(x)/h(x) exists. Letting ε → 0 and using
(4.5), we then conclude that Gif(0) does not depend on i, and the theorem
will follow.

Let r < δ. By looking at C(Gf/h) + D for suitable C and D, we may
assume that the infimum of C(Gf/h) + D on ∂B(0, r) is 0, the supremum
is 1, and, moreover, that there exists x0 ∈ ∂B(0, r/2) such that (C(Gf/h) +
D)(x0) ≥ 1/2. Observe that Gf(X(t ∧ τ(B(0, δ)) ∧ T0)) is a martingale and
the same is true if Gf is replaced by h. Hence C(Gf/h)+D = (CGf +Dh)/h
is still the ratio of functions, each of whose composition with Xt∧τ(B(0,δ))∧T0

is a martingale. By our choice of C and D, CGf + Dh ≥ 0 on ∂B(0, r), and
hence by optional stopping is greater than or equal to 0 in B(0, r). Similarly,
CGf+Dh ≤ Dh in B(0, r). By the Harnack inequality, Corollary V.7.7, there
exist c1 and c2 such that if x ∈ ∂B(0, r/2), then



4. Some uniqueness results 149

h(x) ≤ c1h(x0), (CGf + Dh)(x) ≥ c2(CGf + Dh)(x0).

By scaling, c1 and c2 are independent of r. So

(C(Gf/h) + D)(x) ≥ (c2/c1)(C(Gf/h) + D)(x0) ≥ c2/2c1,

or
Osc

∂B(0,r/2)
(CGf/h + D) ≤ 1 − c2/2c1 < 1.

(Recall OscA g = supA g − infA g.) It follows that

Osc
∂B(0,r/2)

(Gf/h) ≤ ρ Osc
∂B(0,r)

(Gf/h)

for ρ = 1 − c2/2c1, which is independent of r. As in the proof of Theorem
V.7.5, this implies that the limit in (4.6) exists. �


Observe that the value of aij(0) plays no role in the proof of Theorem
4.4. This is a special case of the fact that changing the values of the aij on
a set of measure 0 makes no difference to the martingale problem for uni-
formly elliptic operators. To be more precise, suppose L1,L2 ∈ N (Λ, 0) and
{x : L1f(x) �= L2f(x) for some bounded f ∈ C2} has zero Lebesgue measure.
If P is a solution to the martingale problem for L1, then by Theorem V.6.2,

E

∫ ∞

0

e−λt|L1f(Xt) − L2f(Xt)| dt = 0.

So for bounded f ∈ C2

f(Xt) − f(X0) −
∫ t

0

L1f(Xs) ds = f(Xt) − f(X0) −
∫ t

0

L2f(Xs) ds

almost surely, from which it follows that P is also a solution to the martin-
gale problem for L2.

The final case we wish to consider is the case when L ∈ N (Λ, 0), no
smoothness assumptions are made on the aij , and the dimension d is 2.

(4.5) Theorem. Suppose d = 2, L ∈ N (Λ, 0). The martingale problem for L
started at any x is unique.

Proof. By the time change result Theorem 3.7, we may assume that
trace a(x) = 2. We follow the proof of Theorem 4.1. We will be done once
we show

‖BUλg‖2 ≤ ρ‖g‖2 (4.7)

for some ρ < 1, where B is defined by (4.2). We have

BUλg(x) =
1
2

(a11(x) − 1)∂11U
λg(x) +

1
2

(a22(x) − 1)∂22U
λg(x)

+ a12(x)∂12U
λg(x).
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Since a11(x) + a22(x) = 2,

|BUλg(x)|
≤ 1

2

{
|a11(x) − 1| |(∂11U

λg − ∂22U
λg)(x)| + |a12(x)| |2∂12U

λg|
}

≤ 1
2

(
|a11(x) − 1|2 + |a12(x)|2

)1/2

×
(

(∂11U
λg(x) − ∂22U

λg(x))2 + 4(∂12U
λg(x))2

)1/2
.

By Parseval’s identity,
∫

R2

(
[∂11U

λg(x) − ∂22U
λg(x)]2 + 4[∂12U

λg(x)]2
)
dx

= c1

∫

R2

(
|[∂11U

λg − ∂22U
λg]̂ (ξ)|2 + 4|[∂12U

λg]̂ (ξ)|2
)
dξ,

where [ · ]̂ denotes Fourier transform. The right-hand side is equal to

c1

∫ ∣
∣
∣
−ξ2

1 ĝ(ξ)
λ + |ξ|2/2

− −ξ2
2 ĝ(ξ)

λ + |ξ|2/2

∣
∣
∣
2

+ 4
∣
∣
∣
−ξ1ξ2ĝ(ξ)
λ + |ξ|2/2

∣
∣
∣
2
dξ

= c1

∫
(ξ2

1 + ξ2
2)2

(λ + |ξ|2/2)2
|ĝ(ξ)|2 dξ ≤ 4c1

∫

|ĝ(ξ)|2 dξ = 4‖g‖2
2.

Since trace a = 2,

(a11 − 1)2 + a12(x)2 = − det(I − a(x)).

If U is an orthogonal matrix such that D = U−1a(x)U is a diagonal matrix,
then trace D = trace a(x) = 2 and det(I − a(x)) = det(I − D). Since L is
uniformly elliptic, − det(I −D) ≤ c2 < 1 for a constant c2 independent of x.
Combining,

‖BUλg‖2 ≤ 1
2
c
1/2
2 (2‖g‖2) = c

1/2
2 ‖g‖2,

which proves (4.7) with ρ = c
1/2
2 . �


There are some other cases where uniqueness is known. If the aij are
continuous except on a set that is small in a certain sense, we have unique-
ness (Krylov [4], Safonov [1]). If L ∈ N (Λ1, Λ2) and Rd can be divided into
the union of finitely many disjoint polyhedra such that the aij are con-
stant on the interior of each polyhedron, then uniqueness holds (Bass and
Pardoux [1]). Gao [1] showed uniqueness when Rd is divided into two by
a hyperplane and the aij are uniformly continuous in each half space, but
not necessarily on the boundary. On the other hand, Nadirashvili [1] has
constructed an example in R3 of an elliptic operator in N (Λ, 0) for some
Λ > 0 for which uniqueness does not hold.
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5. Consequences of uniqueness

We mention some conclusions that one can draw when uniqueness
holds.

(5.1) Theorem. Suppose there exists a unique solution Px to the martingale
problem for L started at x for each x ∈ Rd. Then (Px, Xt) forms a strong Markov
family.

Proof. This is a consequence of Theorem 1.1 and Theorem I.5.1. �


Uniqueness implies some convergence results.

(5.2) Theorem. Suppose Ln ∈ N (Λ1, Λ2) and the diffusion coefficients anij con-
verge to aij almost everywhere, and similarly for the drift coefficients bni . Suppose
xn → x, P is the unique solution to the martingale problem for L started at x,
and for each n, Pn is a solution to the martingale problem for Ln started at xn.
Then Pn converges weakly to P.

Proof. By Theorem V.2.4, the probability measures Pn are tight. By The-
orem 1.3 and its proof, any subsequential limit point is a solution to the
martingale problem for L started at x. By the uniqueness hypothesis, any
subsequential limit point must be equal to P; this implies that the whole
sequence converges to P. �


A more interesting application is to Markov chains converging to a
diffusion. See Stroock and Varadhan [2].

(5.3) Theorem. If there exists a unique solution Px to the martingale problem
for all x and f is continuous on ∂B(0, 1), then u(x) = E

xf(Xτ(B(0,1))) is a
continuous function on B(0, 1).

Proof. This follows by Theorem III.3.4. �


If L is an elliptic operator in N (Λ1, Λ2), u is said to be a good solution for
the equation (λ− L)u = f if whenever Ln is a sequence in N (Λ1, Λ2) whose
drift and diffusion coefficients are smooth and converge almost everywhere
to those of L, then the solution to (λ−Ln)un = f converges to u uniformly
on compacts. When a good solution exists, weak uniqueness is said to hold
for the equation (λ−L)u = f . The point here is that the solution u is stable
under slight perturbations of the coefficients of L.

(5.4) Theorem. Suppose L ∈ N (Λ1, Λ2). The martingale problem for L started
at x has a unique solution for every x ∈ Rd if and only if weak uniqueness holds
for the equation (λ− L)u = f for all f continuous and bounded.
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Proof. Let us suppose we have uniqueness for the martingale problem. Let f
be bounded and continuous. By Theorem 5.2, if x ∈ Rd, Pxn converges weakly
to Px, where Pxn is the solution to the martingale problem for Ln started at
x. The solution to (λ − Ln)un = f is given by un(x) = E

x
n

∫ ∞
0

e−λtf(Xt) dt.
By weak convergence, this converges to u(x) = E

x
∫ ∞
0

e−λtf(Xt) dt. We
thus have pointwise convergence of un to u. By Theorem V.8.1, the un are
equicontinuous, which implies that the convergence is uniform on compacts.

Conversely, suppose we have weak uniqueness. By Theorem 3.2, to
show uniqueness of the martingale problem, we must show that if f is
bounded and continuous, then the value of E

∫ ∞
0

e−λtf(Xt) dt must be the
same no matter which solution P of the martingale problem started at x

is used. Let u be a good solution to (λ− L)u = f . By Theorems V.8.2 and
V.8.8, there exist Ln ∈ N (Λ1, Λ2) with smooth coefficients such that if Pn
is the solution to the martingale problem for Ln started at x, then

un(x) = E n

∫ ∞

0

e−λtf(Xt) dt → E

∫ ∞

0

e−λtf(Xt) dt.

Since u is a good solution, un(x) → u(x). Hence E
∫ ∞
0

e−λtf(Xt) dt = u(x),
and the value of E

∫ ∞
0

e−λtf(Xt) dt is determined uniquely. �


6. Submartingale problems

Suppose Xt is a solution to

dXt = σ(Xt) dWt + b(Xt) dt + v(Xt) dLt, Xt ∈ D, X0 = x0, (6.1)

where Lt is a continuous nondecreasing process that increases only when
Xt ∈ ∂D and v is a vector field on ∂D. If f is C2 in D and C1 in D, Itô’s
formula says that

f(Xt) = f(X0) + martingale +
∫ t

0

Lf(Xs) ds (6.2)

+
∫ t

0

(∇f · v)(Xs) dLs,

where L is defined by (1.1). If in addition,

∇f · v ≥ 0 on ∂D, (6.3)

then the process f(xt)−f(X0)−∫ t
0
Lf(Xs) ds is a submartingale since

∫ t
0

(∇f ·
v)(Xs) dLs is nondecreasing.

A probability measure P on C([0,∞), D) is called a solution to the
submartingale problem corresponding to (L, v) started at x0 if P(X0 = x0) = 1
and



7. Notes 153

f(Xt) − f(X0) −
∫ t

0

Lf(Xs) ds

is a submartingale whenever f is C2 on D, C1 on D, and ∇f · v ≥ 0 on
∂D. Suppose D is a C2 domain, the aij and bi are bounded, the aij are
continuous, L is strictly elliptic, v is C1, and infx∈∂D ν(x) · v(x) > 0, where
ν(x) is the inward pointing unit normal vector at x ∈ ∂D. Stroock and
Varadhan [1] have shown that in this case there is a unique solution to the
submartingale problem for (L, v) starting at each x0 ∈ D.

7. Notes

The martingale problem was originally formulated by Stroock and
Varadhan; see Stroock and Varadhan [2]. Most of Sections 1 through 4
follows Stroock and Varadhan [2]. Theorem 4.4 is due to Cerutti, Escauri-
aza, and Fabes [1]. For more on the subject of Section 6 see Stroock and
Varadhan [1].



This page intentionally left blank



VII
DIVERGENCE FORM
OPERATORS

In this chapter we consider elliptic operators in divergence form. Prob-
abilistic techniques play a much smaller role here than in Chapters 5 and
6. However, one can still say a great deal about the processes associated to
operators in divergence form.

Section 1 consists mostly of definitions. Section 2 discusses a number
of classical analytic inequalities.

One of the major results in this subject is the Harnack inequality of
Moser. This is proved in Section 3.

Sections 4, 5, and 6 are devoted to obtaining upper and lower bounds
on the transition densities of processes associated to operators in divergence
form. Section 4 obtains an upper bound by a method due to Nash. Better
bounds can be obtained for the off-diagonal terms by a method of Davies;
this is in Section 5. Section 6 contains the lower bounds.

Section 7 contains some extensions of the results in Sections 4 through
6, primarily the Hölder continuity of the transition densities and bounds
for Green functions.

Section 8 discusses some path properties for the associated processes.

1. Preliminaries

Elliptic operators in divergence form are operators L defined on C2 func-
tions by

Lf(x) =
1
2

d∑

i,j=1

∂i(aij∂jf)(x), (1.1)
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where the aij are measurable functions of x and aij(x) = aji(x) for all pairs
i, j and all x. Let D(Λ) be the set of operators in divergence form such that
for all x and all y = (y1, . . . , yd),

Λ|y|2 ≤
d∑

i,j=1

aij(x)yiyj ≤ Λ−1|y|2. (1.2)

Throughout this chapter we assume the operator L is uniformly elliptic, that
is, L ∈ D(Λ) for some Λ > 0.

If the aij are not differentiable, an interpretation has to be given to
Lf ; see (1.6). For most of this chapter we will assume the aij are smooth.
With this assumption,

Lf(x) =
1
2

d∑

i,j=1

aij(x)∂ijf(x) +
1
2

d∑

j=1

( d∑

i=1

∂iaij(x)
)
∂jf(x), (1.3)

and so L is equivalent to an operator in nondivergence form (cf. Chapter V)
with bj(x) = (1/2)

∑d

i=1 ∂iaij(x). However, all of our estimates for L ∈ D(Λ)
will depend only on Λ and not on any smoothness of the aij . So by a limit
procedure, our results and estimates will be valid for operators L where the
aij are only bounded and strictly elliptic. See Sections 7 and 8 for a bit
more information on these more general aij .

We refer to the conclusion of the following proposition as scaling.

(1.1) Proposition. Let L ∈ D(Λ) and let (Px, Xt) be the associated process
(in the sense of Section I.2). If r > 0, arij(x) = aij(x/r), and Lrf(x) =∑d

i,j=1 ∂i(a
r
ij∂jf)(x), then Lr ∈ D(Λ) and (Px/r, rXt/r2) is the process associated

to Lr.
Proof. Using (1.3), this is proved entirely analogously to Proposition V.2.2.
See also the proof of Proposition I.8.6. �


An important example of operators in divergence form is given by the
Laplace-Beltrami operators on Riemannian manifolds. Such an operator is
the infinitesimal generator of a Brownian motion on the manifold. After a
time change (cf. Theorem VI.3.7), the Laplace-Beltrami operator in local
coordinates is an operator in divergence form, where the aij matrix is the
inverse of the matrix gij that determines the Riemannian metric.

Recall the divergence theorem. Suppose D is a nice region, F is a
smooth vector field, ν(x) is the outward pointing normal vector at x ∈ ∂D,
and σ is surface measure on ∂D. The divergence theorem then says that

∫

∂D

F · ν(y)σ(dy) =
∫

D

divF (x) dx. (1.4)
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(1.2) Proposition. Let g be a C∞ function with compact support and f a
bounded C∞ function. Then

∫

Rd

g(x)Lf(x) dx = −1
2

∫

Rd

( d∑

i,j=1

∂ig(x)aij(x)∂jf(x)
)
dx.

The integrand on the right could be written ∇g · a∇f .

Proof. We apply the divergence theorem. Let D be a ball large enough
to contain the support of g and let F (x) be the vector field whose ith
component is

g(x)
2

d∑

j=1

aij(x)∂jf(x).

Since g is 0 on ∂D, then F · ν = 0 on ∂D, and also,

divF (x) =
1
2

d∑

i=1

∂i

(
g(x)

d∑

j=1

aij(x)∂jf(x)
)

=
1
2

d∑

i,j=1

∂ig(x)aij(x)∂jf(x) + g(x)Lf(x).

We now substitute into (1.4). �


Applying Proposition 1.2 twice, if f and g are smooth with compact
support, ∫

g(x)Lf(x) dx =
∫

f(x)Lg(x) dx. (1.5)

This equation says that L is self-adjoint with respect to Lebesgue measure.

Note that Proposition 1.2 allows us to give an interpretation to Lf = 0
even when the aij are not differentiable. We say f is a solution to Lf = 0 if
f is differentiable in some sense, e.g., f ∈ W 1,p for some p and

∫ d∑

i,j=1

∂if(x)aij(x)∂jg(x) dx = 0 (1.6)

whenever g is in C∞ with compact support. Here W 1,p is the closure of
C2 ∩ L∞ with respect to the norm

‖f‖W1,p = ‖f‖p +
d∑

i=1

‖∂if‖p.

See Stein [1] for further information about the space W 1,p.

The expression
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∫
1
2

d∑

i,j=1

aij(x)∂if(x)∂jg(x) dx =
1
2

∫

∇f(x) · a(x)∇g(x) dx

is an example of what is known as a Dirichlet form. If we denote it by E(f, g),
then Proposition 1.2 says that

∫

gLf dx = −E(f, g)

for g with compact support. In the case of Brownian motion, the Dirichlet
form is

EBM (f, g) =
1
2

∫

∇f(x) · ∇g(x) dx.

Part of defining a Dirichlet form is specifying the domain. For example, the
Dirichlet form for Brownian motion in Rd has domain {f ∈ L2 : EBM (f, f) <
∞}. The Dirichlet form for reflecting Brownian motion in a domain D ⊆ Rd

operates on {f ∈ L2(D) :
∫
D
|∇f(x)|2 dx < ∞}, whereas the Dirichlet form

for Brownian motion killed on exiting a set D has domain {f ∈ L2(D) :∫
D
|∇f(x)|2 dx < ∞, f = 0 on ∂D}.
Note that the uniform ellipticity of L implies that

ΛEBM (f, f) ≤ EL(f, f) ≤ Λ−1EBM (f, f). (1.7)

An active area of research is the construction of Markov processes
corresponding to a given Dirichlet form and seeing how properties of the
Dirichlet form are reflected in properties of the process; see Fukushima,
Oshima, and Takeda [1].

2. Inequalities

We will make use of several classical inequalities. The first is the
Sobolev inequality.

(2.1) Theorem. Suppose d > 2. There exists c1 such that if f ∈ C2 and ∇f ∈ L2,
then (∫

Rd

|f(x)|2d/(d−2) dx
)(d−2)/2d

≤ c1

(∫

Rd

|∇f(x)|2 dx
)1/2

.

There are many different proofs of this. See Stein [1] or [PTA, Theorem
IV.3.10]. An elegant proof using isoperimetric inequalities can be found in
Maz’ja [1]. An elementary proof can be found in Nirenberg [1].

A variant of the Sobolev inequality is the following for bounded do-
mains.
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(2.2) Corollary. Suppose d > 2. Let Q be the unit cube. Suppose f is C2 on Q

and ∇f ∈ L2(Q). There exists c1 such that

(∫

Q

|f |2d/(d−2)
)(d−2)/d

≤ c1

[∫

Q

|∇f |2 +
∫

Q

|f |2
]
.

Proof. Let Q∗ be the cube with the same center as Q but side length twice
as long. By reflecting over the boundaries of Q, we can extend f to Q∗ so
that

∫
Q∗ |f |p ≤ c2

∫
Q
|f |p for p = 2d/(d− 2) and also

∫
Q∗ |f |2 ≤ c2

∫
Q
|f |2 and

∫
Q∗ |∇f |2 ≤ c2

∫
Q
|∇f |2, where c2 is a constant not depending on f . Let ϕ be

a C∞ function taking values in [0, 1] with support in Q∗ and so that ϕ = 1
on Q. Applying Theorem 1.1 to ϕf ,

(∫

Q

|f |p
)2/p

≤
(∫

|ϕf |p
)2/p

≤ c1

∫

|∇(ϕf)|2,

where p = 2d/(d− 2). Since

|∇(ϕf)|2 ≤ 2|∇ϕ|2|f |2 + 2|ϕ|2|∇f |2,

and ϕ and ∇ϕ are bounded by constants independent of f and have support
in Q∗, the result follows. �


Another closely related inequality is the Nash inequality.

(2.3) Theorem. Suppose d ≥ 2. There exists c1 such that if f ∈ C2, f ∈ L1∩L2,
and ∇f ∈ L2, then

(∫

|f |2
)1+2/d

≤ c1

(∫

|∇f |2
)(∫

|f |
)4/d

.

Proof. If f̂(ξ) =
∫
eix·ξf(x) dx is the Fourier transform of f , then the Fourier

transform of ∂jf is iξj f̂(ξ). Recall |f̂(ξ)| ≤ ∫ |f |. By the Plancherel theorem,
∫ |f |2 = c2

∫ |f̂(ξ)|2 dξ and
∫
|∇f |2 = c2

∫ |ξ|2|f̂(ξ)|2 dξ. We have
∫

|f |2 = c2

∫

|f̂(ξ)|2 dξ ≤ c2

∫

|ξ|≤R
|f̂ |2 + c2

∫

|ξ|>R

|ξ|2
R2 |f̂ |2

≤ c3R
n
(∫

|f |
)2

+ c4R
−2

∫

|∇f |2.

We now choose R to minimize the right-hand side. �


When d ≥ 3, we can also derive Theorem 2.3 from Theorem 2.1. Let

p =
d + 2
d− 2

, q =
d + 2

4
, a =

2d
d + 2

, and b =
4

d + 2
.
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Since a + b = 2, |f |2 = |f |a|f |b, and then Hölder’s inequality with the given
p and q tells us that

∫

|f |2 ≤
(∫

|f |ap
)1/p(∫

|f |bq
)1/q

.

Since bq = 1 and ap = 2d/(d − 2), an application of Theorem 2.1 gives
Theorem 2.3.

The Poincaré inequality states the following.

(2.4) Theorem. Suppose Q is a unit cube of side length h and f is C2 on Q

with ∇f ∈ L2(Q). There exists c1 not depending on f such that
∫

Q

|f(x) − fQ|2 dx ≤ c1h
2
∫

Q

|∇f(x)|2 dx,

where fQ = |Q|−1
∫
Q
f(x) dx.

Proof. By a translation of the coordinate axes, we may suppose Q is centered
at the origin. Since ∇(f − fQ) = ∇f , by subtracting a constant from f we
may suppose without loss of generality that fQ = 0. Let us also suppose for
now that h = 1.

If m = (m1, . . . ,md), let Cm denote the Fourier coefficient of e2πim·x,
that is,

Cm =
∫

Q

e−2πim·xf(x) dx.

Since
∫
Q
f = 0, then C0 = 0. The mth Fourier coefficient of ∂jf is 2πimjCm.

By the Parseval identity and the fact that C0 = 0,
∫

Q

|∇f |2 =
∑

m

(2π)2|m|2|Cm|2 (2.1)

≥ c2
∑

m

|Cm|2 = c2

∫

Q

|f |2.

We eliminate the supposition that h = 1 by a scaling argument, namely, we
apply (2.1) to f(x) = g(xh) for x in the unit cube, and then replace g by
f . �


Finally, we will need the John-Nirenberg inequality. We continue to
use the notation

fQ = |Q|−1
∫

Q

f. (2.2)

(2.5) Theorem. Suppose Q0 is a cube, f ∈ L1(Q0), and for all cubes Q ⊆ Q0,

1
|Q|

∫

Q

|f(x) − fQ| ≤ 1. (2.3)
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Then there exist c1 and c2 independent of f such that

∫

Q0

ec1f(x) dx ≤ c2.

An f satisfying (2.3) is said to be in BMO, the space of functions of
bounded mean oscillation. A proof of Theorem 2.5 may be found in [PTA,
Proposition IV.7.6] or Garnett [1].

3. Moser’s Harnack inequality

Let Q(h) denote the cube centered at the origin with side length h.
Moser’s Harnack inequality (Theorem 3.5) says that if L ∈ D(Λ), there
exists c1 depending only on Λ such that if Lu = 0 and u ≥ 0 in Q(4), then

sup
Q(1)

u ≤ c1 inf
Q(1)

u.

We begin proving this important fact by establishing a sort of converse
to Poincaré’s inequality for powers of u. Recall that u is L-harmonic in Q(r)
if u is C2 on Q(r) and Lu = 0 on Q(r).

(3.1) Proposition. Suppose r > 1 and u is nonnegative and L-harmonic in Q(r).
There exists c1 depending only on the ellipticity bound Λ such that if v = up for
p ∈ R, then

∫

Q(1)

|∇v|2 ≤ c1

( 2p
2p− 1

)2 1
(r − 1)2

∫

Q(r)

|v|2.

Proof. The result is trivial if p = 1/2. The result is also trivial if p = 0, for
then v is identically 1 and ∇v = 0. So we suppose p is some value other than
0 or 1/2. Let ϕ be a smooth function taking values in [0, 1] with support in
Q(r) such that ϕ = 1 on Q(1) and |∇ϕ| ≤ c2/(r − 1). Let w = u2p−1ϕ2. Since
u is L-harmonic and w = 0 outside of Q(r), Proposition 1.2 tells us that

0 = 2
∫

Q(r)

wLu = −
∫

Q(r)

∇w · a∇u

= −(2p− 1)
∫

Q(r)

u2p−2ϕ2∇u · a∇u− 2
∫

Q(r)

u2p−1ϕ∇ϕ · a∇u.

We then have, using (1.2) and the Cauchy-Schwarz inequality,
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∫

Q(r)

|∇v|2ϕ2 =
∫

Q(r)

p2u2p−2|∇u|2ϕ2

≤ Λp2
∫

Q(r)

u2p−2ϕ2∇u · a∇u

= c2
2p2

|2p− 1|
∫

Q(r)

u2p−1ϕ∇ϕ · a∇u

=
2c2p2

|2p− 1|
∫

Q(r)

upϕ∇ϕ · aup−1∇u

=
2c2p

|2p− 1|
∫

Q(r)

v∇ϕ · aϕ∇v

≤ 2c3|p|
|2p− 1|

(∫

Q(r)

|∇v|2ϕ2
)1/2(∫

Q(r)

v2|∇ϕ|2
)1/2

.

Dividing both sides by (
∫
Q(r)

|∇v|2ϕ2)1/2, we obtain
∫

Q(1)

|∇v|2 ≤
∫

Q(r)

|∇v|2ϕ2

≤ c23

( 2p
2p− 1

)2
∫

Q(r)

v2|∇ϕ|2

≤ c23

( 2p
2p− 1

)2 1
(r − 1)2

∫

Q(r)

v2. �

Let us define
Φ(p, h) =

(∫

Q(h)

up
)1/p

.

(3.2) Proposition. Suppose d ≥ 3. If u ≥ 0 in Q(2) and Lu = 0 in Q(2), then
for all q0 > 0 there exists c1 (depending on q0 but not u) such that

sup
Q(1)

u ≤ c1Φ(q0, 2).

Proof. Let R = d/(d − 2), p > 0, and 2 > r > 1. By Corollary 2.2 and
Proposition 3.1,

(∫

Q(1)

u2pR
)1/R

≤ c2

[∫

Q(1)

|∇(up)|2 +
∫

Q(1)

|up|2
]

≤ c3

[ 1
(r − 1)2

( 2p
2p− 1

)2
∫

Q(r)

u2p +
∫

Q(1)

|up|2
]

≤ c4
(r − 1)2

( 2p
2p− 1

)2
∫

Q(r)

u2p.

Taking both sides to the 1/2p power and using scaling, if r < s < 2r,
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Φ(2Rp, r) ≤
(

c4
(s/r − 1)2

(2p)2

(2p− 1)2

)1/2p
Φ(2p, s). (3.1)

Suppose p0 = R−m−1/2/2, where m is the smallest positive integer such
that 2p0 < q0. Let pn = Rnp0, rn = 1 + 2−n. Then

rn
rn−1

− 1 =
2−n−1

1 + 2−(n−1) ≥ 2−n/2

and by our assumption on p0,
( 2pn

2pn − 1

)2
≤ c5,

where c5 depends only on R. Substituting in (3.1),

Φ(2pn+1, rn+1) ≤ (c622n)1/(2R
np0)Φ(2pn, rn).

By induction,
Φ(2pn, rn) ≤ cα6 2βΦ(2p0, 2),

where

α =
∞∑

j=0

1
2Rjp0

< ∞, β =
∞∑

j=0

2j
2Rjp0

< ∞.

Therefore Φ(2pn, rn) ≤ c7Φ(2p0, 2). By Hölder’s inequality,

Φ(2p0, 2) ≤ c8Φ(q0, 2).

The conclusion now follows from the fact that

sup
Q(1)

u ≤ lim sup
n→∞

Φ(2pn, rn). �

(3.3) Proposition. Suppose u is bounded below by a positive constant on Q(2)
and q0 > 0. Then there exists c1 (depending only on q0 but not u) such that

inf
Q(1)

u ≥
(∫

Q(2)

u−q0
)−1/q0

.

Proof. The proof is almost identical to the above, working with

Φ(−p, h) =
(∫

Q(h)

u−p
)−1/p

(3.2)

instead of Φ(p, h). �


To connect Φ(p, h) for p > 0 and p < 0, we look at log u.

(3.4) Proposition. Suppose u is positive and L-harmonic in Q(4). There exists
c1 independent of u such that if w = log u, then
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∫

Q

|∇w|2 ≤ c1h
d−2

for all cubes Q of side length h contained in Q(2).

Proof. Let Q∗ be the cube with the same center as Q but side length twice
as long. Note Q∗ ⊆ Q(4). Let ϕ be C∞ with values in [0, 1], equal to 1 on Q,
supported in Q∗, and such that ‖∇ϕ‖∞ ≤ c2/h. Since ∇w = ∇u/u and u is
L-harmonic in Q(4),

0 = 2
∫

ϕ2

u
Lu = −

∫

∇(ϕ2/u) · a∇u

= −
∫

2ϕ∇ϕ

u
· a∇u +

∫
ϕ2

u2 ∇u · a∇u

= −2
∫

ϕ∇ϕ · a∇w +
∫

ϕ2∇w · a∇w.

So by the Cauchy-Schwarz inequality and (1.2),
∫

Q∗
ϕ2|∇w|2 ≤ c3

∫

Q∗
ϕ2∇w · a∇w = c4

∫

Q∗
∇ϕ · aϕ∇w

≤ c5

(∫

Q∗
|∇ϕ|2

)1/2(∫

Q∗
ϕ2|∇w|2

)1/2
.

Dividing by the second factor on the right, squaring, and using the bound
on |∇ϕ|, ∫

Q

|∇w|2 ≤
∫

Q∗
ϕ2|∇w|2 ≤ c25|Q∗|(c2/h)2,

which implies our result. �


Putting all the pieces together, we have Moser’s Harnack inequality.

(3.5) Theorem. There exists c1 such that if u is L-harmonic and nonnegative
in Q(4), then

sup
Q(1)

u ≤ c1 inf
Q(1)

u.

Proof. By looking at u + ε and letting ε → 0, we may suppose u is bounded
below in Q(4). Set w = log u. By Proposition 3.4 and Theorem 2.4, there
exists c3 such that if Q is a cube contained in Q(2), then

( 1
|Q|

∫

Q

|w − wQ|
)2

≤ 1
|Q|

∫

Q

|w − wQ|2 ≤ c2
h2

|Q|
∫

Q

|∇w|2 ≤ c3.

By the John-Nirenberg inequality applied to w/c1/23 and −w/c1/23 , there exist
c4 and q0 such that
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∫

Q(2)

eq0w ≤ c4,

∫

Q(2)

e−q0w ≤ c4.

This can be rewritten as
∫

Q(2)

uq0
∫

Q(2)

u−q0 ≤ c24,

or
Φ(q0, 2) ≤ c

2/q0
4 Φ(−q0, 2). (3.3)

This and Propositions 3.2 and 3.3 show

sup
Q(1)

u ≤ c5Φ(q0, 2) ≤ c6Φ(−q0, 2) ≤ c7 inf
Q(1)

u. �

An easy corollary proved by repeated use of Theorem 3.5 to a suitable
overlapping sequence of cubes (cf. Corollary V.7.7) is the following.

(3.6) Corollary. Suppose D1 ⊆ D1 ⊆ D2, where D1 and D2 are bounded con-
nected domains in Rd and d ≥ 3. There exists c1 depending only on D1 and D2

such that if u is nonnegative and L-harmonic in D2, then

sup
D1

u ≤ c1 inf
D2

u.

Another corollary of the Moser Harnack inequality is that L-harmonic
functions must be Hölder continuous with a modulus of continuity inde-
pendent of the smoothness of the aij .

(3.7) Theorem. Suppose d ≥ 3 and suppose u is L-harmonic in Q(2). There
exist c1 and α not depending on u such that if x, y ∈ Q(1),

|u(x) − u(y)| ≤ c1|x− y|α sup
Q(2)

|u|.

Proof. Fix x and let r < 1. Our result will follow (cf. [PTA, Proposition
II.2.2]) if we show there exists ρ < 1 independent of r such that

Osc
B(x,r/2)

u ≤ ρ Osc
B(x,r)

u. (3.4)

By looking at Cu+D for suitable C and D, we may suppose that the infimum
of Cu+D on B(x, r) is 0, the supremum is 1, and there exists x0 ∈ B(x, r/2)
such that (Cu + D)(x0) ≥ 1/2. By Corollary 3.6 with D1 = B(x, r/2) and
D2 = B(x, r), there exists c2 such that

(Cu + D)(y) ≥ c2(Cu + D)(x0) ≥ c2/2, y ∈ B(x, r/2).

On the other hand, if (Px, Xt) is the process associated with L, then
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(Cu + D)(y) = E
y(Cu + D)(Xτ(B(x,r))) ≤ 1

by optional stopping. Hence OscB(x,r/2)(Cu+D) ≤ 1−c2/2, and (3.4) follows.
�


4. Upper bounds on heat kernels

We are now going to investigate bounds on the transition densities of
Xt, where (Px, Xt) is the process associated to an operator L ∈ D(Λ). Let
Pt be the operator defined by

Ptf(x) = E
xf(Xt).

We shall see that there exists a symmetric function p(t, x, y) such that

Ptf(x) =
∫

f(y)p(t, x, y) dy

and that p(t, x, y) has upper and lower bounds similar to those of Brown-
ian motion. Recall that ∂tu means ∂u/∂t. Since u(x, t) = E

xf(Xt) is also a
solution to the Cauchy problem ∂tu = Lu in Rd×(0,∞) with initial condition
u(x, 0) = f(x) and, as we have seen in Chapter II, u(x, t) =

∫
f(y)p(t, x, y) dy,

then p(t, x, y) is also the fundamental solution to the Cauchy problem for
L. The equation ∂tu = Lu is a model for heat flow in a nonhomogeneous
medium, which leads to the name heat kernel for p(t, x, y).

It is possible to derive bounds on p(t, x, y) from Moser’s Harnack in-
equality via arguments using capacities and some probabilistic arguments;
see Littman, Stampacchia, and Weinberger [1] and Barlow and Bass [1].
We present instead an approach due to Nash [1], Davies [1], and Fabes and
Stroock [2] for the upper bound, which is quite elegant and useful.

First, we derive some properties of Pt. We continue to assume that the
coefficients aij are smooth and that L ∈ D(Λ) for some Λ > 0.

(4.1) Proposition. If f ∈ C∞ is bounded and in L1, then Ptf is differentiable
in t and

∂tPtf = PtLf = LPtf.

Proof. By Itô’s formula,

Pt+hf(x) − Ptf(x) = E
x

∫ t+h

t

Lf(Xs) ds,

so
∂tPtf(x) = E

xLf(Xt) = PtLf(x)

by the continuity of Lf .
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By Proposition I.9.1 and its proof, Ptf is a smooth function of x. Ap-
plying Itô’s formula to Ptf ,

Ph(Ptf)(x) − Ptf(x) = E
xPtf(Xh) − E

xPtf(X0)

= E
x

∫ h

0

L(Ptf)(Xs) ds.

However, Ph(Ptf) = Pt+hf by the Markov property. Dividing by h, letting
h → 0, and using the continuity of L(Ptf),

∂tPtf(x) = E
xL(Ptf)(X0) = LPtf(x). �

Next we show that Pt is a symmetric operator.

(4.2) Proposition. If f and g are bounded and in L1,
∫

f(x)Ptg(x) dx =
∫

g(x)Ptf(x) dx.

Proof. Let f, g ∈ L1 ∩C2 be bounded with bounded first and second partial
derivatives. By (1.5), ∫

f(Lg) =
∫

g(Lf).

Therefore ∫

f
(
(λ− L)g

)
=

∫

g
(
(λ− L)f

)
. (4.1)

If f, g are bounded C∞ functions and λ > 0, let f = Gλf , g = Gλg, where
Gλ is defined by

Gλf(x) = E
x

∫ ∞

0

e−λtf(Xt) dt.

By Section III.6, f and g are smooth and (λ − L)f = f , (λ − L)g = g. By
Jensen’s inequality, f and g are in L1. Substituting in (4.1),

∫

(Gλf)g =
∫

(Gλg)f, λ > 0.

We have seen in Proposition 4.1 that Ptf is differentiable in t, and hence
continuous in t. Noting Gλf =

∫ ∞
0

e−λtPtf dt, the uniqueness of the Laplace
transform tells us that

∫

(Ptf)g =
∫

(Ptg)f, t > 0.

We now use a limit argument to extend this to the case where f and g are
arbitrary bounded functions in L1. �
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With these preliminaries out of the way, we can now present Nash’s
method, which yields an upper bound for the transition density.

(4.3) Theorem. There exists a function p(t, x, y) mapping (0,∞) × Rd × Rd to
[0,∞) that is symmetric in x and y for almost every pair (x, y) (with respect to
Lebesgue measure on Rd × Rd) and such that Ptf(x) =

∫
f(y)p(t, x, y) dy for all

bounded functions f . There exists c1 depending only on Λ such that

p(t, x, y) ≤ c1t
−d/2, t > 0, x, y ∈ Rd.

Proof. Let f be C∞ with compact support with
∫
f = 1. We observe that

∫

Ptf(x) dx =
∫

1(Ptf) =
∫

(Pt1)f =
∫

f = 1

because Pt1 = 1.
Set

E(t) =
∫

(Ptf(x))2 dx,

and note E(0) =
∫
f(x)2 dx < ∞. By Proposition 4.1,

E′(t) = 2
∫

Ptf(x)∂t(Ptf(x)) dx = 2
∫

Ptf(x)LPtf(x) dx.

By Proposition 1.2, this is equal to

−
∫

∇(Ptf) · a∇(Ptf)(x) dx ≤ −Λ
∫

|∇(Ptf)(x)|2 dx,

since L ∈ D(Λ). By Theorem 2.3 (the Nash inequality), we have the right-
hand side bounded above in turn by

−c2
(∫

(Ptf(x))2
)1+2/d(∫

Ptf(x)
)4/d

= −c2E(t)1+2/d.

Therefore
E′(t) ≤ −c2E(t)1+2/d, (4.2)

or
(E(t)−2/d)′ ≥ c3.

(We are treating the differential inequality (4.2) by the same methods we
would use if it were an equality and we had a first order separable differential
equation.) An integration yields

E(t)−2/d − E(0)−2/d ≥ c3t,

or
E(t)−2/d ≥ c3t.

We conclude from this that
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E(t) ≤ c4t
−d/2.

Using the linearity of Pt, we thus have that

‖Ptf‖2 ≤ c
1/2
4 t−d/4‖f‖1 (4.3)

for f smooth. A limit argument extends this to all f ∈ L1. We now use a
duality argument. If g ∈ L1 and f ∈ L2,

∫

g(Ptf) =
∫

f(Ptg) ≤ ‖f‖2‖Ptg‖2 ≤ c
1/2
4 t−d/4‖g‖1‖f‖2.

Taking the supremum over g ∈ L1 with ‖g‖1 ≤ 1,

‖Ptf‖∞ ≤ c
1/2
4 t−d/4‖f‖2. (4.4)

By the semigroup property, (4.4) applied to Pt/2f , and (4.3) applied to f ,

‖Ptf‖∞ = ‖Pt/2(Pt/2f)‖∞ ≤ c
1/2
4 (t/2)−d/4‖Pt/2f‖2

≤ c4(t/2)−d/2‖f‖1.

This says

|Ptf(x)| ≤ c5t
−d/2

∫

|f(y)| dy. (4.5)

Applying this to f = 1B, B a Borel set, we see that Px(Xt ∈ dy) is absolutely
continuous with respect to Lebesgue measure and the density, which we
shall call p(t, x, y), is nonnegative and bounded by c5t

−d/2 for almost all
pairs (x, y). The symmetry (except for a null set of pairs) follows easily by
Proposition 4.2. �


5. Off-diagonal upper bounds

A more sophisticated variant of the argument of the previous section,
due to Davies, allows us to obtain a better estimate on p(t, x, y) when |x−y|
is large relative to t1/2. We will use the notation

E(f, g) =
1
2

∫

∇f · a∇g =
1
2

∫ d∑

i,j=1

∂if(x)aij(x)∂jg(x) dx.

Let R : Rd → R be a smooth function.

(5.1) Proposition. If f ∈ C1, then

E(eRf2p−1, e−Rf) ≥ 1
p
E(fp, fp) − p

2
‖∇R · a∇R‖∞

∫

|f |2p.
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Proof. We calculate:

∇(eRf2p−1) = (2p− 1)eRf2p−2∇f + eRf2p−1∇R

and
∇(e−Rf) = e−R∇f − e−Rf∇R.

So
∇(eRf2p−1) · a∇(e−Rf)

= (2p− 1)f2p−2∇f · a∇f − (2p− 2)f2p−1∇f · a∇R

− f2p∇R · a∇R

= pf2p−2∇f · a∇f − pf2p∇R · a∇R

+ (p− 1)
[
f2p−2∇f · a∇f − 2f2p−1∇f · a∇R

+ f2p∇R · a∇R
]
.

The expression in brackets is

(fp−1∇f) · a(fp−1∇f) − 2(fp−1∇f) · a(fp∇R) + (fp∇R) · a(fp∇R)

= (fp−1∇f − fp∇R) · a(fp−1∇f − fp∇R) ≥ 0.

Since ∇(fp) = pfp−1∇f , so that ∇(fp) · a∇(fp) = p2f2p−2∇f · a∇f , we have

∇(eRf2p−1) · a∇(e−Rf) ≥ pf2p−2∇f · a∇f − pf2p∇R · a∇R

≥ 1
p
∇(fp) · a∇(fp) − p‖∇R · a∇R‖∞|f |2p.

Integrating over Rd and multiplying by 1/2 completes the derivation. �


We use Proposition 5.1 to obtain a differential inequality for the Lp

norms of a semigroup related to Pt. Let f ≥ 0 be smooth, let R be smooth,
and define

PRt f(x) = eR(x)Pt(e−Rf)(x).

Note that
∂tP

R
t f(x) = eR∂tPt(e−Rf) = eRL(Pt(e−Rf)).

Let p ≥ 1, set ft = PRt f , and E(t) = (
∫
f2p
t )1/2p. Let Γ = ‖∇R · a∇R‖∞.

(5.2) Proposition. There exists c1 independent of f , R, and p such that

E′(t) ≤ − c1
p

E(t)1+4p/d

‖ft‖4p/d
p

+
p

2
ΓE(t). (5.1)

Proof. Let D(t) =
∫
ft(x)2p dx. Then by Proposition 5.1,
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D′(t) = 2p
∫

f2p−1
t ∂tft = 2p

∫

f2p−1
t eRL(Pt(e−Rf))

= −p
∫

∇(eRf2p−1
t ) · a∇(Pt(e−Rf))

= −2pE(eRf2p−1
t , e−Rft)

≤ −2E(fpt , f
p
t ) + p2Γ

∫

f2p
t .

Since E(t) = D(t)1/2p,

E′(t) =
1
2p

D(t)1/2p−1D′(t)

≤ D(t)1/2p−1
[
− 1

p
E(fpt , f

p
t ) +

p

2
ΓD(t)

]
.

Since L ∈ D(Λ),

E(fpt , f
p
t ) =

∫

∇(fpt ) · a∇fpt ≥ Λ

∫

|∇fpt |2.

So using Theorem 2.3 (the Nash inequality),

E′(t) ≤ D(t)1/2p−1
[
− c2

p

(∫

f2p
t

)1+2/d(∫

fpt

)−4/d
+

p

2
ΓD(t)

]

≤ − c2
p
D(t)1/2p+2/d‖ft‖−4p/d

p +
p

2
ΓD(t)1/2p.

Since D(t) = E(t)2p, the conclusion follows. �


(5.3) Corollary.
‖ft‖2 ≤ eΓt/2‖f‖2.

Proof. Let p = 1. We have f0 = eRP0(e−Rf) = f , so E(0) = ‖f‖2. From
Proposition 5.2, E′(t) ≤ ΓE(t)/2. Then

(logE(t))′ = E′(t)/E(t) ≤ Γ/2,

or
logE(t) − logE(0) ≤ Γt/2.

We now solve for E(t). �


To handle the differential inequality obtained in Proposition 5.2, we
proceed in the same manner as we would if we had equality: we multiply by
an integrating factor to obtain a separable ordinary differential equation.

(5.4) Proposition. Suppose w is a nonnegative, nondecreasing continuous func-
tion on [0,∞). Suppose p ≥ 2 and a, b, Γ > 0. There exists c1 depending only on
a and b such that if
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u′(t) ≤ −a

p

tp−2u(t)1+bp

w(t)bp
+

p

2
Γu(t),

then
u(t) ≤ t−(1−1/p)/b(c1p2)1/bpeΓt/2pw(t).

Proof. Let v(t) = u(t)e−pΓt/2, so that

v′(t) =
[
u′(t) − pΓ

2
u(t)

]
e−pΓt/2.

Hence
v′(t) ≤ −a

p

tp−2v1+bpepΓt(1+bp)/2

wbp
e−pΓt/2,

or

(v−bp)′ ≥ abtp−2ebp
2Γt/2

wbp
.

Therefore

v−bp ≥ ab

∫ t

0

sp−2ebp
2Γs/2

w(s)bp
ds

≥ ab

w(t)bp

∫ t

0

sp−2ebp
2Γs/2 ds.

Using a change of variables, the integral on the right is

( 2t
bp2Γ

)p−1
∫ bp2Γ/2

0

estsp−2 ds

≥
( 2t
bp2Γ

)p−1
et(1−1/p2)bp2Γ/2

∫ bp2Γ/2

(1−1/p2)bp2Γ/2

sp−2 ds

= tp−1et(bp
2Γ−bΓ )/2 1 − (1 − 1/p2)p−1

p− 1
.

Since
1 − (1 − 1/p2)p−1

p− 1
≥ c2/p

2

for p ∈ [2,∞), then

v−bp ≥ c3
wbp

tp−1

p2 ebp
2Γt/2e−bΓt/2,

and our estimate follows easily. �


Our estimate of the upper bound is completed by

(5.5) Theorem. There exist c1 and c2 depending only on Λ such that if t > 0,
then

p(t, x, y) ≤ c1t
−d/2e−|x−y|2/c2t

for almost every pair (x, y) (with respect to Lebesgue measure on Rd × Rd).



5. Off-diagonal upper bounds 173

Proof. For p ≥ 1, let
up(t) = ‖ft‖2p,

and if p ≥ 2,
wp(t) = sup

0≤s≤t
sd(p−2)/4pup/2(s).

By Corollary 5.3,
w2(t) ≤ etΓ/2‖f‖2.

By Proposition 5.2,

u′
p(t) ≤ − c3

p

up(t)1+4p/d

up/2(t)4p/d
+

p

2
Γup(t)

≤ − c3
p

up(t)1+4p/d tp−2

wp(t)4p/d
+

p

2
Γup(t);

hence by Proposition 5.4 (with a = c3 and b = 4/d) and the definition of
w2p(t),

w2p(t) ≤ (c4p2)d/4peΓt/2pwp(t).

Using induction and the fact that
∞∏

n=1

(c422n)d/4·2n < ∞,

∞∑

n=1

Γt

2n
≤ Γt,

we have
w2n(t) ≤ c5e

Γt‖f‖2.

Therefore
‖ft‖∞ ≤ lim sup

n→∞
‖ft‖2n ≤ c6t

−d/4eΓt‖f‖2.

We have thus shown that PRt maps L2 into L∞ with norm bounded by
c6t

−d/4eΓt. Clearly the same bound holds for P−R
t . Note that

∫

f(PRt g) =
∫

feRPt(e−Rg) =
∫

ge−RPt(eRf) =
∫

g(P−R
t f).

By the duality argument of Theorem 4.3,

‖PRt f‖∞ ≤ c6t
−d/4eΓt‖f‖2.

Therefore, since

PRt f = eRPt(e−Rf) = eRPt/2
(
e−ReRPt/2(e−Rf)

)
= PRt/2P

R
t/2f,

‖PRt f‖∞ ≤ c26(t/2)−d/2e2Γ (t/2)‖f‖1.

This shows
eR(x)p(t, x, y)e−R(y) ≤ c7t

−d/2eΓt

for almost every pair (x, y). Fix t0 and then fix (x0, y0) not in the null set.
Let R(x) be a smooth bounded function equal to x · (x0 − y0)/2Λ−1t0 for
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|x| ≤ N and ‖∇R‖∞ ≤ |x0 − y0|/2Λ−1t0, where N is a large real number.
Then

p(t, x, y) ≤ c7t
−d/2 exp

(
x0 − y0

2Λ−1t0
· (y − x) + Λ−1

( |y0 − x0|
2Λ−1t0

)2
t
)
. (5.2)

Applying (5.2) with x = x0 and y = y0 and t = t0 yields the desired result.
�


Set Gf(x) = E
x
∫ ∞
0

f(Xs) ds.

(5.6) Proposition. Suppose d ≥ 3. There exist α > 0 and c1 > 0 such that

(a) |Gf(x)| ≤ c1(‖f‖∞ + ‖f‖1)

(b) |Gf(x) −Gf(y)| ≤ c1(‖f‖∞ + ‖Gf‖∞)|x− y|α.

Proof. For f ≥ 0,

Gf(x) =
∫ ∞

0

Psf(x) ds =
∫ ∞

0

∫

f(y)p(s, x, y) dy ds

≤
∫

f(y)
∫ ∞

0

p(s, x, y) dy ds ≤ c2

∫

f(y)|x− y|2−d dy,

using Theorem 5.5 (cf. [PTA, Proposition II.3.1]). For bounded f , we have
the estimate

|Gf(x)| ≤ E
x

∫ ∞

0

|(1B(x,1)f)(Xs)| ds + E
x

∫ ∞

0

|(1B(x,1)cf)(Xs)| ds

≤ ‖f‖∞

∫ ∞

0

Ps1B(x,1)(x) ds +
∫ ∞

0

Ps(1B(x,1)c |f |)(x) ds.

Since ∫

1B(x,1)(y)|x− y|2−d dy ≤ c3

and ∫

|f(y)|1B(x,1)c(y)|x− y|2−d dy ≤ c4

∫

|f(y)| dy,

(a) follows.
Now fix x0 and suppose x, y ∈ B(x0, r), where r will be chosen in a

moment.

Gf(x) = E
x

∫ τ(B(x0,r))

0

f(Xs) ds + E
x
E
Xτ(B(x0,r))

∫ ∞

0

f(Xs) ds (5.3)

= E
x

∫ τ(B(x0,r))

0

f(Xs) ds + E
xGf(Xτ(B(x0,r))).
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We have a similar expression for Gf(y). The first term on the right of (5.3)
is bounded in absolute value by ‖f‖∞E

xτB(x0,r) and

E
xτB(x0,r) ≤ E

x

∫ ∞

0

1B(x0,r)(Xs) ds

≤ c5

∫

B(x0,r)

|x− y|2−d dy ≤ c6r
2.

On the other hand, h(x) = E
xGf(Xτ(B(x0,r))) is L-harmonic in B(x0, r/2) by

Proposition III.5.1. By Theorem 3.7 and scaling, there exists β > 0 such
that

|h(x) − h(y)| ≤ c7(|x− y|/r)β‖h‖∞ ≤ c7(|x− y|/r)β‖Gf‖∞

if x, y ∈ B(x0, r/2). Combining,

|Gf(x) −Gf(y)| ≤ c8
(
‖f‖∞ + ‖Gf‖∞

)(
r2 +

|x− y|β
rβ

)
.

If we take r = |x− y|β/(β+2), we obtain (b). �


Let N be fixed, D = B(x0, N), and Gf(x) = E
x
∫ τD
0

f(Xs) ds. A similar
proof shows

(5.7) Corollary. There exist c1, c2 > 0 and α > 0 such that

(a) |Gf(x)| ≤ c1‖f‖∞

(b) |Gf(x) −Gf(y)| ≤ c2
(
‖f‖∞ + ‖Gf‖∞

)
|x− y|α.

c1 may depend on N , but c2 does not.

Proof. The only difference with the proof of Proposition 5.6 is the observa-
tion that ‖f‖L1(D) ≤ |D| ‖f‖∞. �


6. Lower bounds

In this section we show there exist c1 and c2 such that

p(t, x, y) ≥ c1t
−d/2e−|x−y|2/c2t.

We assume throughout that d ≥ 3. This restriction will be removed in
Section 7.

Let x0 ∈ Rd, N > 0, and let D = B(x0, N). We consider the process Xt

killed on exiting D. Observe that

Px(Xt ∈ B, τD > t) ≤ Px(Xt ∈ B) =
∫

B

p(t, x, y) dy. (6.1)
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This shows that Px(Xt ∈ dy, τD > t) has a density bounded by p(t, x, y).
We denote the density by pD(t, x, y), or when it is clear which domain D is
meant, by p(t, x, y).

(6.1) Proposition. p(t, x, y) = p(t, y, x) for almost every pair (x, y) (with respect
to Lebesgue measure on D ×D).

Proof.We know that Xt has continuous paths and that p(t, x, y) is symmetric
for almost every pair. With this observation the proof is now the same as
that for Brownian motion; see [PTA, Proposition II.4.1] or Port and Stone
[1]. �


Since p(t, x, y) ≤ p(t, x, y) ≤ c1t
−d/2, we have

∫

D

∫

D

p(t, x, y)2 dx dy ≤ c21t
−d|D|2, (6.2)

so P tf(x) =
∫
D
f(y)p(t, x, y) dy is a bounded linear operator on L2(D).

A linear operator T in L2 is said to be completely continuous if the
closure of {Tfn} is compact whenever {fn} is a bounded sequence in L2.
The identity I is an example of a bounded linear operator on L2 that is not
completely continuous, for if {fn} is an orthonormal set in L2(D), then

‖Ifn − Ifm‖2
2 = ‖fn − fm‖2

2 = ‖fn‖2
2 + ‖fm‖2 − 2

∫

fnfm = 2,

and no subsequence can converge. See Riesz and Sz.-Nagy [1] for further
information on completely continuous operators.

(6.2) Proposition. P t is a completely continuous operator on L2.

Proof. An operator T of the form

Tf(x) =
(∫

f(y)ϕ(y) dy
)
ϕ(x)

for ϕ ∈ L2 is completely continuous. To see this, if fn is a bounded sequence
in L2, then the numbers an =

∫
fn(y)ϕ(y) dy form a bounded sequence of re-

als, and some subsequence anj converges, say to a. Hence Tfnj = anjϕ → aϕ

in L2. Since L2 is a metric space, the fact that {Tfn} has a convergent subse-
quence whenever {fn} is bounded implies that T is completely continuous.
Such a T has a kernel ϕ(x)ϕ(y), that is,

Tf(x) =
∫

f(y)
[
ϕ(x)ϕ(y)

]
dy.

By the same argument, any operator with kernel
∑n

i=1 biϕi(x)ϕi(y) for
some n and some finite sequence {ϕi} ∈ L2 will be completely continuous.
Here the bi ∈ R.
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If Ti is completely continuous and ‖Ti − T‖2 → 0 as i → ∞, where
‖Ti − T‖2 = sup‖f‖2≤1 ‖(Ti − T )f‖2, we show T is completely continuous.
Suppose {fn} is a bounded sequence in L2. For each i, {Tifn} has compact
closure, hence a subsequence converges. By a diagonalization procedure, we
can find a subsequence nj such that Tifnj converges in L2 as j → ∞ for each
i. Since the triangle inequality tells us that

‖Tfnj − Tfnk‖2 ≤ ‖T − Ti‖2‖fnj‖2 + ‖T − Ti‖2‖fnk‖2

+ ‖Tifnj − Tifnk‖2,

then
lim sup
j,k→∞

‖Tfnj − Tfnk‖2 ≤ 2‖T − Ti‖2 sup
n

‖fn‖2.

This holds for all i, so lim supj,k→∞ ‖Tfnj − Tfnk‖2 = 0. By the complete-
ness of L2, the sequence Tfnj converges in L2, and hence the sequence has
compact closure.

We now examine P t. From (6.2) and Proposition 6.1, we can approxi-
mate p(t, x, y) in L2(D×D) by simple functions that are symmetric in x and
y. A function 1B(x, y) where (x, y) ∈ B if (y, x) ∈ B for B ⊆ D × D can be
approximated in L2(D × D) by functions of the form

∑n

i=1 ai1Ci(x)1Ci(y),
Ci ⊆ D. Therefore p(t, x, y) can be approximated in L2(D×D) by functions
of the form

T (x, y) =
m∑

j=1

biϕi(x)ϕi(y), (6.3)

where each ϕi ∈ L2(D). If T is the operator on L2 defined by Tf(x) =∫
f(y)T (x, y) dy, then

‖P tf − Tf‖2
2 =

∫

D

(∫

D

f(y)
[
p(t, x, y) − T (x, y)

]
dy

)2
dx

≤
∫

D

[∫

D

|f(y)|2 dy
] [ ∫

D

[
p(t, x, y) − T (x, y)

]2
dy

]
dx

= ‖f‖2
2

∫

D

∫

D

[
p(t, x, y) − T (x, y)

]2
dy dx.

Each operator T of the form (6.3) is completely continuous by what we
have proved, and P t can be approximated by such operators, and hence P t
is completely continuous. �


(6.3) Theorem. There exist a sequence of reals 0 < λ1 ≤ λ2 ≤ · · · tending to ∞
and a complete orthonormal system ϕi for L2(D) with ϕ1 > 0 almost everywhere
such that for each t > 0

p(t, x, y) =
∞∑

i=1

e−λitϕi(x)ϕi(y) (6.4)
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for every pair (x, y) ∈ D×D except for a null set with respect to Lebesgue measure
on D×D (the null set may depend on t). The series in (6.4) converges absolutely
with respect to L∞(D ×D).

Proof.We first show P t has only nonzero eigenvalues. By Jensen’s inequality,
‖P tf‖2 ≤ ‖f‖2. Suppose f ∈ L2(D) and f is 0 outside of D. Given ε, let g be
a continuous function with compact support such that ‖f − g‖2 < ε. Then

lim sup
t→0

‖P tf − f‖2 ≤ lim sup
t→0

‖P tf − P tg‖2 + lim sup
t→0

‖P tg − g‖2

+ ‖f − g‖2

≤ 2ε,

since P tg → g for each x by the continuity of Xt. Therefore P tf → f in L2

as t → 0.
If P tϕ = 0 for some ϕ, then

0 =
∫

ϕ(P tϕ) =
∫

(P t/2ϕ)(P t/2ϕ)

by the semigroup property and the symmetry of P t. So P t/2ϕ = 0. By
induction, P t/2nϕ = 0. Since P t/2nϕ → ϕ as n → ∞, then ϕ = 0 almost
everywhere. Hence P t cannot have any zero eigenvalues.

We now proceed just as in [PTA, Theorem II.4.13], except we substitute
the compactness in L2 for the compactness in C(D), where C(D) denotes the
continuous functions on D. In that proof a key fact was that P t mapped
bounded sequences in L2 into a set whose closure in C(D) was compact.
Here we use the fact that P t is completely continuous on L2 and hence
maps bounded sequences in L2 into a set whose closure in L2(D) is compact.
Substituting L2 for C(D) in the proof of [PTA, Theorem II.4.13], we obtain
Theorem 6.3. �


We are going to show that p(t, x, y) is jointly continuous in x and y and
then later show that we can take the modulus to depend only on N and Λ.

(6.4) Proposition. There exists a version of p(t, x, y) that is jointly continuous
in x and y.

Proof. Since we have that the convergence in (6.4) is absolute and takes
places in L∞(D ×D), to prove the proposition we need only show that ϕi
has a continuous version. We have

|P tϕi(x)| =
∣
∣
∣

∫

D

p(t, x, y)ϕi(y) dy
∣
∣
∣

≤
(∫

D

(p(t, x, y))2 dy
)1/2

(∫

D

ϕi(y)2 dy
)1/2

≤ c1

since p(t, x, y) ≤ p(t, x, y) ≤ c2t
−d/2 and |D| < ∞. From
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P 1ϕi = e−λiϕi, a.e.

we obtain
‖ϕi‖∞ ≤ c1e

λ1 < ∞.

Integrating (6.4) over t from 0 to ∞,

Gϕi = λ−1
i ϕi, a.e., (6.5)

so by Corollary 5.7, λiGϕi is a continuous version of ϕi. �


Our estimates on p(t, x, y) from Section 5 allow us to obtain a tightness
estimate.

(6.5) Proposition. There exist c1 and c2 such that

Px(sup
s≤t

|Xs − x| ≥ λ) ≤ c1e
−c2λ2/t.

Proof. Let T = inf{t : |Xt − x| ≥ λ}. We can write

Px(sup
s≤t

|Xs − x| ≥ λ) ≤ Px(T < t, |Xt − x| < λ/2) (6.6)

+ Px(|Xt − x| ≥ λ/2).

The second term on the right is bounded by
∫

B(x,λ/2)c
p(t, x, y) dy ≤

∫

|y−x|≥λ/2
c3t

−d/2e−c4|y−x|2/t dy (6.7)

≤ c5e
−c6λ2/t

by Theorem 5.5. Conditioning on T ∈ ds, the first term is bounded by
∫ t

0

Px(T ∈ ds,|Xt −XT | ≥ λ/2) (6.8)

=
∫ t

0

E
x
[
PXT (|Xt−T −X0| ≥ λ/2);T ∈ ds

]

≤
∫ t

0

E
x
[
PXs(|Xt−s −X0| ≥ λ/2);T ∈ ds

]

by the strong Markov property. By the same argument we used in deriving
(6.7), there exist c7 and c8 such that

sup
r≤t

Pz(|Xr − z| ≥ λ/2) ≤ c7e
−c8λ2/t.

Substituting in (6.8) bounds the second term on the right in (6.6). �


We can obtain a lower bound for p(t, x, x) on the diagonal as follows.
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(6.6) Proposition. There exist c1 and c2 depending only on Λ and N such that

p(t, x, x) ≥ c1t
−d/2, t > 0, x ∈ B(0, c2N).

Proof. If c3 is sufficiently large, Px(sups≤t/2 |Xs−x| > c3t
1/2) ≤ 1/2 by Propo-

sition 6.5. So
∫

B(x,c3t1/2)

p(t/2, x, y) dy (6.9)

= Px(Xt/2 ∈ B(x, c3t1/2), sup
s≤t/2

|Xs − x| < c3t
1/2) ≥ 1/2.

We have by the semigroup property and the Cauchy-Schwartz inequality,
(∫

B(x,c3t1/2)

p(t/2, x, y) dy
)2

≤ |B(x, c3t1/2)|
∫

p(t/2, x, y)2 dy

≤ c4t
d/2p(t, x, x).

By (6.9),
p(t, x, x) ≥ c4t

−d/2/4,

which is the estimate we wanted. �


The key estimate needed is a lower bound for p(t, x, y) when y is close
to x.

(6.7) Proposition. There exist c1, c2, and c3 such that if N = t1/2, |y − x| ≤
c1t

1/2, and x ∈ B(x0, c3N), then p(t, x, y) ≥ c2t
−d/2.

Proof. Fix t and x. Let

S(z) =
∞∑

i=1

λie
−λitϕi(x)ϕi(z), z ∈ D. (6.10)

By the Cauchy-Schwarz inequality,

|S(z)| ≤
( ∞∑

i=1

λie
−λitϕi(x)2

)1/2( ∞∑

i=1

λie
−λitϕi(z)2

)1/2
.

If we let a = supλ≥0 λe
−λt/2, then a < ∞ and

∞∑

i=1

λie
−λitϕi(z)2 ≤ a

∞∑

i=1

e−λit/2ϕi(z)2 (6.11)

= a p(t/2, z, z) ≤ c4at
−d/2,

and similarly with z replaced with x. It follows that S is bounded.
Let us compute GS(y). By (6.5),
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GS(y) =
∞∑

i=1

λie
−λitϕi(x)Gϕi(y) (6.12)

=
∞∑

i=1

λie
−λitϕi(x)λ−1

i ϕi(y)

= p(t, x, y).

By Proposition 6.6, p(t, x, x) ≥ c5t
−d/2. Since both S and GS are bounded

by constant multiples of t−d/2, Corollary 5.7 and scaling tell us that there
exists c6 such that

|GS(x) −GS(y)| ≤ c5t
−d/2/2, |x− y| ≤ c6t

1/2, x ∈ B(0, c6t1/2).

Hence for such y, GS(y) ≥ c5t
−d/2/2. Combining with (6.12) completes the

proof. �


We now complete the proof of the lower bound by what is known as a
chaining argument. Note p(t, x, y) ≥ p(t, x, y).

(6.8) Theorem. There exist c1 and c2 depending only on Λ such that

p(t, x, y) ≥ c1t
−d/2e−c2|x−y|2/t.

Proof. By Proposition 6.7 with x0 = x, there exists c3 such that if |x− y| <
c3t

1/2, then p(t, x, y) ≥ c4t
−d/2. Thus to prove the theorem, it suffices to

consider the case |x− y| ≥ c3t
1/2.

By Proposition 6.7 (with x0 = w) and scaling, there exist c4 and c5
such that if |z − w| ≤ c4(t/n)1/2,

p(t/n,w, z) ≥ pB(w,(t/n)1/2)(t/n,w, z) ≥ c5(t/n)−d/2. (6.13)

Let R = |x − y| and let n be the smallest positive integer greater than
9R2/c24t. So 3R/n ≤ c4(t/n)1/2. Let v0 = x, vn = y, and v1, . . . , vn−1 be points
equally spaced on the line segment connecting x and y. Let Bi = B(vi, R/n).
If w ∈ Bi and z ∈ Bi+1, then |z−w| ≤ 3R/n ≤ c4(t/n)1/2, and so p(t/n,w, z) ≥
c5(t/n)−d/2 by (6.13).

By the semigroup property,

p(t, x, y)

=
∫

· · ·
∫

p(t/n, x, z1)p(t/n, z1, z2) · · · p(t/n, zn−1, y) dz1 · · · dzn−1

≥
∫

Bn−1

· · ·
∫

B1

p(t/n, x, z1)p(t/n, z1, z2) · · · p(t/n, zn−1, y) dz1 · · · dzn−1

≥ (c6(t/n)−d/2)n
n−1∏

i=1

|Bi|.
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Since |Bi| ≥ c7(R/n)d and (R/n)(t/n)−1/2 is bounded below by a positive
constant, then

p(t, x, y) ≥ c8c
n
9 (n/t)d/2 ≥ c8t

−d/2 exp(−n log c−1
9 ).

If n > 2, then n/2 ≤ 9R2/c24t, so

p(t, x, y) ≥ c8t
−d/2 exp(−18R2 log c−1

9 /c24t).

If n ≤ 2, then 9R2/c24t ≤ 2, and

p(t, x, y) ≥ c8t
−d/2 exp(−2 log c−1

9 ).

The result follows with c1 = c8(c29 ∧ 1) and c2 = 18(log(c−1
9 ) ∧ 1)/c24. �


7. Extensions

Until later on in this section we continue to suppose that d ≥ 3 and
that the aij are smooth.

(7.1) Theorem. There exist c1 and α such that

|p(t, x, y) − p(t, x, y′)| ≤ c1t
−d/2|y − y′|α.

Proof. We showed in Proposition 6.7 that p(t, x, y) = GS(y), where S was
defined by (6.10); here p(t, x, y) = pB(x0,N)(t, x, y) and G are the transi-
tion densities and potential operator, respectively, for Xt killed on exiting
B(x0, N) for some x0 and N . By Corollary 5.7,

|GS(y) −GS(y′)| ≤ c2|y − y′|α(‖S‖∞ + ‖GS‖∞).

Moreover, both S and GS were bounded by c3t
−d/2, where c3 was indepen-

dent of x0 and N . Hence

|p(t, x, y) − p(t, x, y′)| ≤ c4t
−d/2|y − y′|α, (7.1)

c4 independent of N . We let N → ∞; using the fact that pB(x0,N)(t, x, y)
increases up to p(t, x, y) as N → ∞, we obtain (7.1) with p replaced by p.

�


By symmetry, we obtain an analogous result with the roles of x and
y reversed. Joint continuity of p(t, x, y) in (x, y) follows by the semigroup
property.

The partial derivatives of p(t, x, y) with respect to t exist and are con-
tinuous in x and y. We let ∂kt p(t, x, y) denote ∂kp(t, x, y)/∂tk.
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(7.2) Proposition. p(t, x, y) has derivatives in t of all orders on (0,∞)×Rd×Rd

and ∂kt p(t, x, y) is Hölder continuous in x and y for all k.

Proof. Fix N and recall the notation p(t, x, y) and the eigenvalue expansion
(6.4). If we let

Rk(z) = −
∞∑

i=1

(−λi)k+1e−λitϕi(x)ϕi(z),

then since supλ≥0 λ
k+1e−λt/2 < ∞, we see just as in the proof in Proposition

6.7 that ‖Rk‖∞ ≤ c1 < ∞, where c1 depends on t and k. Moreover,

GRk(x) =
∞∑

i=1

(−λi)ke−λitϕi(x)ϕi(y), (7.2)

and‖GRk‖∞ ≤ c2 with c2 depending on t and k but not N . Since

P sϕi = e−λisϕi,

then
‖ϕi‖∞ = eλis‖P sϕi‖∞

≤ eλis
(∫

D

p(t, x, y)2 dy
)1/2(∫

D

ϕi(y)2 dy
)1/2

≤ c3e
λiss−d/2, s > 0.

With this bound and (6.4), it is easy to use dominated convergence to see
that p(t, x, y) is differentiable in t and the kth partial derivative is GRk(x).
We thus have by Corollary 5.7 that ∂kt p(t, x, y) is bounded and Hölder con-
tinuous for all k. Letting N → ∞, a limit argument shows that the same is
true for ∂kt p(t, x, y) (cf. Barlow and Bass [1]). �


We obtain the following Green function estimates.

(7.3) Proposition. If d ≥ 3, there exists a symmetric function G(x, y) that is
continuous in x on Rd − {y} such that

E
x

∫ ∞

0

1B(Xs) ds =
∫

B

G(x, y) dy,

for all Borel sets B. There exist c1 and c2 such that

c1|x− y|2−d ≤ G(x, y) ≤ c2|x− y|2−d.

The function G(·, y) is L-harmonic on Rd − {y}.
Proof. Let G(x, y) =

∫ ∞
0

p(s, x, y) ds. The bounds, continuity, and symmetry
are immediate from integration and the corresponding facts about p(s, x, y).
By Fubini’s theorem,
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E
x

∫ ∞

0

1B(Xs) ds =
∫ ∞

0

Px(Xs ∈ B) ds =
∫ ∞

0

∫

B

p(s, x, y) dy ds

=
∫

B

∫ ∞

0

p(s, x, y) ds dy =
∫

B

G(x, y) dy.

Fix y and let B′ be a ball about y. By the strong Markov property, if
B ⊆ B′,

G1B(x) = E
x

∫ ∞

TB′
1B(Xs) ds = E

x
E
XT (B′)

∫ ∞

0

1B(Xs) ds

= E
xG1B(XTB′ ).

So for x /∈ B′, G1B(x) is L-harmonic as a consequence of Theorem III.5.1.
On the other hand, G1B(z) =

∫
B
G(z, y) dy. Letting B = B(y, ε), dividing

by |B(y, ε)|, and letting ε → 0, it follows that G(x, y) = E
xG(XTB′ ). This

proves that G(x, y) is L-harmonic for x /∈ B′. Since B′ is arbitrary, G(x, y)
is L-harmonic in Rd − {y}. �


We can also obtain a lower bound for the Green function in a ball.

(7.4) Proposition. Let x0 ∈ Rd, N > 0. Suppose G(x, y) =
∫ ∞
0

p(s, x, y) ds. If
r < 1, there exists c1 depending on r, Λ, and N such that G(x, y) ≥ c1|x− y|2−d

if x, y ∈ B(x0, rN).

Proof. Fix r. If n > 4/(1−r)2, then n−1/2 < (1−r)/2, and hence B(x, n−1/2N)
and B(y, n−1/2N) are contained in B(x0, N). If we take n > 4(1 − r)2 suf-
ficiently large, the chaining argument in the proof of Theorem 6.8 shows
that

p(1, x, y) ≥ c2 > 0, x, y ∈ B(x0, (1 + r)N/2). (7.3)

Let ε < (1 − r)/2. If B ⊆ B(y, εN) is a small ball about y, then by the
strong Markov property,

G1B(x) = G1B(x) + E
xG1B(Xτ(B(0,N))). (7.4)

By Proposition 7.3, G1B(z) ≤ c3|B| |z − y|2−d if z ∈ ∂B(0, N). On the other
hand,

G1B(x) ≥ c4|x− y|2−d|B|.
If ε is also less than (c4/2c3)1/(d−2)(1 − r) and w ∈ B(y, εN), then

sup
z∈∂B(x0,N)

c3|z − y|2−d ≤ inf
w∈B(y,εN)

c4|w − y|2−d/2.

Substituting in (7.4),

G1B(w) ≥ c5|w − y|2−d|B|.
Letting B shrink to {y} shows G(w, y) ≥ c5|w − y|2−d if w ∈ B(y, εN). This
establishes the proposition if x ∈ B(y, εN). If x /∈ B(y, εN), from the Markov
property and (7.3) we have
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G(x, y) ≥
∫

B(y,εN)

p(1, x, w)G(w, y) dw

≥ c2c5|B(y, εN)|ε2−d ≥ c6|x− y|2−d,

where c6 = c2c5|B(y, εN)| depends on r and N . �


Up until now we have required on our proofs that d ≥ 3. However,
Theorems 5.5, 6.8, and 7.1 are still valid when d = 2.

(7.5) Theorem. Suppose d = 2. Then the conclusions of Theorems 5.5, 6.8, and
7.1 hold.

Proof. Let Xt be the process associated with L ∈ D(Λ). Let Yt be an inde-
pendent one-dimensional Brownian motion and let X̃t = (Xt, Yt). It is easy
to see that the operator L̃ associated with X̃t is in D(Λ̃) for some Λ̃ > 0
and ãij(x1, x2, x3) = aij(x1, x2) if i, j ≤ 2 and equals (1/2)δij if one or both of
i, j equals 3. We have Theorems 5.5, 6.8, and 7.1 holding for the transition
densities p̃(t, x, y).

By the independence, if x = (x1, x2) and y = (y1, y2) are in R2 and
x̃ = (x1, x2, x3), ỹ = (y1, y2, y3), then

p̃(t, x̃, ỹ) = p(t, x, y)q(t, x3, y3),

where q(t, x3, y3) = (2πt)−1/2 exp(|x3 − y3|2/2t) is the transition density for
one-dimensional Brownian motion. Our estimates for p(t, x, y) follow by di-
viding the estimates for p̃(t, x̃, ỹ) by q(t, x3, y3). The joint continuity follows
similarly. �


We have required that the aij be smooth functions of x. The conclusions
of Theorems 5.5 and 6.8 and the estimates in this section are still valid
when the aij are not smooth but L ∈ D(Λ). See Moser [1] and Littman,
Stampacchia, and Weinberger [1] for a discussion of what a solution to
Lu = 0 means in this case.

8. Path properties

In this section we want to use our analytic estimates to derive some
properties of the process Xt associated with an operator L.

(8.1) Proposition. Suppose d ≥ 2, L ∈ D(Λ). There exist c1, c2, c3, c4 such that

c1e
−c2λ2/t ≤ Px(sup

s≤t
|Xs − x| ≥ λ) ≤ c3e

−c4λ2/t.

Proof. The upper bound for the case d ≥ 3 was done in Proposition 6.2. The
same argument takes care of the case d = 2 as well, using Theorem 7.5.
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The lower bound is a consequence of the fact that

Px(sup
s≤t

|Xs − x| ≥ λ) ≥ Px(|Xt − x| ≥ λ) =
∫

B(x,λ)c
p(t, x, y) dy

and Theorem 6.8. �


(8.2) Proposition. Suppose d ≥ 2, L ∈ D(Λ). There exist c1, c2, c3, c4 such that

c1e
−c2t/λ2 ≤ Px(sup

s≤t
|Xs − x| ≤ λ) ≤ c3e

−c4t/λ2
.

Proof. Let us first look at the upper bound. By Theorem 5.5,

sup
y∈B(x,λ)

Py(Xt0 ∈ B(x, λ)) ≤ sup
y∈B(x,λ)

∫

B(x,λ)

p(t0, y, z) dz

≤ c5t
−d/2
0 |B(x, λ)| ≤ c6λ

dt
−d/2
0 .

If we take t0 = (2c6)2/dλ2, the right-hand side will be less than 1/2. By the
Markov property,

Px( sup
s≤2t0

|Xs − x| ≤ λ) ≤ Px(Xt0 ∈ B(x, λ), X2t0 ∈ B(x, λ))

≤ E
x
[
PXt0 (Xt0 ∈ B(x, λ);Xt0 ∈ B(x, λ)

]

≤ (1/2)Px(Xt0 ∈ B(x, λ)) ≤ 1/4,

and by induction,

Px( sup
s≤nt0

|Xs − x| ≤ λ) ≤ 2−n = e−n log 2. (8.1)

So if t > t0, the upper bound follows from (8.1) by letting n be the largest
integer less than t/t0 = (2c6)−2/d(t/λ2). If t ≤ t0, the upper bound follows
by taking c3 large enough, since probabilities are bounded above by 1.

We now turn to the lower bound. We will show there exist a and b such
that if t0 = aλ2 and

C = {Xt0 ∈ B(x, λ/3), sup
s≤t0

|Xs − x| ≤ 2λ/3},

then

inf
y∈B(x,λ/3)

Py(C) ≥ b. (8.2)

Given (8.2), by the Markov property,
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Px( sup
s≤2t0

|Xs − x| ≤ λ)

≥ Px
(
Xt0 ∈ B(x, λ/3), sup

s≤t0
|Xs − x| ≤ 2λ/3,

X2t0 ∈ B(x, λ/3), sup
t0≤s≤2t0

|Xs −Xt0 | ≤ 2λ/3
)

= Px(C,C ◦ θt0) = E
x
[
PXt0 (C);C

]

≥ bPx(C) ≥ b2;

in the next to the last inequality we used the fact that on the set C we have
Xt0 ∈ B(x, λ/3). By induction,

Px( sup
s≤nt0

|Xs − x| ≤ λ) ≥ bn,

and this suffices to prove the proposition.
We now prove (8.2). If y ∈ B(x, λ/3), on the one hand, we have

Py(Xt0 ∈ B(x, λ/3)) ≥
∫

B(x,λ/3)

p(aλ2, y, z) dz (8.3)

≥ c7(aλ2)−d/2|B(x, λ/3)| ≥ c8a
−d/2

by Theorem 6.8. On the other hand, by Proposition 8.1,

Py(sup
s≤t0

|Xs − x| > 2λ/3) ≤ Py(sup
s≤t0

|Xs − y| > λ/3) (8.4)

≤ c9e
−c10λ2/t0 = c9e

−c10/a.

We can now choose a small, depending only on c8, c9, c10, such that c8a−d/2 ≥
2c9e−c10/a, and we deduce that Py(C) ≥ c8a

−d/2/2, which proves (8.2). �


From Proposition 8.2 we obtain

(8.3) Proposition. There exist c1 and c2 such that

c1r
2 ≤ E

xτB(x,r) ≤ c2r
2.

Proof. We have Px(τB(x,r) > t) = Px(sups≤t |Xs− x| ≤ r). We now use Propo-
sition 8.2 and integrate over t from 0 to ∞. �


Higher moments of τB(x,r) under Px can be estimated similarly.

(8.4) Theorem. (Support theorem) Let ψ : [0, t] → Rd be continuous and let
ε > 0. There exists c1 depending only on Λ, ε, t, and the modulus of continuity
of ψ such that

Pψ(0)(sup
s≤t

|Xs − ψ(s)| < ε) ≥ c1.
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Proof. As in the proof of Theorem I.8.5, it suffices to consider the case where
ψ is differentiable. Using (1.3) we see there exists a Brownian motion Wt

such that
dXt = σ(Xt) dWt + b(Xt) dt,

where σ is a positive definite square root of a and

bj(x) = (1/2)
d∑

i=1

∂iaij(x).

Let Mt =
∫ t
0
ψ′(s)σ−1(Xs) dWs. Note that 〈M〉t is bounded by c2t, where

c2 depends on Λ and the size of ψ′ but not on the smoothness of the aij .
Define a probability measure Q by setting its Radon-Nikodym derivative
with respect to Px to be equal to exp(Mt − 〈M〉t/2). As in the proof of
Theorem I.8.5, under Q, Xt−ψ(t) is a process associated to the operator L.
So Q(C) > c3 by Proposition 8.2, where C = {sups≤t |Xs − ψ(s)| < ε}. Then

c3 ≤ Q(C) =
∫

C

eMt−〈M〉t/2 dPx ≤
(
E
x
P

[
e2Mt−〈M〉t

])1/2(
Px(C)

)1/2

by the Cauchy-Schwarz inequality. Since

E
x
Pe

2Mt−〈M〉t = E
x
Pe

2Mt−〈2M〉t/2e〈M〉t < ∞,

we obtain Px(C) ≥ c4 with c4 depending on the aij only through Λ and not
the smoothness of the aij . �


As with processes associated to operators in nondivergence form, a
process associated to L ∈ D(Λ) hits small sets.

(8.5) Proposition. Suppose B ⊆ B(x, 1). There exists c1 depending only on Λ

and |B| such that
Px(TB < τB(x,1)) ≥ c1.

Proof. By looking at B∩B(x, r) for r sufficiently close to 1, we may suppose
B ⊆ B(x, r) for some r < 1 and still |B| > 0. We write τ for τB(x,1). By
Proposition 7.4, if G(x, y) is the Green function for B(x, 1),

E
x

∫ τ

0

1B(Xs) ds =
∫

G(x, y)1B(y) dy ≥ c2,

c2 depending only on |B|. By the strong Markov property and the fact that
G1B(z) ≤ G1B(x,1)(z) ≤ c3,

E
x

∫ τ

0

1B(Xs) ds =E
x
[
E
XTB

∫ τ

0

1B(Xs) ds;TB < τ
]

= E
x[G1B(XTB );TB < τ ] ≤ c3P

x(TB < τ).

Hence Px(TB < τ) ≥ c2/c3. �
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Because the Green function for Brownian motion and for Xt are com-
parable, much of the theory of capacity for Brownian motion has analogues
for Xt. We recall some definitions and facts; see [PTA, Section II.5] for the
Brownian case. A point x is regular for B if Px(TB = 0) = 0. If B is a
bounded set, the capacitary measure is the unique measure µB supported
on B such that GµB(x) = 1 on the regular points of B. GµB(x) → 0 as
|x| → ∞. The capacity of B is µB(B).

We content ourselves with proving the following.

(8.6) Proposition. Suppose d ≥ 3. Suppose D is a closed set such that every
point of ∂D is regular for D. Then C(D), the capacity of D, is equal to

I(D) = inf
{1

2

∫

∇f · a∇f : 0 ≤ f ≤ 1, f = 1 on D,

f(x) → 0 as |x| → ∞
}
.

Proof. Let µD be the capacitary measure for D. Then fD = GµD is a function
with values in [0, 1], equal to one on D, and tending to 0 at ∞. If g is an
integrable smooth function with compact support so that Gg is bounded,
then L(Gg) = −g and by Proposition 1.2,

1
2

∫

∇(Gg) · a∇(Gg) =
∫

g(Gg) ≤ ‖Gg‖∞

∫

|g|.

This, a limit argument, and Fatou’s lemma show that (1/2)
∫ ∇(GµD) ·

a∇(GµD) is finite and equal to
∫

(GµD)(x)µD(dx) = µD(D) = C(D).

Therefore I(D) ≤ C(D).
On the other hand, E(f, g) = (1/2)

∫ ∇f · a∇g forms an inner product.
If fD = GµD, then fD is L-harmonic in Dc and so E(fD, g) = − ∫

g(LfD) = 0
whenever g is 0 on D and tends to 0 at ∞. Therefore

E(fD + g, fD + g) = E(fD, fD) + 2E(fD, g) + E(g, g) ≥ E(fD, fD).

If h is a function with values in [0, 1] that is 1 on D and tends to 0 at ∞,
let g = h − fD. Thus E(h, h) ≥ E(fD, fD), or fD is the function minimizing
the infimum in the definition of I(D). Therefore C(D) = I(D). �


Finally, we consider briefly the case where the aij need not be smooth.
Suppose L ∈ D(Λ). Take anij tending to aij almost everywhere so that if Ln
is defined in terms of the anij , then Ln ∈ D(Λ) for all n. By the equicontinuity
of pn(t, x, y), the functions

Gλng(x) =
∫ ∫ ∞

0

e−λtpn(t, x, y) dt g(y) dy
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are equicontinuous whenever g is a continuous bounded function on Rd and
λ > 0. As in Theorem VI.2.3, there exists a subsequence such that Gλnjg

converges uniformly on compacts, say to Gλg(x), for all continuous and
bounded g and all λ > 0. For each x, Pxnj is tight, and by the argument
of Theorem VI.2.3, any two subsequential limit points must agree. So Pxnj
converges weakly, say to Px. Using the equicontinuity of pn(t, x, y) and ar-
guing as in Theorem VI.2.3, (Px, Xt) is a strong Markov process. One can
show that the Dirichlet form for this process is E(f, f) = (1/2)

∫ ∇f · a∇f .

9. Notes

Section 2 contains classical material that can be found many places.
See Stroock [2] for further discussion of the Nash inequality. In Section 3
we followed Moser [1]. A proof of the Harnack inequality that does not use
the John-Nirenberg inequality can be found in Moser [2]. Upper and lower
bounds for p(t, x, y) were first proved by Aronson [1]. Sections 4 and 5 are
based on Fabes and Stroock [2], whereas much of Sections 6, 7, and 8 are
derived from the material in Barlow and Bass [1].



VIII
THE MALLIAVIN CALCULUS

The Malliavin calculus is a method originally developed for proving
smoothness of p(t, x, y) in the variable y, where p(t, x, y) is the transition
density of a process associated to an operator with smooth coefficients. The
basic idea involves an integration by parts formula in an infinite-dimensional
space.

There are two main approaches, one using the Girsanov transformation
and the other using the Ornstein-Uhlenbeck operator. Both are interesting
and both are useful.

We present the Girsanov approach first. The integration by parts for-
mula is given in Section 1 and extended to solutions to SDEs in Section
2. This is then applied to derive a criterion for a process to have smooth
densities in Section 3.

Section 4 considers a class of operators L given in terms of vector fields
and their connection with Stratonovich integrals. Section 5 contains a proof
of Hörmander’s theorem on the smoothness of p(t, x, y) in y.

The second approach, using the Ornstein-Uhlenbeck operator, is pre-
sented in Section 6. Another proof of the criterion for a process to have a
smooth density is derived.

1. Integration by parts formula

In this chapter all our functions will be smooth, that is, each function
is in C∞ and it and all its derivatives are bounded.
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Suppose F : Rd → R is a smooth function. The directional derivative
of F at x in the direction h is given by

DxF (h) = ∇F (x) · h, h ∈ Rd.

This definition can be used even when h is not a unit vector. Observe that
DxF is a linear functional on Rd. By Taylor’s theorem,

|F (x + h) − F (x) −DxF (h)| = |F (x + h) − F (x) −∇F (x) · h|
= o(|h|)

as |h| → 0. Here f(h) = o(|h|) means f(h)/|h| → 0 as |h| → 0.
The Fréchet derivative is an extension of the idea of directional deriva-

tive to Banach spaces. Let B be a Banach space. F : B → R is Fréchet
differentiable at x ∈ B if there exists a linear functional T = Tx on B such
that

|F (x + h) − F (x) − Tx(h)| = o(‖h‖), h ∈ B,

as ‖h‖ → 0. We write DxF (h) or DF (h) for Tx(h).
For each x, the map DxF is a linear functional from B to R, hence an

element of B∗, the dual space of B. Since B∗ is another Banach space, we can
talk about the Fréchet derivative of DxF , which would be the second-order
Fréchet derivative.

A key step in the Malliavin calculus is the following integration by parts
formula. Let C[0, 1] denote the Rd-valued continuous functions on [0, 1].

(1.1) Theorem. Suppose F maps C[0, 1] to R, F is bounded, and F has a
bounded Fréchet derivative at each point of C[0, 1]. LetWt be d-dimensional Brow-
nian motion. Suppose hs is adapted and bounded and let Ht =

∫ t
0
hs ds. Then

E
[
F (W )

∫ 1

0

hs dWs

]
= E[DWF (H)].

For each ω, both Wt and Ht are in C[0, 1]. The right-hand side represents
the expectation of the Fréchet derivative at W·(ω) in the direction H·(ω).

Proof. Let

Xε
t = Wt + ε

∫ t

0

hs ds.

Let

Mε
t = exp

(
− ε

∫ t

0

hs dWs − ε2

2

∫ t

0

|hs|2 ds
)
.

Let Pε be defined by dPε/dP = Mε
t on Ft. By Girsanov’s theorem (see

Section I.1), under Pε the process
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Wt −
〈
W,−ε

∫ ·

0

hs dWs

〉

t
= Wt + ε

∫ t

0

hs ds = Xε
t

is a martingale with the same quadratic variation as Wt, namely t. By
Lévy’s theorem (Section I.1), under Pε the process Xt is a Brownian motion.
Therefore

E εF (Xε) = EF (W ). (1.1)

On the other hand,

E εF (Xε) (1.2)

= E
[
F

(
W + ε

∫ ·

0

hs ds
)

exp
(
− ε

∫ 1

0

hs dWs +
ε2

2

∫ 1

0

|hs|2 ds
)]

.

By (1.1), the right-hand side of (1.2) is independent of ε. We differentiate
(1.2) with respect to ε and set ε = 0. The assumptions on h and F allow us
to interchange the operations of differentiation and expectation by use of
the dominated convergence theorem and we obtain

0 = −E
[
F (W )

∫ 1

0

hs dWs

]
+ EDWF (H). �

2. Smooth functionals

We can make some easy extensions of Theorem 1.1. If DwF (H) is
bounded and continuous as a function of H and

E

∫ 1

0

|hs|2 ds < ∞, (2.1)

then taking limits in Theorem 1.1 gives us Theorem 1.1 for h satisfying
(2.1).

The direction in which we want to generalize, however, is to more
general functionals F . We want to consider functionals such as F (W ) =
f(X1), where f is smooth and Xt is the solution to a SDE with respect to
W .

Let us say that a functional F on C[0, 1] is Lp-smooth with derivative
DWF (H) = DF (H) if there exist functionals Fn on C[0, 1] that are bounded,
continuous, Fréchet differentiable with bounded and continuous Fréchet
derivatives, and with Fn(W ) → F (W ) in Lp and DWFn(H) → DWF (H)
in Lp whenever Ht =

∫ t
0
hs ds and h satisfies (2.1).

(2.1) Theorem. If p ≥ 2 and F is Lp-smooth, then
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E
[
F (W )

∫ 1

0

hs dWs

]
= E [DWF (H)].

Proof. We apply the generalization of Theorem 1.1 discussed above to
Fn and let n → ∞. The convergence of E [DWFn(H)] is a consequence
of the Lp convergence of DWFn(H) to DWF (H) in Lp, p ≥ 2. Since
E (

∫ 1

0
h dW )2 = E

∫ 1

0
|hs|2 ds, the convergence of E [Fn(W )

∫
h dW ] follows

from the Lp convergence of Fn(W ) to F (W ) in Lp with p ≥ 2 and the
Cauchy-Schwarz inequality. �


Before we get to the main result of this section, we need the following
lemma.

(2.2) Lemma. Suppose σn are C∞ functions satisfying supn |σn(x)| ≤ c1(1+|x|)
and σn and its derivatives converge to σ and its derivatives, respectively, uniformly
on compacts. Suppose xn → x. If Xn(t) solves

dXn(t) = σn(Xn(t)) dWt, Xn(0) = xn,

then Xn(t) converges in Lp for p ≥ 2 to the solution to dXt = σ(Xt) dWt, X0 =
x0.

Proof. Suppose first that σn and σ are bounded and σn and its derivatives
converge to σ and its derivatives, respectively, uniformly. We have

Xt −Xn(t) = (x0 − xn) +
∫ t

0

[σ(Xs) − σn(Xn(s))] dWs

= (x0 − xn) +
∫ t

0

[σ(Xs) − σ(Xn(s))] dWs

+
∫ t

0

[σ(Xn(s)) − σn(Xn(s))] dWs.

So by Doob’s inequality,

E sup
s≤t

|Xs −Xn(s)|p ≤ c2E |Xt −Xn(t)|p

≤ c3|x0 − xn|p + c3E
∣
∣
∣

∫ t

0

[σ(Xs) − σ(Xn(s))] dWs

∣
∣
∣
p

+ c3E
∣
∣
∣

∫ t

0

[σ(Xn(s)) − σn(Xn(s))] dWs

∣
∣
∣
p

.

By the Burkholder-Davis-Gundy inequalities (see (I.1.5)), the right-hand
side is less than
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c3|x0 − xn|p + c4E
[∫ t

0

|σ(Xs) − σ(Xn(s))|2 ds
]p/2

+ c4E
[∫ t

0

|σ(Xn(s)) − σn(Xn(s))|2 ds
]p/2

≤ c3|x0 − xn|p + c4‖σ′‖p∞E
[∫ t

0

|Xs −Xn(s)|2 ds
]p/2

+ c4‖σ − σn‖p∞tp/2.

If t ≤ 1, by Hölder’s inequality, we have the bound

E sup
s≤t

|Xs −Xn(s)|p ≤ c3|x0 − xn|p + c4‖σ − σn‖p∞

+ c5‖σ′‖p∞E

∫ t

0

|Xs −Xn(s)|p ds.

We apply Gronwall’s inequality (Lemma I.3.3) with

gn(t) = E sup
s≤t

|Xs −Xn(s)|p,

so
gn(t) ≤ (c3|x0 − xn|p + c4‖σ − σn‖p∞) exp(c5‖σ′‖p∞t).

Letting n → ∞ shows gn(t) → 0, which proves the lemma in this special
case.

We now consider the general case. If

Tn(M) = inf{t : |Xn(t)| ≥ M or |Xt| ≥ M},

the above argument shows that

‖Xn(t ∧ Tn(M)) −X(t ∧ Tn(M))‖p → 0

as n → ∞. Hence for each M ,

E [|Xn(t) −Xt|p;Tn(M) > t] → 0. (2.2)

On the other hand, by the Cauchy-Schwarz inequality,

E [|Xn(t) −Xt|p;Tn(M) ≤ t]

≤ c6

(
E |Xn(t)|2p + E |Xt|2p

)1/2(
P(Tn(M) ≤ t)

)1/2
.

By Proposition I.7.4, Xn(t) and Xt are in L2p with a norm independent of
n, whereas

P(Tn(M) ≤ t) ≤ P(sup
s≤t

|Xn(s)| ≥ M) + P(sup
s≤t

|Xs| ≥ M)

≤ M−2p
(
E sup

s≤t
|Xn(s)|2p + E sup

s≤t
|Xs|2p

)

≤ c7M
−2p

(
E |Xn(t)|2p + E |Xt|2p

)
,
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using Doob’s inequality. Therefore E [|Xn(t)−Xt|p;Tn(M) ≤ t] can be made
small uniformly in n by taking M large. This and (2.2) complete the proof.

�


The main examples of Lp-smooth functionals will be f(X1), where f is
smooth and Xt solves an SDE.

(2.3) Theorem. Let Wt be d-dimensional Brownian motion. Suppose Xt is an
m-dimensional process that is a solution to

dXt = σ(Xt) dWt + b(Xt) dt, X0 = x0, (2.3)

where σ and b are C∞ and

m∑

i=1

d∑

j=1

|σij(x)| +
m∑

i=1

|bi(x)| ≤ c1(1 + |x|).

Suppose f is smooth. Then F (W ) = f(X1) is an Lp-smooth functional for all
p ≥ 2.

Proof. For simplicity of notation, we suppose b ≡ 0; only trivial changes are
needed to include the case where b is nonzero. We also make the observation
that if Fn is a sequence of Lp-smooth functionals such that Fn and DFn(H)
converge to F and DF (H) in Lp, respectively, when h satisfies (2.1), then
F is Lp-smooth.

Suppose for now that σ is bounded. Suppose for each t that Yt is
an Lp-smooth functional on C[0, 1] with the Lp norms of Yt and DWYt(H)
uniformly bounded in t for each h satisfying (2.1). Suppose also that Yt and
DWYt(H) are continuous a.s. for each h satisfying (2.1). For each k, it is
easy to see that

k∑

j=1

σ(Yj/k)[W(j+1)/k −Wj/k]

is Fréchet differentiable. As k → ∞, this sum and its Fréchet derivative con-
verge in Lp by the Burkholder-Davis-Gundy inequalities, so the functional∫ t
0
σ(Ys) dWs is Lp-smooth for each t ≤ 1.
Let X0(t) ≡ x0 and define by induction,

Xi+1(t) = x0 +
∫ t

0

σ(Xi(t)) dWt.

We see that
DXi+1(t) = I +

∫ t

0

σ′(Xi(s))DXi(s) dWs,

where we use the notation of (I.10.4). We saw in Corollary I.3.2 that Xi(t)
converges in Lp to the solution to

dXt = σ(Xt) dWt, X0 = x0.
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Since σ′ is smooth, σ′(Xi(s)) → σ′(Xs) in Lp for all p ≥ 2, so it is easy to see
that DXi(t) converges in Lp to the solution to

dDXt = σ′(Xt)DXt dWt, DX0 = I.

By induction, each Xi(t) is Lp-smooth, and we therefore conclude that Xt

is Lp-smooth when σ is bounded.
Finally, if σ is not bounded, let σM be smooth bounded approximations

to σ. If XM
t is the solution to (2.3) with σ replaced by σM , we see as above

that XM converges to X and DXM converges to DX, so Xt is Lp-smooth.
It follows by the chain rule that F (W ) = f(Xt) is Lp-smooth. �


Note that the pair (Xt, DXt) solves an SDE of the form (2.3), namely,

dXt = σ(Xt) dWt + b(Xt) dt,

dDXt = σ′(Xt)DXt dWt + b′(Xt)DXt dt,

with (X0, DX0) = (x0, I). So if f is smooth on Rd × Rd×d, Theorem 2.3
shows that f(Xt, DXt) is an Lp-smooth functional. Higher derivatives may
be handled similarly.

3. A criterion for smooth densities

In this section we define the Malliavin covariance matrix Γt and give a
criterion in terms of it for X1 to have a smooth density. We need first some
preliminary results.

(3.1) Proposition. Suppose X : Ω → Rd. Suppose for each k and all j1, . . . , jk ∈
{1, . . . , d} there exists Ck such that

∣
∣
∣E [∂j1···jkg(X)]

∣
∣
∣ ≤ Ck‖g‖∞

whenever g ∈ Ck. Then there exists f smooth such that

P(X ∈ A) =
∫

A

f(x) dx

for all Borel sets A.

Proof. Let µ(dx) = P(X ∈ dx) and let µ̂(u) =
∫
eiu·xµ(dx). If we let u =

(u1, · · · , ud) and g(x) = eiu·x, then

∂j1···jkg = ikuj1 · · ·ujkeiu·x,

and
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|E ∂j1···jkg(X)| = |uj1 · · ·ujk | |E eiu·X | (3.1)

= |uj1 · · ·ujk |
∣
∣
∣

∫

eiu·x µ(dx)
∣
∣
∣ = |uj1 · · ·ujk | |µ̂(u)|.

Since for each k, the left-hand side is bounded by Ck‖g‖∞ = Ck < ∞, we
conclude there exists c1 such that

|µ̂(u)| ≤ c1/|u|d+1.

Clearly |µ̂(u)| is bounded by 1, so µ̂ is in L1(Rd). By the Fourier inversion
formula, µ has a bounded and continuous density. Let us denote it by f .

We now have

µ̂(u) =
∫

eiu·xµ(dx) =
∫

eiu·xf(x) dx = f̂(u).

Using (3.1) and the argument above, if n > 0, there exists c2 such that

|uj1 · · ·ujn f̂(u)| ≤ c2/|u|d+1.

Since f̂ is bounded, inuj1 · · ·ujn f̂(u) is in L1. Its inverse Fourier transform
is then continuous and bounded. However, the inverse Fourier transform
of inuj1 · · ·ujn f̂(u) is ∂j1···jnf . This holds for each n and for each sequence
j1, . . . , jn. �


If Xt is the solution to an SDE such as (2.3), then Yt = DXt solves a
linear SDE. If we were in one dimension, then Yt would be given by an expo-
nential; hence its reciprocal would be given by an exponential, and therefore
its reciprocal should solve a linear SDE. There is a higher-dimensional gen-
eralization of this.

It is more convenient at this stage to use the Stratonovich integral; see
Section I.9. Recall that if

dXt = σ(Xt) dWt + b(Xt) dt,

that is,
dXi

t =
∑

j

σij(Xt) dW j
t + bi(Xt) dt,

then
d〈σij(X),W j〉t =

∑

k,m

∂kσij(Xt)σkm(Xt) d〈Wm,W j〉t

=
∑

k

∂kσij(Xt)σkj(Xt) dt.

So
dXi

t =
∑

j

σij(Xt) ◦ dW j
t + b̃i(Xt) dt,

where
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b̃i(x) = bi(x) − 1
2

∑

k

σkj(x)∂kσij(x).

We abbreviate this by

dXt = σ(Xt) ◦ dWt + b̃(Xt) dt.

The procedure to convert an SDE written in terms of Stratonovich integrals
into an SDE written in terms of Itô integrals is similar.

(3.2) Proposition. Suppose Yt : Ω → Rd×d solves

dYt = σ′(Xt)Yt ◦ dWt + b′(Xt)Yt dt, Y0 = I. (3.2)

If Zt : Ω → Rd×d is the solution to

dZt = −Ztσ′(Xt) ◦ dWt − Ztb
′(Xt) dt, Z0 = I, (3.3)

then ZtYt = I for all t.

We first explain what the notation means. Yt solves

dYij(t) =
d∑

k,n=1

∂nσik(Xt)Ynj ◦ dW k
t +

d∑

n=1

∂nbi(Xt)Ynj dt, (3.4)

whereas Zt solves

dZ�i(t) = −
d∑

m,k=1

Z�m(t)∂iσmk(Xt) ◦ dW k
t (3.5)

−
d∑

m=1

Z�m∂ibm(Xt) dt.

Proof. The proof is an application of the product formula (I.9.2). To see
what is going on, let us look at the one-dimensional case. Z0Y0 = I and

d(ZtYt) = Zt ◦ dYt + Yt ◦ dZt
= Ztσ

′(Xt)Yt ◦ dWt + Ztb
′(Xt)Yt dt

+ Yt(−Zt)σ′(Xt) ◦ dWt + Yt(−Zt)b′(Xt) dt

= 0.

Hence ZtYt = Z0Y0 = I.
The higher-dimensional version is the same idea exactly, but with more

complicated notation. �


As a consequence of Proposition I.7.4, observe that

sup
s≤t

|Ys| ∈ Lp and sup
s≤t

|Zs| ∈ Lp (3.6)
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for all p. One final preliminary proposition is necessary.

(3.3) Proposition. Suppose

dXt = σ(Xt) ◦ dWt.

If ks : Ω × [0, 1] → Rd is adapted and satisfies
∫ 1

0
|ks|2 ds < ∞ and

Rt = Yt

∫ t

0

Zsσ(Xs)ks ds, (3.7)

then

Rt =
∫ t

0

σ′(Xs)Rs ◦ dWs +
∫ t

0

σ(Xs)ks ds.

Proof. We again do the one-dimensional case for simplicity; no additional
ideas are needed for the higher-dimensional case.

Recall
dYt = σ′(Xt)Yt ◦ dWt.

By the definition of Rt and Proposition 3.2, we have
∫ t

0

Zsσ(Xs)ks ds = RtY
−1
t = RtZt.

By the product formula (I.9.2) and (3.7),

dRt = YtZtσ(Xt)kt dt +
(∫ t

0

Zsσ(Xs)ks ds
)
◦ dYt

= σ(Xt)kt dt + RtZt ◦ dYt
= σ(Xt)kt dt + RtZtσ

′(Xt)Yt ◦ dWt

= σ(Xt)kt dt + Rtσ
′(Xt) ◦ dWt,

as required. �


We need to calculate DWX1(H) when Ht =
∫ t
0
hs ds and Xt satisfies

dXt = σ(Xt) ◦ dWt:

X1(W + εH) = x0 +
∫ 1

0

σ(Xt(W + εH)) ◦ d(Wt + εHt)

= x0 +
∫ 1

0

σ(Xt(W + εH)) ◦ dWt

+ ε

∫ 1

0

σ(Xt(W + εH))ht dt

and

X1(W ) = x0 +
∫ 1

0

σ(Xt(W )) ◦ dWt.
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Taking the difference, dividing by ε, and letting ε → 0, we obtain similarly
as in Section I.10 that

DWX1(H) =
∫ 1

0

σ′(Xt)DWXt(H) ◦ dWt +
∫ 1

0

σ(Xt)ht dt. (3.8)

Let us now define the Malliavin covariance matrix to be the random d×d

matrix

Γt =
∫ t

0

Zsσ(Xs)σ(Xs)TZTs ds. (3.9)

(3.4) Proposition. Suppose Xt solves dXt = σ(Xt) ◦ dWt, where σ is smooth.
Suppose Γ−1

1 ∈ Lp for all p. There exists c1 such that if f ∈ C∞ is bounded, then

|E ∂if(X1)| ≤ c1‖f‖∞, i = 1, . . . , d.

Proof. Let f ∈ C∞ be bounded. Define F on C[0, 1] by

F (W ) = f(X1)G,

where G is an Lp-smooth functional to be defined later. Applying the chain
rule and product rule,

DWF (H) =
d∑

n=1

∂nf(X1)DWXn
1 (H)G + f(X1)DWG(H).

Applying Theorem 2.1, we have for Ht =
∫ t
0
hs ds

E
[ d∑

n=1

∂nf(X1)DWXn
1 (H)G

]
= E

[
f(X1)G

∫ 1

0

hs dWs

]
(3.10)

− E [f(X1)DWG(H)].

Let ei be the unit vector in the xi direction and let us take

hk(s) = (Zsσ(Xs))T ek, Hk(t) =
∫ t

0

hk(s) ds. (3.11)

Since Zt ∈ Lp for all p and σ is bounded, hk satisfies
∫ 1

0
|hk(s)|2 ds < ∞.

Define V to be the d× d matrix-valued random variable given by

Vik = DWXi
1(Hk).

From (3.8) and Proposition 3.3,

DWX1(Hk) = Y1

∫ 1

0

Zsσ(Xs)hk(s) ds. (3.12)

Combining with (3.11) and the definition of Γ , we have V = Y1Γ1, hence
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V −1 = Γ−1
1 Z1.

We apply (3.10) with H replaced by Hj and G replaced by Gj = (V −1)ji.
We then sum over j = 1, . . . , d to obtain

E [∂if(X1)] = E
[ d∑

n=1

∂nf(X1)δni
]

(3.13)

= E
[ d∑

j,n=1

∂nf(X1)VnjGj
]

= E
[
f(X1)

d∑

j=1

Gj

∫ 1

0

hj(s) dWs

]

− E
[
f(X1)

d∑

j=1

DWGj(Hj)
]
.

We now need to check integrability on the right-hand side of (3.13).
By our hypothesis, Γ−1

1 ∈ Lp for all p. This and (3.6) show V −1 ∈ Lp for
all p. We have by the Burkholder-Davis-Gundy inequalities and Hölder’s
inequality that

E
[∫ 1

0

hj(s) dWs

]p
≤ c2E

(∫ 1

0

|hj(s)|2 ds
)p/2

≤ c2E

∫ 1

0

|hj(s)|p ds

if p ≥ 2. Since σ is bounded, E |hj(s)|p is bounded by a constant independent
of s ≤ 1. Therefore for each j,

∣
∣
∣E

[
f(X1)Gj

∫ 1

0

hj(s) dWs

]∣
∣
∣ (3.14)

≤ ‖f‖∞(EG2
j )

1/2
(
E

(∫ 1

0

hj(s) dWs

)2)1/2

≤ c3‖f‖∞.

Since I = V V −1, then 0 = DW I(Hj) = V (DWV −1(Hj))+(DWV (Hj))V −1,
or

DWV −1(Hj) = −V −1(DWV (Hj))V −1. (3.15)

We have already seen that V −1 is in Lp for all p. By our choice of hj and the
fact that σ is C∞ with bounded derivatives, DW (DWX1(Hj))(Hj) is in Lp for
all p, and we conclude that DWV (Hj) ∈ Lp for all p. Hence DWV −1(Hj) ∈ Lp

for all p. So

|E [f(X1)DWGj(Hj)]| ≤ ‖f‖∞E |DWGj(Hj)| (3.16)

≤ c4‖f‖∞, j = 1, . . . , d.

Combining (3.13), (3.14), and (3.16), we have
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|E ∂if(X1)| ≤ c5‖f‖∞. �

Let us now look at the higher-order partial derivatives. We continue
the notation of the proof of Proposition 3.4.

(3.5) Proposition. Suppose Xt solves dXt = σ(Xt) ◦ dWt, where σ is smooth.
Suppose Γ−1

1 ∈ Lp for all p. For each n there exists Cn such that if f ∈ C∞ and
j1, . . . , jn ∈ {1, . . . , d}, then

|E ∂j1···jnf(X1)| ≤ Cn‖f‖∞.

Proof. We will show how to do the case n = 2. The higher derivatives are
done similarly.

If we apply (3.13) with f replaced by ∂kf , we have

E [∂ikf(X1)] = E
[
∂kf(X1)

d∑

j=1

Gj

∫ 1

0

hs dWs

]
(3.17)

− E
[
∂kf(X1)

d∑

j=1

DWGj(H)
]
.

Writing

K =
d∑

j=1

[
Gj

∫ 1

0

hs dWs −DWGj(H)
]
,

the right-hand side is
E [∂kf(X1)K].

Let us set F = f(X1)LK, where L is an Lp-smooth functional that will
be chosen in a moment. By Theorem 2.1,

E
[ ∞∑

n=1

∂nf(X1)TDWXn
1 (H)LK

]
= E

[
f(X1)LK

∫ 1

0

hs dWs

]

− E [f(X1)DW (LK)(H)].

Let us replace H by Hj and let Lj = (V −1)jk for j = 1, . . . , d, and sum. As
in the proof of Proposition 3.4, we obtain

E [∂kf(X1)K]

= E
[
f(X1)

d∑

j=1

LjK

∫ 1

0

hj(s) dWs

]
− E

[
f(X1)

d∑

j=1

KDWLj(Hj)
]

− E
[
f(X1)

d∑

j=1

LjDWK(Hj)
]
.
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We have already seen that K ∈ Lp for all p in the proof of Proposition
3.4. We also saw there that Lj , DWLj(Hj), and

∫ 1

0
hj(s) dWs are all in Lp

for all p. Suppose we show that DWK(Hj) is in Lp for all p. We then have
that

|E [∂kf(X1)K]| ≤ c1‖f‖∞,

and substituting this in (3.17),

|E [∂ikf(X1)]| ≤ c1‖f‖∞.

So it remains to show that DWK(Hj) ∈ Lp for all p. Now DWV (Hj)
is in Lp for all p by the proof of Proposition 3.4. Since the σ are C∞,
then DW (DWV (Hj))(Hj) is also in Lp for all p. By (3.15), this implies
that DW (DWV −1(Hj))(Hj) is also in Lp for all p. Finally, if we write
M =

∫ 1

0
hj(s) dWs, then

M(W + εHj) −M(W ) =
∫ 1

0

[hj(W + εHj) − hj(W )] dWs

+ ε

∫ 1

0

hs(W + εHj) · hj ds.

Dividing by ε and letting ε → 0, it follows that

DWM(Hj) =
∫ 1

0

DWhj(Hj) dWs +
∫ 1

0

|hj(s)|2 ds.

Since DWhj(Hj) ∈ Lp for all p by the definition of hj in (3.11), DWM(Hj) ∈
Lp for all p. Putting these facts together with Hölder’s inequality, we have
DWK(Hj) ∈ Lp for all p, and the proof is complete. �


(3.6) Theorem. Suppose Xt solves dXt = σ(Xt) ◦ dWt, X0 = x0, where σ is
smooth. If Γ−1

1 ∈ Lp for all p, then X1 has a smooth density.

Proof. We combine Proposition 3.1 and Proposition 3.5. �


4. Vector fields

In Section 5 we will prove Hörmander’s theorem, which gives sufficient
conditions for the distribution of X1 to have a C∞ density. This section has
some preliminaries.

In PDE terms, the question of when Px0(X1 ∈ dx) = f(x) dx with
f ∈ C∞ is equivalent to the question of when the fundamental solution
p(t, x, y) to ∂tu = Lu is C∞ in the variable y (see Section II.7). This property
is closely related to the PDE notion of hypoellipticity.
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If the coefficients of L are smooth and L is uniformly elliptic, this will
always be the case. The interesting cases that require Hörmander’s theorem
are when L can be degenerate, i.e., not strictly elliptic at each point.

Let us first look at the uniformly elliptic case.

(4.1) Proposition. Suppose the coefficients of L are bounded and C∞, L is
uniformly elliptic, and x0 ∈ Rd. Then the Px0 distribution of X1 has a C∞

density.

Proof. We show that the Malliavin covariance matrix (3.9) has an inverse
that is in Lp for all p. The result then will follow by Theorem 3.6.

Recall Γt =
∫ t
0
Zsσ(Xs)σT (Xs)ZTs ds. Γt is symmetric from its definition,

and to prove Γ−1
1 is in Lp, it suffices to show that if λ is the smallest

eigenvalue of Γ1, then λ−1 ∈ Lp. Let v be a unit vector. Since σσT = a is
uniformly elliptic,

vTΓtv ≥ c1

∫ t

0

|vTZs|2 ds.

Let S = inf{t > 0 : |Zt − I| ≥ 1/2}. For s ≤ S the coefficients of the SDE
defining Zs are bounded, and so by Proposition I.8.1, if p ≥ 2 and ε ≤ 1,

P(S < ε) = P(sup
s≤ε

|Zs − I| ≥ 1/2) ≤ c2ε
p.

If t ≤ S, then
|vTZt| ≥ |vT | − |vT (Zt − I)| ≥ 1

2
since |Zt − I| ≤ 1/2. So

vTΓ1v ≥ c1

∫ S∧1

0

|vTZs|2 ds ≥ c1(S ∧ 1)/4.

This is true for any unit vector v, so

λ = inf
v∈∂B(0,1)

vTΓ1v ≥ c1(S ∧ 1)/4.

Then
P(λ−1 > y) = P(λ < y−1) ≤ P(S ∧ 1 ≤ 4y−1/c1).

If y > 4/c1, this is

P(S < 4y−1/c1) ≤ c2

(4y−1

c1

)p
=

c3
yp

.

This shows λ−1 ∈ Lp−2. Since p ≥ 2 is arbitrary, λ−1 ∈ Lp for all p. �


To state Hörmander’s theorem, we need to express L in Hörmander
form. Let V (x) =

∑d

j=1 vj(x)ej be a smooth vector field. Here vj(x) are
smooth bounded functions of x and ej = (0, . . . , 0, 1, 0, . . . , 0) is the unit



206 VIII THE MALLIAVIN CALCULUS

vector in the xj direction. We will need to follow the standard differential
geometry convention that identifies vector fields with differential operators.
So we also consider V as a first-order linear differential operator on C∞

functions defined by

V f(x) =
d∑

j=1

vj(x)∂jf(x).

We then calculate

V 2f(x) =
d∑

j=1

vj(x)∂j
( d∑

k=1

vk∂kf
)

(x) (4.1)

=
d∑

j,k=1

vj(x)vk(x)∂jkf(x) +
d∑

k=1

( d∑

j=1

vj(x)∂jvk(x)
)
∂kf(x),

which is a second-order differential operator.
We now suppose we have V1, . . . , Vd and V0 with Vi =

∑d

j=1 vij(x)∂j and
we set

Lf(x) =
1
2

d∑

i=1

V 2
i f(x) + V0f(x).

Using (4.1) with vj replaced by vij ,

Lf(x) =
1
2

d∑

i=1

d∑

j,k=1

vij(x)vik(x)∂jkf(x) (4.2)

+
1
2

d∑

i=1

d∑

j,k=1

vij(x)∂jvik(x)∂kf(x) +
d∑

j=1

v0j(x)∂jf(x)

=
1
2

d∑

j,k=1

( d∑

i=1

vij(x)vik(x)
)
∂jk(x)

+
d∑

k=1

(1
2

d∑

i,j=1

vij(x)∂jvik(x) + v0k(x)
)
∂kf(x).

Although this appears cumbersome, it ties in neatly with SDEs in
Stratonovich form.

(4.2) Proposition. Suppose vij(x) = vji(x) for all i, j, x. Suppose Xt solves

dXt = v(Xt) ◦ dWt + v0(Xt) dt, X0 = x0. (4.3)

Then the operator L associated to Xt is

1
2

d∑

i=1

V 2
i + V0.
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Equation (4.3) means

dXi
t =

d∑

j=1

vij(Xt) ◦ dW j
t + v0i(Xt) dt, i = 1, . . . , d. (4.4)

Proof. If we write (4.4) in Itô form, we have

dXi
t =

d∑

j=1

vij(Xt) dW j
t +

1
2

d∑

j=1

〈vij(X),W j〉t + v0i(Xt) dt.

By Itô’s formula,

vij(Xt) =
d∑

k=1

∂kvij(Xt)dXk
t + bounded variation term

=
d∑

k=1

∂kvij(Xt)
d∑

m=1

vkm(Xt) ◦ dWm
t + bounded variation term

=
d∑

k=1

∂kvij(Xt)
d∑

m=1

vkm(Xt) dWm
t + bounded variation term.

So

〈vij(X),W j〉t =
d∑

k=1

∂kvij(Xt)vkj(Xt) dt.

Using Proposition I.2.1, the operator associated to Xt is

Lf(x) =
1
2

d∑

i,k=1

d∑

j=1

vij(x)vkj(x)∂ikf(x) +
1
2

d∑

j=1

d∑

i,k=1

vkj(x)∂kvij(x)∂if(x)

+
d∑

j=1

v0j(x)∂jf(x)

=
1
2

∑

i,j,k

vji(x)vki(x)∂jkf(x)

+
∑

k

(1
2

∑

i,j

vij(x)∂jvki(x) + v0k(x)
)
∂kf(x).

Comparing with (4.2) completes the proof. �


If V and W are two vector fields, define the Lie bracket of V and W by

[V,W ] = VW −WV. (4.5)

A calculation shows that if V =
∑

j
vj∂j and W =

∑
k
wk∂k, then
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[V,W ] =
(∑

j,k

vjwk∂jk +
∑

j,k

vj(∂jwk)∂k
)

−
(∑

j,k

vjwk∂jk +
∑

j,k

wk(∂kvj)∂j
)

=
∑

j,k

(vj(∂jwk)∂k − wk(∂kvj)∂j),

another first-order operator.
Let

S = S(V1, · · · , Vd) = {Vi, [Vi, Vj ], [Vi, [Vj , Vk]], . . . , (4.6)

i = 1, . . . , d, j = 1, . . . , d, . . .}.

So S is the smallest collection of vector fields containing V1, . . . , Vn and
closed under the operation [·, ·]. We define S1 = {V1, . . . , Vd}, Si+1 = Si ∪
{[Vi,W ] : i = 1, . . . , d,W ∈ Si}. So Si is the set of vector fields generated by
the Lie brackets of V1, . . . , Vd of length at most i, and S = ∪∞

i=1Si.
As we mentioned above, the elements of S can also be considered as vec-

tors in the linear algebra sense: ifW =
∑d

k=1 wk∂k, letW (x) =
∑d

k=1 wk(x)ek.
For each x, S(x) = {W (x) : W ∈ S} is a collection of vectors. Define

Si(x) = {W (x) : W ∈ Si}. (4.7)

For each x, S(x) is a collection of vectors that may or may not span
Rd. Hörmander’s condition is that S(x) spans Rd at each point x. Since
the tangent space to Rd at a point x is again Rd, Hörmander’s condition is
sometimes phrased by saying “S spans the tangent space at each point.”

The meaning of Hörmander’s condition is the following. If a particle
moves according to a vector field V for a short time, then moves according
to W for the same length of time, then −V and then −W , its net motion
is a short move along ±[V,W ]. If V and W do not commute, there will be
a net motion different from 0. A particle diffusing according to V 2 can be
considered as a particle moving for a short period of time along ±V , and a
particle diffusing according to V 2 + W 2 will thus also have some diffusion
in the direction ±[V,W ]. So Hörmander’s condition says that a particle
starting at x diffusing under the operator L will diffuse in all directions (at
least in an infinitesimal sense), and so the paths of Xt do not initially lie
in some (d− 1)-dimensional surface contained in Rd. If the paths did lie in
some (d− 1)-dimensional surface, Xt could not have a density.

5. Hörmander’s theorem

In this section we prove Hörmander’s theorem, Theorem 5.6 below,
which says that X1 will have a C∞ density if S(x0) spans Rd. For simplicity
we will consider only the case where the vector field V0 is 0.
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We first need two lemmas.

(5.1) Lemma. There exist c1 and c2 such that if Mt is a continuous martingale,
T a bounded stopping time, and ε > 0, then

P(sup
t≤T

|Mt| < δ, 〈M〉t > ε) ≤ c1e
−c2ε/δ2 .

Proof. Mt is a time change of a Brownian motion Wt (cf. [PTA, Theorem
I.5.11]). So the desired probability is bounded by

P(sup
t≤U

|Wt| < δ, 〈W 〉U > ε),

where U is a stopping time. Since 〈W 〉U = U , the probability above is in
turn bounded by

P(sup
t≤ε

|Wt| < δ) = P( sup
t≤ε/δ2

|Wt| < 1) ≤ c1e
−c2ε/δ2

by scaling and [PTA, Section II.4]. �


(5.2) Lemma. Suppose T is a stopping time bounded by 1, Wt is a d-dimensional
Brownian motion, and there exists c1 such that |Cs| and |Ds| ≤ c1 for s ≤ T ,
where Cs is Rd-valued, Ds is real-valued, and Cs and Ds are adapted. Let

Gt = G0 +
∫ t

0

Cs · dWs +
∫ t

0

Ds ds.

There exist c2 and c3 depending only on c1 such that

P
(∫ T

0

G2
t ≤ ε20,

∫ T

0

|Ct|2 dt ≥ ε
)
≤ c2e

−c3/ε

for all ε sufficiently small.

Proof. Let
F1 =

{
sup
s≤T

|Gs| > ε4/4
}
.

Our first step is to prove

P
(∫ T

0

|Cs|2 ds ≥ ε, F c1

)
≤ c4e

−c5/ε. (5.1)

Let ai = iε5 ∧ T and Mi(t) =
∫ t∧T
ai

Cs · dWs. If
∫ T
0

|Cs|2 ds ≥ ε, there must
exist at least one i less than or equal to ε−5 such that

∫ ai+1

ai

|Cs|2 ≥ ε6.

By Lemma 5.1 applied to Mi(t),
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P
(

sup
ai≤t≤ai+1

|Mi(t)| < ε4,

∫ ai+1

ai

|Cs|2 ds ≥ ε6
)

≤ c6 exp(−c7ε6/(ε4)2) = c6 exp(−c7ε−2).

So

P
(
∃i ≤ ε−5 : sup

ai≤t≤ai+1

|Mi(t)| < ε4,

∫ ai+1

ai

|Cs|2 ds ≥ ε6
)

(5.2)

≤ ε5c6 exp(−c7ε−2) ≤ c8 exp(−c9/ε)

if ε is sufficiently small.
Suppose for some i we have supt∈[ai,ai+1] |Mi(t)| > ε4. Since

∫ ai+1

ai

|Ds| ds ≤ c1ε
5 < ε4/2

if ε is sufficiently small,

sup
t∈[ai,ai+1]

|Gt −Gai | ≥ sup
t∈[ai,ai+1]

|Mi(t)| − ε4/2 > ε4/2.

Hence for some t ∈ [ai, ai+1], we have |Gt| ≥ ε4/4. This proves (5.1).
Let

F2 =
{

sup
s,t≤T,|t−s|≤ε10

|Gt −Gs| ≤ ε4/4
}
.

By Proposition I.8.1,
P(F c2 ) ≤ c10 exp(−c11/ε).

Since |Cs| ≤ c1, on the event where
∫ T
0

|Cs|2 ds ≥ ε, we have T ≥ ε/c21. We
deduce that if ω ∈ F2 and sups≤T |Gs| > ε4/4, then there is an interval of
length at least ε10 contained in [0, T (ω)] on which |Gs| ≥ ε4/8, which implies
that ∫ T

0

G2
s ds ≥ ε18/64 ≥ ε20

for ε sufficiently small. �


We now proceed to the proof of Hörmander’s theorem. We break the
proof into several steps. Recall the definition of Sm(x) from (4.7). We sup-
pose Xt solves

dXt = v(Xt) ◦ dWt, X0 = x0. (5.3)

We define Zt by (3.3) with σij = vij and b ≡ 0.

(5.3) Proposition. Suppose Sm(x0) spans Rd. There exists a stopping time T

bounded by 1 with the following properties.
(a) If s ≤ T , then |Zs − I| ≤ 1/2;
(b) T−1 ∈ Lp for all p;
(c) for each v ∈ ∂B(0, 1), there exists U ∈ Sm and r > 0 such that
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sup
u∈B(v,r)∩∂B(0,1)

Px0

(∫ T

0

(ZsU(Xs) · u)2 ds < ε
)

= o(εp) (5.4)

as ε → 0 for all p ≥ 2. Moreover, r can be chosen independently of v.

Recall that we are considering vector fields both as collections of vectors
and as first-order differential operators. Zs is a d× d matrix, and U can be
considered as a d × 1 matrix, so ZtU(Xs) is a d × 1 matrix, and hence the
dot product with u ∈ ∂B(0, 1) makes sense. The notation f(ε) = o(εp) means
f(ε)/εp → 0 as ε → 0.

Proof. Since Sm(x0) spans Rd, setting

δ = inf
v∈∂B(0,1)

(
sup
U∈Sm

(U(x0) · v)2
)
,

we see that δ > 0. Let M > 2 and let

T = inf{t > 0 : |Xt − x0| > 1/M or |Zt − I| > 1/M} ∧ 1. (5.5)

(a) follows immediately. For ε > 0,

P(T ≤ ε) ≤ P(sup
s≤ε

|Xs − x0| > 1/M) + P(sup
s≤ε

|Zs − I| > 1/M),

which is o(εp) as ε → 0 for all p by Proposition I.8.1. Then

ET−p = p

∫ ∞

0

λp−1P(T−1 > λ) dλ

= p

∫ ∞

0

λp−1P(T < 1/λ) dλ < ∞

for all p, which proves (b).
The continuity of Xt and Zt and of the vector fields in Sm allows us to

conclude that if M is large enough,

sup
U∈Sm

sup
s≤T

|ZsU(Xs) − U(x0)| ≤
√

δ/8.

If v ∈ ∂B(0, 1), there exists U ∈ Sm and r > 0 such that if N = B(v, r) ∩
∂B(0, 1),

inf
u∈N

(
U(x0) · u

)2 ≥ δ/2,

and so
inf

s≤T,u∈N
(ZsU(Xs) · u)2 ≥ (

√
δ/2 −

√
δ/8)2 = δ/8.

Thus using (b),

sup
u∈N

P
(∫ T

0

(ZsU(Xs) · u)2 ds ≤ ε
)
≤ P(δT/8 < ε) = o(εp)

for all p, which is (c). �
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Next we have the proposition where the definition of Lie brackets is
used.

(5.4) Proposition. Let T be the stopping time defined in Proposition 5.3. Then
for each v ∈ ∂B(0, 1), there exist r > 0 (not depending on v) and an integer i

with 1 ≤ i ≤ d with

sup
u∈B(v,r)∩∂B(0,1)

P
(∫ T

0

(ZsVi(Xs) · u)2 < ε
)

= o(εp) (5.6)

as ε → 0 for all p ≥ 2.

Proof. Let v ∈ ∂B(0, 1) and choose U ∈ Sm and N = B(v, r) ∩ ∂B(0, 1) such
that the conclusion of Proposition 5.3 holds. If m = 1, then U = Vi0 for
some i0. Otherwise U = [Vi0 , Ũ ] for some Ũ ∈ Sm−1 and some i0.

If Ũ =
∑d

j=1 aj∂j and Vi =
∑d

j=1 vij∂j , then

[Vi, Ũ ] =
d∑

k=1

( d∑

j=1

(vij∂jak − aj∂jvik)
)
∂k.

Ũi(Xs) = ai(Xs), and by Itô’s formula,

d(Ũi(Xs)) =
∑

j

∂jai(Xs) ◦ dXj
s =

∑

j,k

∂jai(Xs)vjk(Xs) ◦ dW k
s .

We have by (3.5),
dZs = −Zsv′ ◦ dWs,

that is,
dZ�i(s) = −

∑

m,k

Z�m(s)∂ivmk(Xs) ◦ dW k
s .

By the product formula,

d((ZsŨ(Xs))�) = d
(∑

i

Z�i(s)Ũi(Xs))
)

=
∑

i

Z�i(s) ◦ dŨi(Xs) +
∑

i

Ũi(Xs) ◦ dZ�i(s)

=
∑

i

Z�i(s)
∑

j,k

∂jai(Xs)vjk(Xs) ◦ dW k
s

−
∑

i

ai(Xs)
∑

m,k

Z�m(s)∂ivmk(Xs) ◦ dW k
s

=
∑

k

∑

i,j

{
Z�i(s)∂jai(Xs)vjk(Xs)

− aj(Xs)Z�i(s)∂jvik(Xs)
}
◦ dW k

s

=
∑

k

∑

i

Z�i(s)[Vk, Ũ ]i(Xs) ◦ dW k
s .
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In order to apply Lemma 5.2, we need to see what this looks like in
terms of Itô integrals. By (3.5) and the fact that [Vk, Ũ ] is smooth, the
product formula tells us that d(Z�i(s)[Vk, Ũ ]i(Xs)) can be written in the
form

∑
j
Alikj(s) dW j

s + Blik(s) ds, where |Alikj(s)| is bounded by c1|Zs| for
all l, i, k, and j. The definition of Stratonovich integral then implies

d((ZsŨ(Xs))�) =
∑

i,k

Z�i(s)[Vk, Ũ ]i(Xs) dW k
s +

1
2

∑

i,k

Alikk(s).

We thus have for any u

d((ZsŨ(Xs)) · u) =
∑

k

Zs[Vk, Ũ ](Xs) · u dW k
s + Ds ds,

where |Ds| ≤ c2|Zs| and c2 is independent of u. Let Ck(s) = Zs[Vk, Ũ ](Xs) · u
and Gs = ZsŨ(Xs) · u. Recall |Zs − I| ≤ 1/2 if s ≤ T . By Proposition 5.3(a),
|Ck(s)| and |Ds| are bounded by c3, a constant not depending on u, if s ≤ T .
Then

P
(∫ T

0

G2
s ds < ε20

)
(5.7)

≤ P
(∫ T

0

G2
s ds < ε20,

∫ T

0

|Cs|2 ds ≥ ε
)

+ P
(∫ T

0

|Cs|2 ds < ε
)
.

By our choice of T and r and the definition of U ,

P
(∫ T

0

|Cs|2 ds < ε
)
≤ P

(∫ T

0

(Zs[Vi0 , Ũ ] · u)2 < ε
)

= o(εp)

for all p. By Lemma 5.2, the first term on the right-hand side of (5.7) is
o(εp) for all p. Therefore

P
(∫ T

0

G2
s ds < ε

)
= o(εp/20)

for all p, hence o(εp) for all p.
We therefore have (5.4) with the condition U ∈ Sm replaced by the

condition U ∈ Sm−1. Repeating m times, we have (5.4) with the condition
U ∈ Sm replaced by U ∈ S1, which gives the conclusion. �


(5.5) Proposition. Let Xt and T be as in Propositions 5.3 and 5.4 and suppose
(5.6) holds. Then Γ−1

1 ∈ Lp for all p.

Proof. Recall the definition of Γ1 from (3.9). Since Ys and σ(Xs) are in Lp

for all p, to show Γ−1
1 ∈ Lp for all p, it suffices to show λ−1 ∈ Lp for all p,

where λ is the smallest eigenvalue of Γ1. Now

λ2 = inf
v∈∂B(0,1)

‖Γ1v‖2.
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So we need to show

P
(

inf
v∈∂B(0,1)

∫ 1

0

d∑

i=1

(ZsVi(Xs) · v)2 ds < ε
)

= o(εp)

for all p. This probability is bounded by

P
(

inf
v∈∂B(0,1)

∫ T

0

d∑

i=1

ZsVi(Xs) · v)2 ds < ε
)
.

We consider only ε < 1. The map v → ∫ T
0

∑d

i=1(ZsVi(Xs) · v)2 ds is a
quadratic form, say v → vTQv, where Q depends on ω. For s ≤ T , we have
|Zs − I| ≤ 1/2 and |Xs − x0| ≤ 1/2, so by the definition of T in (5.5), the
entries of Q are bounded, say by R. We can cover ∂B(0, 1) by finitely many
balls with centers vj and radii r∧ (ε/dR), and no more than c1ε

−d such balls
will be needed. Note that

|(v − v′)TQ(v − v′)| ≤ d2R2|v − v′|2.

So if vTQv < ε for some v ∈ ∂B(0, 1), choose one of the points vj with
|v − vj | < ε/dR, and then vTj Qvj < 2ε + 2ε2 < 4ε for some j. Therefore

P
(

inf
v∈∂B(0,1)

∫ T

0

d∑

i=1

(ZsVi(Xs) · v)2 ds < ε
)

≤ c1ε
−d sup

j

P
(∫ T

0

d∑

i=1

(ZsVi(Xs) · vj)2 ds < 4ε
)
.

This will be o(εp) for all p. �


We can now state and prove Hörmander’s theorem.

(5.6) Theorem. Suppose Xt solves (4.3) with the Vj smooth and V0 = 0. Suppose
S(x0) spans Rd. Then there exists a bounded C∞ function f such that

Px0(X1 ∈ A) =
∫

A

f(y) dy.

Proof. Since S(x0) spans Rd, then Sm(x0) spans Rd for some integer m. By
Propositions 5.3 through 5.5, Γ−1

1 ∈ Lp for all p. By Proposition 3.4, the
theorem follows. �
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6. An alternative approach

In this section we give an alternative approach to the theorem that if
the inverse of the Malliavin covariance matrix is in Lp for all p, then Xt has
a smooth density. This approach uses the Ornstein-Uhlenbeck operator.

(6.1) Lemma. If Lf(x) = f ′′(x) − xf ′(x), m(dx) = (2π)−1/2e−x2/2 dx, and f

and g are smooth, then
∫

g(Lf)m(dx) = −
∫

f ′g′ m(dx) =
∫

f(Lg)m(dx). (6.1)

Proof. Since f and g are smooth, Lf is bounded by a constant times 1 + |x|,
whereas e−x2/2f ′ tends to 0 rapidly as |x| → ∞. We have

∫

g(Lf)m(dx) =
1√
2π

∫

g(x)(e−x2/2f ′(x))′ dx,

and the first equality follows by integration by parts. The second equality
follows from the first by interchanging the roles of f and g. �


(1/2)Lf(x) is the operator corresponding to the Ornstein-Uhlenbeck
operator. The above lemma says that L is self-adjoint with respect tom(dx).

If we define Lf(x) = ∆f(x)−x ·∇f(x), f and g are smooth, and m(dx) =
(2π)−d/2e−|x|2/2 dx is a measure on Rd, the same proof shows

∫

g(Lf)m(dx) = −
∫

∇f · ∇gm(dx) =
∫

f(Lg)m(dx). (6.2)

We also observe that

L(fg)(x) = g(x)Lf(x) + 2∇f(x) · ∇g(x) + f(x)Lg(x). (6.3)

If f = (f1, . . . , fd) : Rd → Rd is smooth and u ∈ C2(Rd),

∇(u ◦ f)(x) =
d∑

j=1

(∂ju ◦ f)(x)∇fj(x) and (6.4)

L(u ◦ f)(x) =
d∑

i,j=1

(∂iju ◦ f)(x)∇fi(x) · ∇fj(x)

+
d∑

i=1

(∂iu ◦ f)(x)Lfi(x).

We now define a Hilbert space H that is contained in C[0, 1], where
here C[0, 1] is the set of continuous functions with domain [0, 1] and values
in Rd. Let
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H =
{
f ∈ C[0, 1] : f is absolutely continuous,

∫ 1

0

|f ′(t)|2 dt < ∞, f(0) = x0

}
.

Observe that f ′ : [0, 1] → Rd. Define

〈f, g〉 = 〈f, g〉H =
∫ 1

0

f ′(t) · g′(t) dt. (6.5)

If f ∈ H, we can extend the definition of 〈f, w〉 to Brownian paths Wt.
Note that if w ∈ H, then 〈f, w〉 =

∫ 1

0
f ′(t) · dw(t). So if Wt is a Brownian

motion, define

〈f,W·(ω)〉 =
∫ 1

0

f ′(t) · dWt. (6.6)

This is defined only up to almost sure equivalence.

Clearly H is dense in {f ∈ C[0, 1] : f(0) = x0} under the supremum
norm. If F : C[0, 1] → R is a smooth functional, let us define DwF (h) as in
Section 1 and define

LF (w) =
∞∑

i=1

Dw(DwF (hi))(hi) −
∞∑

i=1

(DwF (hi))〈w, hi〉, (6.7)

where {hi} is an orthonormal basis for H. This definition applies to w ∈ H,
but by the above remark, we can extend it to Brownian motion paths Wt. It
turns out that definition of LF is independent of the choice of orthonormal
basis (see Ikeda and Watanabe [1]), but we do not need this fact.

(6.2) Proposition. If F and G are smooth functionals, then

E
[
((LF )(W·))G(W·)

]
= −E

∞∑

i=1

DWF (hi)DWG(hi)

= E
[
((LG)(W·))F (W·)

]
.

Proof. First, suppose

F (w) = f(〈w, h1〉, . . . , 〈w, hn〉) (6.8)

and
G(w) = g(〈w, h1〉, . . . , 〈w, hn〉),

where f and g are smooth. The map w → 〈w, hi〉 is a linear functional on
C[0, 1]. Let us calculate Dw(〈w, hi〉)(h). We have

∫

h′
i · (w + εh)′ −

∫

h′
i · w′ = ε

∫

h′
i · h′ dt = ε〈h, hi〉.



6. An alternative approach 217

So Dw(〈w, hi〉)(h) = 〈h, hi〉.
By the chain rule and the orthogonality of the hi,

DwF (hi) =
n∑

j=1

∂jf(〈w, h1〉, . . . , 〈w, hn〉)Dw(〈w, hj〉)(hi)

=
n∑

j=1

∂jf(〈w, h1〉, . . . , 〈w, hn〉)〈hi, hj〉

= ∂if(〈w, h1〉, . . . , 〈w, hn〉).
Similarly,

Dw(DwF (hi))(hi)) = ∂iif(〈w, h1〉, . . . , 〈w, hn〉),
and so

LF (w) =
n∑

i=1

∂iif(〈w, h1〉, . . . , 〈w, hn〉) (6.9)

−
n∑

i=1

∂if(〈w, h1〉, . . . , 〈w, hn〉).

The quantities 〈W,hi〉 =
∫
h′
i · dW are stochastic integrals with respect

to Brownian motion with integrands that are deterministic functions, so are
mean 0 Gaussian random variables with variance

∫ 1

0
|h′
i|2 dt = 〈hi, hi〉 = 1.

Similarly, the covariance of 〈W,hi〉 and 〈W,hj〉 is given by

Cov
(∫ 1

0

h′
i · dW,

∫ 1

0

h′
j · dW

)
=

∫ 1

0

h′
i · h′

j dt = 〈hi, hj〉 = 0

if i �= j. Therefore 〈W,hi〉 are i.i.d. mean 0 variance 1 normal random vari-
ables. Let mn(dx) = (2π)−n/2e−|x|2/2 dx be a probability measure on Rn.
Then for H : Rn → R,

E
[
H(〈W,h1〉, . . . , 〈W,hn〉)

]
=

∫

H(x1, . . . , xn)mn(dx). (6.10)

Combining (6.9) and (6.10), we have

E [((LF )(W ))G(W )]

=
∫ ( n∑

i=1

∂iif(x1, . . . xn)

−
n∑

i=1

∂if(x1, . . . , xn)xi
)
g(x1, . . . , xn)mn(dx)

=
∫

(∆f − x · ∇f)(x1, . . . , xn)g(x1, . . . , xn)mn(dx).

By (6.2), this is equal to
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−
∫

∇f(x1, . . . , xn) · ∇g(x1, . . . , xn)mn(dx)

= −
∫ n∑

i=1

∂if(x1, . . . , xn)∂ig(x1, . . . , xn)mn(dx)

= −E
[ n∑

i=1

∂if(〈W,h1〉, . . . , 〈W,hn〉)∂ig(〈W,h1〉, . . . , 〈W,hn〉)
]

= −E
[ n∑

i=1

DWF (hi)DWG(hi)
]
,

as required. The second equality follows by reversing the roles of F and G.
Finally, smooth functionals of

(Wt1 , . . . ,Wtm) =
(∫

1[0,t1] dW, . . . ,

∫ 1

0

1[0,tm] dW
)

can be obtained as limits of functionals of the form (6.8), and by a limit
procedure, we have the proposition for all smooth functionals. �


If F and G are Lp-smooth functionals on C[0, 1] for all p, then the
conclusion of Proposition 6.2 applies to F and G by a straightforward limit
argument.

If F,G : C[0, 1] → Rd are Lp-smooth functionals, let

〈〈F,G〉〉 =
∞∑

k=1

F (hk)G(hk). (6.11)

(6.3) Proposition. If u ∈ C2(Rd) and F = (F (1), . . . , F (d)) : C[0, 1] → Rd are
Lp-smooth functionals, then

DW (u ◦ F )(h) =
d∑

i=1

∂iu ◦ F (W )DWF (i)(h),

L(u ◦ F )(W ) =
d∑

i,j=1

∂iju ◦ F (W )〈〈DWF (i), DWF (j)〉〉

+
d∑

i=1

∂iu ◦ F (W )LF (i)(W ), and

L(F (i)F (j)) = (LF (i)(W ))F (j)(W ) + 2〈〈DWF (i), DWF (j)〉〉
+ F (i)(W )(LF (j)(W )).

Proof. The proof follows for smooth F from (6.3) and (6.4) by summing over
hi. Taking a limit gives the result for Lp-smooth functionals. �
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(6.4) Theorem. Suppose F is Lp-smooth and let

Λij = 〈〈DWF (i), DWF (j)〉〉.

If Λ−1 ∈ Lp for all p, then F has a C∞ density: there exists f ∈ C∞ such that

P(F ∈ A) =
∫

A

f(x) dx, A ⊆ Rd.

Proof. As in (3.15), DW (Λ−1) = −Λ−1(DWΛ)Λ−1. Similarly, since 0 = L(I) =
L(ΛΛ−1),

L(Λ−1) = −Λ−1(LΛ)Λ−1 + 2〈〈Λ−1DWΛ,Λ−1(DWΛ)Λ−1〉〉.

If Q is Lp-smooth for all p, then from Proposition 6.3 and the definition of
Λ, we have

E [Λ−1〈〈DWF,DW (u ◦ F )〉〉Q] (6.12)

= E [Λ−1〈〈DWF,DWF 〉〉(∇u ◦ F )Q]

= E [Λ−1Λ(∇u ◦ F )Q]

= E [(∇u ◦ F )Q].

We also have

L(F (u ◦ F )) = F (L(u ◦ F )) + (LF )(u ◦ F ) + 2〈〈DWF,DW (u ◦ F )〉〉. (6.13)

So from (6.13) and Proposition 6.2,

E [Λ−1〈〈DWF,DW (u ◦ F )〉〉Q] (6.14)

=
1
2
E

[
Λ−1{L(F (u ◦ F )) − FL(u ◦ F ) − (LF )(u ◦ F )

}
Q

]

=
1
2
E

[
(F )(u ◦ F )L(Λ−1Q) − (u ◦ F )L(Λ−1FQ)

− (u ◦ F )Λ−1Q(LF )
]

= E [(u ◦ F )R(Q))],

where
R(Q) =

1
2
{FL(Λ−1Q) − L(Λ−1FQ) − Λ−1Q(LF )}. (6.15)

Recall that ei is the unit vector in the xi direction. So (6.12) and (6.14)
imply

E [(∂iu ◦ F )Q] = E
[
(u ◦ F ){ei ·R(Q)}

]
.

From our assumptions, we conclude R(Q) is in Lp for all p, so taking Q = 1,

|E [∂iu ◦ F ]| ≤ c1‖u‖∞.

If we now take Q = ej ·R(1) and repeat,
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E [∂jiu ◦ F ] = E [(∂iu ◦ F ){ej ·R(1)}]

= E [(u ◦ F )ei · (R(ej ·R(1)}].

Again our assumptions imply R(ej ·R(1)) ∈ Lp for all p; hence

|E [∂jiu ◦ F ]| ≤ c2‖u‖∞.

We continue by induction to obtain our result for the higher-order partials.
We then apply Proposition 3.1. �


We want to apply Theorem 6.4 to obtain Theorem 3.6. We saw in
Section 2 that if F (i) = Xi

1, then each F (i) is Lp-smooth. It remains to
calculate

〈〈DWF (i), DWF (j)〉〉.

(6.5) Proposition. We have

〈〈DWF (i), DWF (j)〉〉 = (Y1Γ1Y
T
1 )ij .

Proof. Recall from (3.12) that

DWX1(h) = Y1

∫ 1

0

Zsσ(Xs)h′(s) ds.

This means

DWXi
1(hk) =

d∑

a,b,c=1

Yia(1)
∫ 1

0

Zab(s)σbc(Xs)(h′
k)c(s) ds.

Now if Ai is Rd-valued and defined by

Aic(t) =
∫ t

0

d∑

a,b=1

Yia(1)Zab(s)σbc(Xs) ds,

then
∫ 1

0

d∑

c=1

(Aic)
′(h′

k)c ds = 〈Ai, hk〉.

So
DWXi

1(hk)DWXj
1(hk) = 〈Ai, hk〉〈Aj , hk〉.

Since {hk} is an orthonormal basis, we obtain

∞∑

k=1

〈Ai, hk〉〈Aj , hk〉 = 〈Ai, Aj〉.

We then have
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〈Ai, Aj〉 =
∫ 1

0

(Ai)′ · (Aj)′ ds =
∫ 1

0

d∑

c=1

(Aic)
′(Ajc)

′ ds

=
d∑

c=1

∫ 1

0

[Y (1)Z(s)σ(Xs)]ic[Y (1)Z(s)σ(Xs)]jc ds

=
∫ 1

0

{[Y1Zsσ(Xs)][Y1Z(s)σ(Xs)]T }ij ds.

Therefore
∞∑

k=1

DWF (i)(hk)DWF (j)(hk) =
{
Y1

[∫ 1

0

Zsσ(Xs)σ(Xs)TZTs ds
]
Y T

1

}

ij
.

We thus obtain

Λij = 〈〈DWF (i), DWF (j)〉〉 = (Y1Γ1Y
T
1 )ij , (6.16)

as required. �


(6.6) Corollary. If Γ−1
1 ∈ Lp for all p, then F has a C∞ density.

Proof. Since Y −1
1 = Z1 and both Y1 and Z1 are in Lp for all p, we have from

(6.16) that Λ−1 is in Lp for all p if and only if Γ−1
1 is in Lp for all p. Now

apply Theorem 6.4. �


7. Notes

Two approaches evolved fromMalliavin’s seminal work (see, e.g., Malli-
avin [1]): the Girsanov approach pioneered by Bismut [1] and the Ornstein-
Uhlenbeck operator approach developed by Stroock [1]. We have only looked
at one application of the Malliavin calculus. For much more, see the book
by Nualart [1] and the references therein.

For Sections 1 through 3 we followed Bichteler and Fonken [1] and
Norris [1]. Sections 4 and 5 are based on Norris [1]. Section 6 is derived
from Ikeda and Watanabe [1].
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stochastic equations. Statistics and Control of Stochastic Processes,
Moscow, 1984.

[4] On one-point weak uniqueness for elliptic equations. Comm PDE 17
(1992) 1759–1784.

N.V. Krylov and M.V. Safonov
[1] An estimate of the probability that a diffusion process hits a set of

positive measure. Soviet Math. Dokl. 20 (1979) 253–255.
[2] A certain property of solutions of parabolic equations with measur-

able coefficients. Math. USSR Izv. 16 (1981) 151–164.

Y. Kwon
[1] Reflected Brownian motion in Lipschitz domains with oblique re-

flection. Stoch. Proc. Applic. 51 (1994) 191–205.

J.-F. LeGall
[1] The Brownian snake and solutions of ∆u = u2 in a domain. Probab.

Th. rel. Fields 102 (1995) 395–432.

T. Leviatan
[1] Perturbations of Markov processes. J. Funct. Anal. 10 (1972) 309–

325.

P.-L. Lions and A.-S. Sznitman
[1] Stochastic differential equations with reflecting boundary condi-

tions. Comm. Pure Appl. Math. 37 (1984) 511–537.

W. Littman, G. Stampacchia, and H.F. Weinberger
[1] Regular points for elliptic equations with discontinuous coefficients.

Ann. Scuola Norm Sup. Pisa 17 (1963) 43–77.

P. Malliavin
[1] Stochastic calculus of variation and hypoelliptic operators. In Proc.

of the International Symp. on SDEs, Kyoto 1976. Tokyo, 1978.



BIBLIOGRAPHY 227

V.G. Maz’ja
[1] Sobolev Spaces. Springer, New York, 1985.

H.P. McKean
[1] Elementary solutions for certain parabolic partial differential equa-

tions. Trans. Amer. Math. Soc. 82 (1956) 519–548.

J. Moser
[1] On Harnack’s inequality for elliptic differential equations. Comm.

Pure Appl. Math. 14 (1961) 577–591.
[2] On pointwise estimates for partial differential equations. Comm.

Pure Appl. Math. 24 (1971) 727–740.

N. Nadirashvili
[1] Nonuniqueness in the martingale problem and Dirichlet problem for

uniformly elliptic operators. Preprint.

J. Nash
[1] Continuity of solutions of parabolic and elliptic equations. Amer.

Math. J. 80 (1958) 931–954.

L. Nirenberg
[1] On elliptic partial differential equations. Ann. Scuola Norm. Sup. Pisa

13 (1959) 1–48.

J. Norris
[1] Simplified Malliavin calculus. In Séminaire de Probabilités XX, 101–
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